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Implementation of magnetohydrodynamic dynamo requires flows of a quite complicated
configuration. One of the simplest dynamo models is the Ponomarenko model repres-
enting screw motion of a rigidly rotating cylinder in an infinite conducting medium.
However, it is not necessary to have a special helical configuration of ducts or devices
to produce helicity in a flow of an incompressible viscous fluid. A pressure-driven flow
inside a curved channel, commonly known as the Dean flow, possesses its own non-zero
helicity. Our simulations give evidences that such flow of conducting medium is sufficient
for the self-generation of a magnetic field.

Introduction. At present, the magnetohydrodynamic (MHD) dynamo the-
ory is widely recognized as an explanation of the existing configurations of mag-
netic fields in many astronomical objects, from planets like the Earth to galaxy
clusters. The main mechanism of the self-generation of magnetic field is that the
motion of a conducting fluid “stretches, twists and folds” [1] the frozen magnetic
lines, thus multiplying the magnetic flux. Kinetic energy of the fluid is transformed
into magnetic energy, and a new field is induced in the conducting medium in ad-
dition to the existing seed field. The difficulty in discovering the phenomenon was
caused by the complexity of the motion which cannot be plane or axisymmetric
as it is shown by the so-called anti-dynamo theorems. A large-scale dynamo has
a threshold nature and, therefore, a flow of rather high intensity is required for
the magnetic field generation. This imposes some restrictions on the possibility of
laboratory experiments.

One of the first dynamo models that had played an important role in finding
MHD models was the model of Ponomarenko [2]. Besides its simplicity (helical
motion of a rigid electrically conducting cylinder of infinite length through an
infinitely extended medium of the same conductivity), the Ponomarenko model
delivers the lowest known threshold (7) due to an unrealistic infinite conducting
medium and a discontinuous velocity profile [3]. Using the Ponomarenko model,
several authors have proposed a family of screw dynamo models, involving con-
tinuous and hydrodynamically realistic velocity fields [4–6]. Some of these models
have been chosen for implementation under laboratory conditions.

The magnetic field generation usually requires very powerful pumps and large
amounts of liquid metal. For this reason, so far, only few successful laboratory
MHD dynamo experiments have been conducted [7–9] along with some experi-
ments in which conditional or non-purely hydrodynamical dynamo action was ob-
served [10]. Suitable models are still in search. The flow screw configuration was
created by long spiral-type pipes [7, 8] and/or by helicity-generating propelleres [9].

Another approach derived from the Ponomarenko model has been developed in
the Laboratory of Physical Hydrodynamics at the Institute of Continuous Media
Mechanics, Perm, Russia [11]. This approach implies that a toroidal channel
filled with liquid sodium rotates around the channel axis. The flow driven by
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abrupt breaking of the rotation gains helicity moving along the propellers rigidly
fixed inside the channel. The model has two specific features: a small amount
of liquid sodium and strong non-stationarity of the process. The possibility to
reach the dynamo threshold was predicted theoretically [12] and numerically [13].
The properties of the generated magnetic field caused by the discrete spectrum
along the finite channel length and the influence of the flow in the opposite part
of the torus on the magnetic field generation were analyzed in [14]. In [15], we
demonstrated that a global mode can be generated in a thick torus.

The main message of this paper is that a helical motion does not necessarily
requires a special helical configuration of ducts or helicity-generating devices. It
was first shown by Dean [16] that the pressure-driven flow inside the curved channel
possesses its own helicity. In this flow, the total helicity is zero, but there are two
symmetrical sign-opposite helicity regions which should be enough to not violate
the anti-dynamo theorems. We show that this is a sufficient condition for dynamo
action.

The problem of finding velocity fields in curved channels is fully nonlinear
and, therefore, it is difficult to derive exact solutions even for the simplest case
of stationary pressure-driven flow inside a rigid motion-free horizontal channel of
circular cross-section. Different approaches have been used to find a solution to
this problem [17]. There have been several attempts to measure a velocity profile
experimentally [12, 18, 19]. Most works use numerical simulations to calculate the
velocity components for different parameters. A thorough review of the numerical
studies on toroidal flows is presented in [20].

In the limit of small Reynolds numbers Re, the nonlinear interaction between
centrifugal forces and Coriolis forces is inessential, and some simplifications can
be made for the governing equations [21]. In this case, one governing parameter
(the Dean number combines flow intensity and channel curvature) is sufficient to
describe different flow characteristics, and the solution has two counter-rotating
vortices (“Dean vortices”) in the cross-section [20]. These vortices represent the
velocity components Vsec. At the same time, the maximum of the axial velocity
U moves to the outer boundary, and the mean flow (flowrate) decreases [22]. With
increasing Reynolds number, there occur bifurcations which give rise to unstable
and stable flows with different patterns [23, 24] of secondary flow vortices or stream
velocity profiles. Nevertheless, a transition to turbulence takes place in curved
pipes at higher Reynolds numbers if compare to straight ones [25].

Analytical investigations cannot provide a solution to the problem with mod-
erate Reynolds numbers. These studies employ a series expansion in powers of
the small parameter of curvature [16, 19] and different asymptotic approaches
(boundary layer, Polhausen method) for high Reynolds numbers [26]. There are
arguments that theoretical models can give inexact results [27].

The kinematic dynamo approach suggests that a magnetic field is small and
the velocity field remains unchanged. On the contrary, the nonlinear MHD prob-
lems consider the mutual influence of both fields. The non-linear interaction in
Ponomarenko-like dynamos has been extensively investigated by the Riga group,
and the research results are presented in [28]. The magnetic field can also influence
hydrodynamic stability [29].

We have failed to find studies investigating the possibility of magnetic field
self-generation by non-constrained flows in a duct of such a simple form. The
purpose of our study is to fill this gap and to consider the opportunity to implement
our MHD dynamo model under laboratory conditions.
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Fig. 1. Coordinates (a) and velocity field (b) used in a Dean-like dynamo model.

1. Governing equations. Consider a toroidal channel filled with an elec-
trically conducting fluid. In order to compare our model with the classical Pono-
marenko model, the electrical conductivities of the channel walls and external
medium (the ordinary air in laboratory experiments) are assumed to be equal to
the conductivity of the fluid η. The torus is characterized by the outer radius Ro

and the radius of its cross-section Ri.
We use the cylindrical coordinates r, ζ, z which are shown in Fig. 1a. The polar

coordinates ρ, ϕ in the cross-section correspond to the model described in [30] and
are used to define the velocity field.

The following values of the physical quantities are taken as characteristic
units: the inner radius Ri of the channel as the characteristic length, the stream
velocity U as the characteristic velocity, and the diffusion time R2

i /η as the char-
acteristic time. Hence, we have κ = Ri/Ro as a single geometrical parameter,
the magnetic Reynolds number Rm = URi/η as a measure of flow intensity
with respect to diffusion, and the ratio of cross-section velocity to stream velo-
city χ = Vsec/U as a flow pitch.

In the case of moving conducting medium, the dimensionless evolution equa-
tions for the magnetic induction B can be written as (1)

∂B/∂t = Rmrot (v ×B)− rot (rotB) , (1)

divB = 0. (2)

To tackle the difficulty with the magnetic induction solenoidality (2), instead
of Eq. (1), we use the equations for the magnetic vector potential A defined as

B = rotA. (3)

The vector potential is insensitive to an arbitrary additive potential field.
Substituting Eq. (3) into Eq. (1) yields

∂A/∂t = Rm(v ×A) +△A− grad divA+ gradΦ, (4)
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where Φ is the electric potential, which in our study is taken equal to divA to
cancel the last two terms. Introducing the vector potential also allows us to use
non-continuous velocity profiles without additional care. It is difficult to specify
boundary conditions for the magnetic field because it extends to infinity. To
perform simulations within the finite region, we use an assumption that the electric
current does not pass beyond the region. In terms of the vector potential, this
condition can be expressed as A⊥ = 0, ∂A∥/∂n = 0 (n here stands for the normal
direction).

In our investigation, we seek a solution to the instability problem of a trivial
magnetic field and, therefore, we can use a small uniformly distributed random field
as the initial field because it contains all harmonics. For faster convergence, we also
use a pre-calculated dynamo wave obtained from runs with similar parameters.

Simulations were performed for laminar flow in the form of two symmetrical
Dean vortices. This flow corresponds to the first order approximation obtained
in [30]. Although the actual flow inside a torus is often created by rotation and the
Coriolis force can influence the flow pattern [17], we do not consider the rotation
effects in this paper (using the notation of [17], F = 0).

So we define the dimensionless velocity (Fig. 1b) as

v=(1− ρ2)

[
χRe

288

(
cosϕ

(
1−ρ2

) (
4−ρ2

)
eρ+sinϕ

(
10−53ρ2+7ρ4

)
eϕ

)
+eζ

]
. (5)

Now one can compare this velocity with the velocity field used in the Ponoma-
renko-like dynamo model [15]:

v =
ρχ

(1− κρ cosϕ)
√

1 + χ2
eϕ +

1√
1 + χ2

eζ . (6)

As shown in [30], the pitch ratio χ strongly influences the thresholds. In real
flows inside the torus, the cross-section velocity components are much less than
the stream component, but they exhibit a non-monotonic character (Fig. 2). The
maximum pitch ratio is estimated as ∼ 1/3.

2. Kinematic dynamo. The dynamo wave is the eigenfunction of the main
equations, it can be identified by the complex increment γ + iω in time and wave
number k along the channel. The wave number varies inversely as the wave length,
so for the finite length of the toroidal channel there is a discrete spectrum of wave
numbers. As related to the inner radius, we have the following restriction to the
dimensionless wave number: kn = nκ = (nRi)/Ro.

The condition γ = 0 corresponds to a threshold situation when the magnetic
field has a stationary magnitude, and the imaginary part of the increment is a time
frequency of the magnetic field oscillations. The corresponding critical magnetic
Reynolds number depends on the wave number k as well as on the flow parameter
χ (Fig. 3).

The global minimum threshold for the self-generation of the magnetic field
by the solid-like motion of a conducting cylinder in the conducting environment is
Rmcr = 17.7 at χ = 1 and has k = 0.67.

Rm = URi η
−1 = 17.7. (7)

The discrete nature of the wave numbers in the torus leads to a situation when
for each κ a minimum threshold can be reached at different χ, as shown in Fig. 3
of [30]. For example, Rmcr (κ = 2.5, χ = 1) = 25 and Rmcr (κ = 2.5, χ = 1.3) = 19.
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Fig. 2. Maximum of the cross-section stream function vs. the Reynolds number at
κ = 0.9 and vs. the torus curvature κ at Re = 100.
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Fig. 3. Critical magnetic Reynolds numbers in Ponomarenko dynamo: (a) Rmcr(k),
(b) Rmcr(χ).

3. Numerical methods. The numerical method is in general the same as
in [15, 30]. Briefly, direct numerical simulations of Eq. (4) are performed using
the finite difference method. We applied the Runge–Kutta–Fehlberg scheme to
advance in time and to determine the increment γ+ iω of the dynamo wave from a
time series. For fast search of the thresholds, an adaptive change of the magnetic
Reynolds number during some runs was employed.

Because of the pervasive magnetic field, a simulation was conducted on a
rectangular grid in a cuboid (in the coordinates r, ζ, z) region which extends to a
distance of Ri from the border of the channel. The program has been upgraded
for parallel computing. To this end, the whole simulation region is decomposed
into subregions, each assigned to a different processor. All simulations were done
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Fig. 4. Thresholds in a Dean-like flow vs. the wave number: (a) at χ = 0.3; (b) at
χ = 1.6.

using the supercomputers of the Ural Branch of the Russian Academy of Sciences
(Triton at ICMM and URAN at IMM).

Tests have shown that the increments in the simulations with the mesh resol-
ution 32 × 32 × 32 do not deviate from the increments with the resolution 2563

by more than 1%, and thus the main plots were obtained for the mesh resolution
32 × 32 × 32. A typical run to find one threshold lasted 2 to 10 hours with 32–64
processors.

Simulations were performed for some part of the torus of the length l (as
shown in Fig. 1a). In such region, the generated dynamo waves have wave numbers

k
... (2π)/l. For the chosen set of the parameters κ, χ,Rm and fixed velocity field (5),

we marched in time according to Eqs. (4) until the magnetic field demonstrated a
purely exponential growth. Then we adjusted Rm in order to find a neutral growth
(when γ = 0). Thus we obtained the thresholds as a function of the governing
parameters, i.e. Rmcr(κ, χ, k).

4. Results. We restricted our study to a case of a toroidal channel of mod-
erate thickness. The effects of the flow in the opposite part of the torus were
ignored, but the channel curvature and finiteness were taken into account. We
used κ = 0.25.

For each velocity field, we sought an optimal wave number, as shown in Fig. 4.
Theoretically, the optimal geometry of the flow should have χ ≈ 1.6 (see Fig. 5).

For such velocity field, the critical magnetic Reynolds number is as low as
Rmcr = 126.77 having a wave number k ≈ 1.18.

Generally, the wave number of optimal dynamo waves depends nearly pro-
portionally on χ (Fig. 6a). A similar picture is observed for Ponomarenko-like
dynamo in a torus.

0.5 1.0 1.5 2.0

150

200

250

300

350

R
m

c
r

χ

Fig. 5. Thresholds in a Dean-like flow vs. χ.
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Fig. 6. Characteristics of optimal dynamo waves vs. χ: (a) wave numbers for critical
Reynolds numbers; (b) rotation rates of optimal dynamo waves.

Interestingly, the rotation rate of such waves also decreases as the intensity
of the secondary component of the flow reduces (Fig. 6b). On the contrary, in
Ponomarenko-like dynamo, the rotation rate depends mainly on the absolute value
of the threshold and hence the rotation rate decreases when χ increases from 0.3
to 1.6.

Magnetic field distributions are presented in Figs. 7–8, where the magnetic
field components are shown for three cross-sections of the channel. The arc-shaped
sections, involving ζ as one of the coordinates, are straightened to a rectangular
shape. The hue shows the magnitude of the field component perpendicular to the
cross-section, and the vectors shows the field components in the cross-section.

Fig. 7. Neutral dynamo wave with the global minimum threshold κ = 0.25, χ = 1.5,
k = 0.55, Rm ≈ 128.

Fig. 8. Neutral dynamo wave for possible geometry of the flow κ = 0.25, χ = 1,
k = 0.75, Rm ≈ 159.
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The magnetic field has a structure of two dynamo waves interwoven in the
symmetry plane and its magnitude outside the channel decreases rapidly. The
distribution of each wave in the cross-section has only one pronounced maximum,
as opposed to “yin and yang” picture of maxima in Ponomarenko-like dynamos.

In order to compare our results with the classical minimum (7), we have also
calculated the thresholds for Ponomarenko-like dynamo in a torus for parameters
similar to those used in the present study. We considered the parabolic profile of
the stream velocity and the cross-section components from Eq. (6). For χ = 0.3,
we had a neutral dynamo wave with Rm ≈ 62.3, the wave number k ≈ 0.23 and
the rotation frequency ω ≈ 2.35. For χ = 1.6, the threshold reduced to Rm ≈ 22.6,
the rotation frequency decreased to ω ≈ 1.8 and the wave number increased to
k ≈ 1.07.

5. Conclusions. Our simulations have confirmed that in many aspects the
dynamo action in Dean-like flows is similar to that in the Ponomarenko model.
Similarly, a dynamo wave whose characteristics depend on the flow pitch can be
generated. It is shown that its critical magnetic Reynolds number is dependent
on its wave number, and the wave number of the optimal dynamo wave behaves
similarly, as the pitch of the flow changes.

The differences between the models are the following. Due to the existence of
two vortices in the cross-section, Dean-like dynamo has two interwoven dynamo
waves instead of one, as in the Ponomarenko case. The distribution of the magnetic
field in the cross-section is somewhat different as well. The rotation rates of the
waves are defined by the pitch of the flow rather than by the magnetic Reynolds
number.

Summing up, Dean-like flows can maintain the dynamo action. However, it
should be noted that the magnetic Reynolds threshold obtained in our study is
roughly six times higher than that described by the Ponomarenko model and,
therefore, can hardly be reached experimentally. On the other hand, the absence
of breakers inside the channel makes the construction more robust, facilitating the
generation of the necessary intensity of the flow.

We have set a fixed velocity field, whereas in reality its shape depends on
the torus curvature and on the hydrodynamic Reynolds number. Further research
is needed to derive dynamo characteristics in real configurations of laminar and
turbulent flows. Also the regimes should be investigated in which the magnetic
field affects the flow.
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