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HEJIMHEVHBIE YPABHEHISA TPEXMEPHON ®UNJIBTPAIIN
OJIION/10B B ITIOPNUCTHIX CPEJAX IIPVPO/IHBIX
HE®TAHBIX 3AJIEXKEV ITPU1 BEITECHEHUI HED®TNU

BO IO

A.B. AxMmer3gHoB
(UITY PAH, Mocksa, Poccust)

E-mail address: awa@ipu.ru

N.A. Bopouun
(MITY PAH, Mocksa, Poccust)

E-mail address: anarsull23@yandex.ru

B wmacmrabax nedTEHACHIIIIEHHOIO TOPOBOTO MpOCTpaHcTBa ) pe3epByapoB HEPTAHBIX
MECTOPOXKICHUI KalUJISIPHBIE CUJIbI, OOBITHO, MPEODJIAIAI0T HAJ TUIAPOIMHAMUAIECKUMU
(BSI3KOCTHBIME) U MHJIPOCTATHIECKUMHU (TPABUTAIMOHHBIMIE) CUJIAMHU, TI09TOMY HACBIIEHHOCTh
cMaduBaronieil hasbl (BOJbI) 0 SIBJISETCS CYIMIECTBEHHBIM TaApAMETPOM, BIOJIHE XapaKTepU3yer
pacupezeserne a3 B Mukpomacirabe. Ilpejnosaraercs, 9ro JaBuzKeHue Kaxkoit dasbl (B
3aHATHIX UMH YACTAX IOPOBOTO MPOCTPAHCTBA) MIPOMCXOJAUT HE3ABUCHMO, T.€. JBUKeHHe (a3
IIPOUCXOJIUT B HEKOTOPBIX BUPTYAJbHBIX IMOPUCTBIX CPEJIaX, CBOUX JIjI PA3JIUIHBIX 3HATCHUN
HachImeHHocTelr ¢da3. B sTux yemoBusax mporecc TpexMepHoil JByXdasHoi (uibTpanun
OIIpeJIeNIsieTCS ¢ MCIOJIB30BaHUEM 0000IeHHOro 3akoHa Jlapcum m ypaBHeHUT HEPA3pBIBHOCTU
(coxpaHeHUsT Macchl) Jist KazK ol (hasbl:

Uy = —-K (fW(U)/NW) gmdp, (1)
U, = —K (fo(o-)/lu’o) //vLo gradp,

O(mopy) /0t = div (pw K (kw(0)/ 11w) grad py) ,
A(m(1 = 0)po) /0t = div (poK (ko(0)/ o) grad po) , (2)

pK(U) :po_pW7 Ow = 0, 0-0:1_0-7

rie K — wmarpuia abcoioTHBIX HpoHunaemocreii, (x,y,z) € R® — npocrpaHcTBeHHbIE
KOODJMHATHI, ¢ — BpeMs, O — HACLIIEHHOCTh IIOPOBOIO IPOCTPAHCTBA BBLITECHAIOIMIEH
dasoit (Bomoit), fy(0), fo(o) — orHOCHTENBHBIE (ha30BBIE NMPOHUIAEMOCTH BOABI W HedTH,

obpammalonecs B HylIb Ipu 0 = 0g > 0, 0 = 0 < 1, COOTBETCTBEHHO, /i1, [l — BASKOCTH

(muHaMmaeckne) Bozbl 1 Hedru. OTHOCHTEIBHBIE (ha30BbIe IIPOHUIAEMOCTH JJIsT KazK 101 (hasbl
MOHOTOHHO Bo3pactaioT or 0 10 1 ¢ pocToM HX HACBIMEHHOCTH, HpudeM fy (o) = 0,Vo < ogq
(BBITecHsIOMAst (baza HenogsuKHa) U f,(0) = 0,Vo > ¢ (menonsuxkna seiTecHsiemas daza).

1. B mokmaje paccmarpuBarorTcs Mojean (UIBTPAIMN B IIPEIIOTIO0KEHUN, YTO HOPOJIa U
dbmonnpr necxumaemsr (0m/ot = 0,0p,/0p = 0,0py/0p = 0), a rpaBUTAIOHHBIMA

!Pa6oTa ocymecTsiena B paMkax mpoexta PODI Ne12-08-01238-a — OnTuMmaabHOe yIpaBieHue (hpoHTaMI
BBITECHEHHUsT HEDTU U Ta3a aKTUBHBIME DPEAr€HTAMHU C IPUMEHEHHEM SBOJIIOINUOHHBIX MOJeJell pa3spaboTKu
MECTOPOKJIEHUN YTJIEBOIOPOJIOB.



U/WIM KaluUIIPHBIMEA CUJIAMU MOYKHO U/WJIM HeJb3s Ipenebpedb. B wactHOoCTH, Npu
OTCYTCTBUYM TPABUTAIMOHHBLIX CHJI CUCTEMa ypPaBHEHM u MOJEIH TPEXMEPHOI
nByxdaszHoii dpuibrpanun 6e3 yuera KaluLISPHBIX CHJl, Korja pk (o) =20 — p = p, = py
MOXKET OBITH MPEJICTABICHA B BUJIEC

Op/0t = div (K (ko(0)/ o + kw(0)/ i) gradp) , (3)
mdo /ot = div (K (ky(0)/pw)gradp) ;

B TpeEXMEPHOM CJIydae MaTpHUIla K moxer O6HaﬂaTb CJIeAYIOIMMU BapruaHTaM 3allOJTHEHU A

[1]:
CL) kxw = kyy = kzz = k?, kacy = k::vz = ky:c = kzx = 07
k:c:c kxy kxz b) kx:c = kyy = kl, k:zz 7é 07 k:cy = kxz = k:ya; = kzz = O,
K=\ kyp ky k. | = C) by # kyy # Koy # 0, kyy = kyp = kyp = kuy = 0; (4)
L. kzy k.. d) Ko % kyy 7£ k.. % 07 kxy = ky. = ky:v =k, = 07
€) kyy # kyy # koo #0, kyy = kye 0, kyy = kop #0.
B dopmynax (4)):
@) W30TPOINHAS TOpPHUCTasl CPeJa, T.e. HPOHUIAEMOCTH k = k(o) OJMHAKOBBI 10 BCEM

HAIIPABIEHUSIM,

b) TpaHCBEpPCAJILHO-U30TPOIHAsI HOpUCTasi  cpeja  (IPOHUIAEMOCTH — OJIMHAKOBBI  TI0
TOPU30HTAJIN OJUHAKOBDI, OTJIMYAIOTCS 10 BEPTUKAJIA U HET «IIEPEKPECTHOI0» TOPU30HTAIBHOIO
U BEPTHUKAJIBHOINO B3aUMHOI'O BJIMSIHUSI TIOTOKOB),

) OPTOTPOITHO-AaHU30TPOIHAS TOPUCTast cpejia (IIPOHUIIAEMOCTH TI0 T, Y, Z PA3JIMIHbl U HET
«IIEPEKPECTHOTO» B3AMMHOI'O BJIMSHES IIOTOKOB, T.€. kyy = kyy = Ky, = ko = 0),

d) aHU30TPOIHBIE TIOPUCThHIE CPEJIbI ¢ MEPEKPECTHBIM CHMMETPUIHBIMUI «[IEPEKPECTHBIMU »
CBSABSIMU TIOTOKOB 110 TOPU30HTAJN Oe3 TIeEPEKPECTHOTO BJIUSHUS 110 BePTUKAJN (IIPOHUIIAEMOCTH
0 T, Y, 2 PA3IUYIHDL, kyy = ky, # 0, kyy = ko = 0),

€) aHU30TPOIHBIE TIOPUCTBIE CPEJIbl ¢ NOPU30HTAJIBHBIM U BEPTUKAJIBHBIM CUMMETPUIHBIM
«IIEPEKPECTHBIM» B3aMMHBIM BJIMSHUEM IIOTOKOB, T.e. IIPOHUIAEMOCTH 110 X, Y, 2 PA3JIUIHBHI,
by = kye # 0, ky, = kop # 0.

Pazauynbie BapuaHTbl 0000IIeHUsT Mozean (UuIbTPAIUN. [Ipenmosraraercs,
qT0 gedopMarysi TOPOJAbI U CKUMaeMOCTH (IIIONI0B (HeTH U BOJBI) OIPEJIEISIIOTCS
COOTHOIITEHUSIMHU:

m(p) = m(po) + Be(p — Po), po(p) = p(po) + Bo(p — o), Pu(P) = P(Po) + Bu(p — po),

r1e B¢, Bo 1 By, — KO3 DUIIMEHTHI yIIPYTOCTH CKeJieTa OpOoJIbl, He(OTH U BOJIBI, COOTBETCTBEHHO.
Bapuanwm 1. Tlopona uemedopmupyemas, m(p) = m(py), Boja HeckuMaemasi, a HeDTH
cxumaemad, T.e. py(p) = p(po), & po(p) = p(po) + Bo(p — o)y Bo = po(P0)/ Ko, 1€ Po —
HOMUHAJILHOE JABJICHHE, K, — MOIYJb YIPYTOCTH HETH.
Bapuanm 2. Tlopona nemedopmupyemasi, BoJia u HeDTh CKUMaeMble, T.e. po(p) = p(po) +
Bo(p = p0), pu(p) = p(po) + Buw(p —po), Tie Bu = pu(Po)/Kw, — KoabdurmenT ynpyroctn Bosm!.
Bapuanm 3. (obmmit ciydait).
[Topona medopmupyemast, Bojga 1 HeTh CZKIMAEMBIE, T.e.

m(p) = m(po) + Be(p — Po), po(P) = p(Po) + Bo(p — Po), pu(p) = p(Po) + Buw(p — Po),
Be = m(po)/Kw — KOIDDHUIMEHT YIIPYTOCTH CKeJIeTA.

[1] P.M. Tep-Capkucos, B.M. Makcumos, K.C. Bacumes, A.H. Imwurpuescknii, JI.M.
Cypryues. l'eosornteckoe n THIPOTEPMOTTHAMUYIECKOE MOJETUPOBAHNE MECTOPOKICHUI
Hedrn u raza // Cepusi «CoBepmennble Hedrerazobbie Texuosoruny» M.-Ixkesck. 2012.
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IIONCK CUMMETPUN OJHOMEPHOI'O YVPABHEHIS ®NJIBTPAIINN
TA3A B IIOPUCTHIX CPEJAX B PESEPBYAPAX MECTOPOXK/JIEHUN
YIJIEBOJOPOI0B?

N.A. Boponun
(UITY PAH, Mocksa, Poccust)

E-mail address: anarsull23@yandex.ru
A.A. IlleBisikoB

(MITY PAH, Mocksa, Poccns)
E-mail address: aash29@gmail.com

YpaBHeHnue

(b(uw)u)e = (a(w)uq)s, (1)

C OJIHOI HEM3BECTHON U, 3aBUCHINEHl OT IMePEeMEHHBbIX ¢ U X, OINUCHIBAET IMPOIecC (PUIbTPAIUN
ra3a B IOPHUCTBIX CpeJax. ITO ypaBHEHHE sBJsSIeTCs 000DOIIEeHMeM HEeJMHEITHOro ypaBHEHUS
TEIJIOIIPOBOIHOCTU, B YUCJIE MPOYEro OHO YYHUTHIBAET J1e(POPMUPYEMOCTH TOPHUCTOM CPeIbl U
CKUMaeMoCThb (uronioB. B KadecTBe HemsBecTHOH (DYHKIUU OOBIYHO BBICTYIACT JIABJICHUE.
[IpeacraBiisier HHTEPEC MOUCK €0 CUMMETPUI, JIJIsT Ier0 MOYKHO BOCIIOJIb30BATbCS M3BECTHBIMU
meromamu [1I, 2.

[ToBepxHOCTD, ONMCHIBaeMasi B IPOCTPAHCTBE JI?KETOB YPaBHEHUEM , obozuaunm F'.

F = (b(u)u); — (a(u)ug),-

By,ﬂeM HNCKaTb I/IH(bI/IHI/ITe?)I/IMaJIbeIG TOY€IHbIE CUMMETPUUN BU A

9, 9, 9,
X = A(a:,t,u)% + B(m,t,u)a + C’(;U,t,u)%.

Bbrunc/imM 1poJiosizKenre BeKTopHoro mosis X B npocrpancTso 2-mxeros X 2. Yenosne,
pu KOTopoM X sBjIseTcsd NHPUHUTEINMAIBHON cummeTpueit F':

2 —
XPF|, =0

B kadecTBe BHYTpeHHEe KOOPJAUHATHI BHIOEPEM

(byu + b)us — a,u?

x

Ugy =
a

2Pabora ocyIiecTBIeHa B paMKaxX mpoekTa POOU Ne12-08-01238-a — OnruMaibHoe yIpaBiIeHne (ppoHTAME
BBITECHeHUs HeTH U ra3a aKTUBHBIMU PeareHTaMu C I[IPUMEHEHWEM 3BOJIOIMUOHHBIX MOjeJeil pa3paboTku
MECTOPOKJIEHUN YTJIEBOIOPOJIOB.



Ornpeiensroniye ypaBHeHU CUMMETPHI UMEIOT BUJI;:

B, .a* +2a(byu+b) Ay — a(byu+b) Bi—

— (—abyu+ (—2a + ayu) b, + a,b) C =0,
%(_Cauua +2 Ax,ua2 + Cau2 - Cuua2 - auacu) = 0,
B,a =0,

Bya =0,

Bua+a,B, = 0,

—Cypa+ Cy(byu+b) =0,

—ay Ay + Aypa =0,

2B, ya+ (2b+2bu) Ay, + 2a,B, =0,

—2 Cm,ua + Ax,za + (—buu — b) At - 2(1qu = 0.

[peamonoxum, a(u) # 0 u byu + b # 0. Torma B = B(t), A = A(z,t). C y4erom srux
YIPOIIEHUH KOJIUIECTBO OUPEIETAIONIX YPABHEHIH COKPATUTCS JI0 IE€TBIPEX:

— Cay,a + C’ai — a,aCy — Cua® = 0,

C(a(buyuu + 2b,) — au(20b,u + b)) = a(24, — By)(b,u + b),
— Cppa + Cy(byu +b) =0,

—2Ca+ Aga — 2a,Cp — Ay(byu+b) = 0.

Bropoe ypasuenue mocsie/iHeil cucteMbl MOZKET ObITh perieno oTHocuTeabHo C:
1 . .
C=—(Cy(z,t)a+ Co(x,t)), a= [ a(u)du.
a

B tperbem ypasnennn kosdddunuent npu C' nuMeeT cylnecTBeHHOe 3Hadenne. B ciydae, Koria
OH HE PaBeH HYJIIO, UCCJIEJOBAHIE TOKA3AJI0 HAJIMIKE JIUIh TPUBUAIBHBIX CHMMETPHii (CIBUT
1o x u t u MacimrabupoBanue). Bosiee mHTEpecen cirydait, Koria

a(byuu + 2b,,) — ay,(2b,u + b) = 0.

Do ycaoBue sKBUBaseHTHO ycioBuio a = K(bu),, K = const. Torga w3 ypasHenwii
CUCTEMBI cjieJyeT, YTO UCKOMBbIE KOSCbeI/IH‘I/IeHTbI BEKTOPHOT'O IIOJIA UMEIOT BUJL

A=ax+ Ay,
B =2at + By,
C= é(C’l&—i— Cy(z,t)),
(02<x7 t))t - K(CQ(xat))xx = 07

rie «, Ay, By,C, K — koucrantel, dyukius Chy(x,t) J0/KHA YIOBIETBOPATH YPABHEHUIO
renstonpoBoaaocTu ¢ Kosddunuenrom K, @ = [ a(u)du, upu BbIIOTHEHIH CIIELYIONIX YCIOBUIt
Ha yHkuu a u b:

a#0, (bu), #0, a= K(bu),.

[1] Bouapos A. B., Bepbogerkuii A. M., Bunorpagos A. M. u ap. Cummerpuu u 3aKOHBI
coxpaHeHUsI ypaBHeHHuii maremaruueckoir ¢dusuku / Pex. A. M. Bunorpamos, 1. C.
Kpacmimbpmuk. — M.: @akropuadit [Ipecc. 2005. 384 c.

[2] II. Ousgep. [Ipunoxenue rpynm JIu x quddepennnanbubiv ypasaerusiv. — M.: Mup. 1989.
639 c.



T'PYIIIIOBOM AHAJIN3 YPABHEHIS OJJHOMEPHOUN ®UJIBTPAILIN
ABYXKOMITIOHEHTHBIX }KI/I,Z[KOCTE

A. A. Topunos
(MockoBckuit rocymapersentbiii yausepcurer um. M.B. Jlomorocosa,
WNucruryT npobiem yupasiaenus nMm. B.A. Tpamesaukoa PAH,
Mocksa, Poccus)

E-mail address: antong@t-human.com

VpaBHeHHUE, OINUCHIBAIONIEE IIPOIECC OJHOMEPHON (UIbBTPAIMK B JIBYXKOMIIOHEHTHBIX
JKHUJIKOCTAX UMeeT BUJI:
SzSte — StSzx — h(S)StSi =0. (]_)
Hamnpumep, oHo BO3HUKaeT B mpolieccax pa3pabOTKU HEePTIHBIX MECTOPOXKJICHU: B ITUX
ciydasix s = s(t, r) — BOJOHACKIIIEHUE B eJIMHUIE OObeMa, T — IIPOCTPAHCTBEHHAsI KOOP/INHATA,
B HaIllpaBJIeHIEe KOTOPOii IPOUCXouT GuibTpanus, t — Bpems, a DyHKIws h(S) Xxapakrepusyer
apaMeTpbl CPEJIbI.
B obmem ciaydae, ajredpa JIn KOHTAKTHBIX CUMMETPHIT TOPOXKIAET CJAEIYIONNE BEKTOPHbIE

IIOJIA: a 8 8 8 8
L Y= Y= Y= —.
2 or’ o’ Tt 9s
Hasmmane ciBuroB B1OJIb BEKTOPHOTO TOJIST Yy, = % COOTBETCTBYET CJIydaio, Koraa h’ (s) =0.
Torna mpousBojismas HYyHKINSA CAMMETPUN UMeeT BU/IL:

(a4 2)s, + (B + )3y + 7.
B ocrambubix cayuasx (h'(s) # 0) mapamerp -y CTAHOBUTCsI PABHBIM HYJIIO U ITPOU3BOJSIIAS
GYHKIUA CUMMETPUil TPUHUMAET CJICIYIOIIII BU/I:
(a+2)s, + (B +1)st 2)
Haitnem aBTOMOEIbHBIE pEIIeHHUs, OTBEYAIONINEe CUMMETPHSIM C STOW ITPOU3BOISIIECH
dyukiueit. Takue perenus UMeOT B

s(t,z) = F (%if) (3)

B sTom ciiyaae bakTop-ypaBHeHHE UMEET BHIL:

F?(F'h(F)z —1) = 0. (4)
DTO ypaBHEHINE UHTEIPUPYETCs B KBAIPATypax:

/ h(F)dF = n(C=). (5)

COOTBGTCTByIOHLI/Ie JaCTHbBIE DEIIeHUA UCXOAHOI'O YpaBHEHUA UMEIOT BUJI:

s(t,x) = In (

a+x

Buecw F' = F(z), rne z = 47

a-+x

)+o st h(s) = ,

a-+x
b+t
a—+x a—+x L a+x

B+t g+t

s(t,z) = In(csc

3Pa6ora noiepkana rpantrom POOU Nel12-08-01238-a.

7
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OB OJTHOM KJIACCE 3JIACTUYHHBIX TPU-TKAHEN

K.P. /I>xykarmeB
(TBepckoii rocymapcerBennbiii yausepentet, Teepsb, Poccust)

E-mail address: dzhukashev@gmail.com

Muoromeprasi Tpu-TKaHb Ha3bIBAETCS IJIACTUYHON WM TKaHbIO F, eciu B Ji00oit ee
KOODJIMHATHOMN JIyIle BBIIOJHSETCS TOXKIecTBO smactuanoctn z(yx) = (xy)r. B [I] 6buto
JIOKA3aHO, ITO 3JIACTUIHBIE TPU-TKAHU 00Pa3yI0T COOCTBEHHBIN TOIKIACC CpeTHNX TKaHel Boja
1 Haii/leHbl ypaBHEHNs JIBYX IIECTUMEPHBIX Tpu-TKaHeit F: Ky u Fy. TeH30pHbIE COOTHOIIEHMST
9JIACTUYHBIX TKaHeil Mbl paccmarpusaiu B pabore [2].

Tkanun E; n Ey umeror crenududeckoe CTPOCHUE TEH30pa KPYUEHUs: OIpejesseMast UM
IpOU3BOIHAA ajiredpa ojiHoMepHa. Mbl 0000IaeM KJjacc 3J1aCTUIHBIX TKaHelr panra 1 Ha
MHOTOMEpPHBIH ciaydait. Okaza/jioch, YTO U B MHOTOMEDHOM CJIy9dae eCTECTBEHHBIM 00pa3oM
BBIJIEJISIOTCH JIBa Kjacca. DB jgaHHO# paboTe Mbl paccMarpuBaeM Kiacc F], CTPyKTYpHbIe
ypaBHEHHs KOTOPOTO MPUBOIAATCS K CJAEAYIOMEMY BUILY:

dw' = W Aw!+alw! AWk
1 1 J IR 1
dw' = 0,

1
do' = W AW —al ! AW,
2 2 J I 2
dw' = 0,

2
dw? = blwF AW

J JKLY 2

Ora cucrema HHTErpupyercd u I10JIy4aloTCd yYypaBHEHNUA TKaHU E{ B JIOKaJIbHBIX KOOpJAHNHaTaX:

1

b = x1+ex2(y1

- )‘ab‘rayb)v
Z(Z — xa _{_ya‘

KaK BHJIHO H3 IIOCJIEIHUX ypaBHeHHfI, KOOp/JuHaTHad JIylla TKaHMW IIpeAacTaBJ/IdeT
coboil paciIupeHne OJHOMEpPHO#l abejieBoil TI'PYHIIBI ¢ IOMOIIbIO 1 — l-MepHOIl abeseBoii
rpymmbl.  Cormacuo [3| (ctp. 35), Tkaub Ej sBisieTcsi TOJYIPSIMBIM [TPOU3BEICHUEM JIBYX
napaJiIe/IM3yeMbIX TKaHel.



[1] [enexos, A.M.: O6 anasuTHIecKuX permennsx ypapuenns x(yx) = (xy)x. Marem. 3amMeTkn
50 (1991), N 4, 132-140 (PZKMar, 1992, 5A550).

[2] Txykames K.P. O Tpu-rkansaX ¢ 9JaCTHIHBIMEA KOODJMHATHBIMU JIYIAME. [Dy/ibl
MEZK Iy HAPOJIHOTO TeOMeTpUYecKoro reutpa, . 6 (2013), Ne 4, 52-80, Ozecca, 2013

[3] Axusuc M.A., Ilesexos A.M. MuoromepHbie Tpu-TKaHu U ux npuiozkenus: Monorpadumusi.
— TBepb, TBepckoii rocypapersennbiit ynusepcuret, 2010. — 308 c.

INO®PEPEHIINAJIBHBIE MTHBAPUAHTHI CJIOEHUN 13
OKPY>KHOCTEMN

A. A. IyronoBa
(Mucruryr npobiaem yupasienuss PAH, Mocksa)

E-mail address: Duyunova_anna@mail.ru

Pacemorpum yHKIUIO OT JBYX HepeMeHHbIX z = u(x,y), JIMHUIMU YPOBHSI KOTOPOI
SIBJIAIOTC OKpYyzKHOCTH. DYyHKIMSA 1 YI0BIeTBOPsAeT JinddepeHInajlbHOMy YPaBHEHUIO

(uz + u;)(uyyyui = By gy us + 3“22;umyu$ - uzumz)—i— (1)

2 2 2 2 _
+ 3ty Uy — 2UyUgy Uy + Uy ) (UyUsg Uy + UyUzy — UgyUy — Uylyyty) = 0.

B  mpocrpancree J*  k-mxeroB  rmagkmx  dyHkmmii  ma  R? ¢ KOODAHHATAMI
z,Y,DP,P10,Po1s---5Pkos- - -, Pok 9TO YPABHEHNEC NMEET BUJ

(o + Po1) (Posply — 3Po1p12pig + 3Pup21P10 — DoyPso)+ )
+ 3(]931]920 — 2po1p11Pio + po2pfo)(p01p20p1o + p?npn — Pup?o — Po1Po2P1,0) = 0.

YpaBuenue UMeeT CJIeIYIONIYIO aaredpy CUMMETPHil

Xi= L) g Xa=h) 5 Xa=hilb) 5

Xa= fa(p) fffa% + f1(p) ya%, X5 =—f5(p) ya% + /5 (p) xa%,

Xs = fs (p) xya% + fo (p) % (v* —2?) a%’ X7 =—f2(p) % (v* — %) aﬁ + f7(p) :L’yg,
riae fi(p), ..., f7(p) — npousBosbHBIE TiajKue QYHKIIUH.

Ypasruenue (1)) MOKHO 3amucaTh B BHJE
(1 + w?) (W wyy — 2WWey + Wee) — (Bww, — 2w*w, + w,) (W, — ww,) = 0,

/U’I'
riae w(x,y) = —~ W B KOOPUIHATAX IPOCTPAHCTBA J?
Yy

(1+ PQ)(p2p02 — 2pp11 + p20) — (3ppio — 2p°po1 + po1) (P10 — ppo1) = 0. (3)
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[Tocnennee ypaBuenue uMeer cjielyiontyio aaredpy JIu cummerpuit

0 0 0 0 0 0 0
Xi=2 =2 xXy=2Z 44y L xy= Lyl 2
VT o 2 oy’ 3 x8x+y8y’ 4 y8x+$8y (p+)8p’
0 1 0 0 1 0 0 0
X5 = ay— 4 = (12 —2?) Z 4 2(P + 1) Xg= —= (1° — 72) = + ay— — y(p? + 1)—.
b xy@x+2(y 96)8y—'—96(p+)8107 6 Q(y m)é?:v—'—xy@y (p+)8p

YpaBHeHne UMeeT CJIEAYIOMUNA NHBAPUHAT BTOPOT'O MOPAIKA

- p20p* + 2 (p11 — piy) P* — 5p*propor + (3p3g — P31 + 2p11) P — P20 + ProPor
p (PPp1n — (p2o + 2p1opor) P2 + (pun + 203 — 30%1) P — P20 + Propor)

CUMILJIEKTUYECKUE IIPEOBPA3OBAHIS OBPATHOI CBA3U CO
MHOTYMU VIIPABJISIIOIIIUMU ITAPAMETPAMU]

A.T'. Kymaep
(MucruryT npobiem yunpasjienus uM. B.A. Tpanesuukosa PAH, Mockosckuii
Tocynapcreennsiii Yuusepcurer um. M.B. Jlomorocosa)
E-mail address: kushner@physics.msu.ru

B.B. JIpruarun
(MucturyT npobsiem ymnpasmenns uM. B.A. Tpanesankosa PAH, Yuusepcurer Tpomce)
E-mail address: valentin.lychagin@uit.no

B noknane paccmarpuBaercss mnpoOsieMa  KIacCHUMUKAIUUA TaMUJIBTOHOBBIX CHCTEM €
MPOU3BOJILHBIM ~ YUCJIOM  CTeleHell CBOOOJbI W ITPOU3BOJIBHBIM — HYHCJIOM  YIPABJIAIOIIIX
napaMeTpoB OTHOCUTEJBLHO IICEeBJAOTpYIIbI JIu mpeodpaszoBanuii odpaTnoit casu. [locTpoensr
MHBapUAHTHBIE MYJIbTH-IU(GdEPEHIINPOBAHNA W YKa3aH CIHOCO0 TOCTPOEHUS CKaJISPHBIX
muddepeHnnalbHbIX THBAPUAHTOB.

[TpeobpazoBanusi OGPATHON CBA3U YaCTO UCHOJIB3YIOTCst B Teopun yipasjenus [4, 3. Takue
npeoOpa30BaHms BJIAIOTCA aHajoraMu mpeodpasoBanuit JIu B Teopum muddepennmaabHbIX
ypaBuenwnii. Kak npaBuio, B TeOpun yrpaB/IeHIS pacCMaTPUBAIOTCS ITPeoOpa3oBaHus 00paTHO
cBs13U abPUHHBIX CHCTEM.

B pabore [I| mocrpoensr jauddepennuanibuble  MHBAPUAHTHI M MHBAPUAHTHbIE
nuddepennupoBanns , Ha3BaHHble WHBapuaHTtamu lleTpoBa, Iy raMUJIBTOHOBLIX CHUCTEM
C TPOW3BOJILHBIM YHCJIOM CTeleHeil CBOOOJBbI U CKAJIAPHBIM YIIPABJILIONIUM I[TapaMeTPOM
OTHOCHUTEJILHO Tpeobpa30BaHmil 0OpATHOW CBA3MU. Ha wmoxectBe mudpdepennuaababx
MHBAapUAHTOB BBeJeHa CTPYKTypa IIyacCOHOBOW asreOpHhl. [IyacconoBa cTpyKTypa
UCI0JIb30BaHa JIJIf KJIACCH(UKAIINN CHCTEM C YIIPABJIAIONIAM [TapaMeTPOM.

B nmannoit pabore BBOjMTCA TIceBAoryIna JIu npeodpazoBanus oOpaTHOM CBS3U JIJIsi OOIINX
raMHUJIBTOHOBBIX CHCTEM C ITPOM3BOJILHBIM YHCJIOM YIPABJIAIONINX TapAMETPOB.

[Iycts M = R?" — (baszoBoe IpOCTPAHCTBO U MYCTh

0= i dp; N dg;
i=1

— CHMILIEKTUYecKas CTpykTypa Ha HeM. Ilyctb B = M x R™ — pacmupennoe ¢azoBoe
IIPOCTPAHCTBO ¢ KOOPAMHATAMHU ¢, P, U U IYCTh

7TZBXR—>B, W:(Qap7uah)'_>(Q7pau)

TTonnepskano rpantavu POD®U NeNe11-01-93106-HITHWJT _a, 12-01-00886-a, 12-08-01238-a
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— OJIHOMEPHOE JIOKAJILHO TPUBHAJILHOE pacciaoenue Has B.
Ceuennst h = H(q,p,u) 9TOro paccjoeHnsi MOTYT PACCMATPUBATHCS KAK TAMUJIBTOHHAHBI
cucTeM

. OH ) OH
q= a—p» p= _6_q' (1)

[Iycrs J*(7) — npocrpancTBo k-JKeToB cedeHHil paccioeHus 7 U IIyCTh ¢, P, U, h, hy —
JIOKAJIbHbIE KAHOHUYIECKUE KOOP/IMHATHI HA STOM IIPOCTPAHCTBE. 31eCh

0 = (017"'702n+m)

— MYJIBTH-UHJIEKC, |0 = 01 + -+ + Oopym < k.
B ciygae n = 1 u m = 2 onpegeuM pyHKITUIO

h[th] = hpuy Pguy — Popus Pguy

Ota QYHKIUA ABJISIETCT OTHOCHUTEIBHBIM (D PEPEeHITNATBLHBIM UHBAPUAHTOM. O trako
TEH30PHBIC 1019

1 d d
— A — 2
h[ul,ug} dU1 A dU27 ( )

d A d A d A d
duy, " dus " dhy, " dha,’
h[ul’uﬂdul AN dUQ, (3)

duy A dug A dhy, A dha,

ABJIAIOTCS  aOCOJIIOTHBIMU —~ MHBapUAHTAMMU: uxX TpomsBojHbIe JIM  Bmosb  J11000rO0
CUMILIEKTUYIECKOTO BEKTOPHOIO T0JIsi 0OPATHOM CBA3U PaBHBI HYJIIO.

BameTnm, 9T0 OUBEKTOPHDIE MTOJIs 51 dip/\diq OIIPEEIAIOT HCKOMMY TUPYIOIINE ITyaCCOHOBBI
cTpykTypbl. Ux ckobka CxoyTeHa JiaeT HOBble TEH30PHbIE MHBAPUAHTHI.

Anajlorn 9TUX TEH30pPHBIX MOJIell CYMIECTBYIOT IS MPOW3BOJIBHBIX 3HAYEHUNH N U
m. Vcmonp3yst ammapar CHMIUIEKTHIECKON ajre6phl, pas3BuThlii B [3], MoKHO mOCTpOMTH
MOJTHBI HAOOpP CKAJIAPHBIX JU(M@PEPEHITHAIBHBIX HHBAPDUAHTOB T'aMUJIBTOHOBBIX CHUCTEM C
YIIPABIAIONIIMHA ITapaMeTPaMU.

[1] Kushner A., Lychagin V. Petrov Invariants for 1-D Control Hamiltonian Systems // Global
and Stochastic Analysis. 2012. Vol. 2, No. 1. P. 241-264.

[2] Kymnep A.I., Jleraarua B.B. WuBapuantsr IlerpoBa TaMHJIBTOHOBBIX CHCTEM C
ynpasJisiiormuM napamerpoM // Apromaruka u Tesemexannka. 2013. Ne3. C. 83-102.

[3] Kum JI.II. Teopusi aBromarmdeckoro ympasierus. T.2. Muooromepsble, HeJHHEHBIE,
onTUMAaJIbHBIE U aJanTuBHble cucTeMbl. M.: @usmariut, 2004. 464 C.

[4] Agrachev A., Zelenko I. On feedback classification of control-affine systems with one and
two-dimensional inputs // arXiv:math/0502031. 2005. P. 1-26.
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O CVYIIIECTBOBAHUU CPEJIHUX TPU-TKAHEN BOJIA C
KAHOHNYECKOMN IIOYTU PEAVKTUBHOM CTPYKTYPON

E. A. Ononpuenko
(MockoBcKuii melarornaecKuit rocyiapcTBenbiit yausepcnrer, Mocksa, Poccust)

FE-mail address: katrinonoprienko@mail.ru

PaccmarpuBatorcst cpejHue TpU-TKaHW bojia ¢ KOBapHaHTHO IOCTOSHHBIM TEH30POM
KPUBH3HBI, KOTOpPBIe 0003HadaoTcs Hamu B)Y,. Tak Kak TeH30p KpuBU3HbI TKanu Bouia saBisgercs
CYIIECTBEHHOl 9aCThI0 TE€H30pa KPUBU3HBI CBsi3HOCTH UepHa [1], TO TeH30p KPUBU3HBI STO
CBA3HOCTU TaKKe ABJIACTCA KOBAPHMAHTHO ITOCTOAHHBIM. ByﬂeM T'OBOPpUTDL, 9TO MHOFOO6pa3He
adPUHHON CBABHOCTH HECET IMOYTH PEJIYKTHBHYIO CTPYKTYPY, €CJIH TEeH30p KPUBHU3HBI ITOM
CBABHOCTHU SABJISIETC KOBaPUAHTHO MOCTOSHHBIM. Takum obpasom, MHOroOoOpasme Tkanu B,
SIBJIAETCS TIOYTH PEIYKTUBHBIM IIPOCTPAHCTBOM, JIJII KOTOPOIO CBA3HOCTH UepHa SBJISIeTCS
KAHOHUIECKON MOYTH PelyKTUBHON CBS3HOCTBIO. V3BecTHo [1], uro Ha Gase Tperbero cioeHus
cpeaHeil TKanu Bojia nMeercs cuMMeTpUUecKasl CTPYKTYpa, OlpejessdeMast CepAIeBUHOM 3Toi
tkann. Takum ob6pasoM, ¢ TKaHbio B, CBS3aHBI JBe CTPYKTYDPbl — CHMMeTpHYeCKas Ha Oase
TPEThEro CJI0EHUsI TKAHU W IMOYTH PeAyKTUBHAs Ha MHOIOOOpPa3UM TKAHM.

I[Tycrb, kak o6brano ([1, c1p.9]), cioenus Tpu-Tkanu B, Ha MHOrooGpa3uu pasMepHOCTH 21
3aJIaHbl YPABHEHUSIMU

§ =0 g =0 gy =0

a CTPYKTypHbIE ypaBHeHusi umetoT Buj |1, crp.16]:

dw' = w Awh+ aly W AW
1 1 7o IR 17
dw' = W AWt — aly, W AW,
2 2 J TR 2 2

Wj = Wy AW T Oy W AW

3nech u jgagee i, j,k =1,2,3...r. Bepna

Teopema 1. Tenzopv, kpywenus u Kpususns, mrany B, ceazanv  caedyrouumu
ouPPeperHuuasbHoMU U KOHEYHDLMU COOMHOULEHUAMU.

Vaj, = =l (‘fz N %}Q Vi = 0; M)
Vo = 0r Vwg = 2053imigs Cipem = Gpaom = @b,
b;kpalé)m =0, b;kpbfmq =0, bjﬁ“sb]]?kl - b;klb?m'

Oma  cucmema  3aMENYMG  OMHOCUMEALHO  ONEPAUUL  SHEWMHE20  JuPPeperHyupo8aHUA.
Caedosamenrvno, mranu B, cywecmsyrom ¢ npouzeosom N nocmosmnnwir, ede N —
wucao nezasucumur ngaddosor ypaswenud (1) — onpedeasemesn uz npueedernot cucmemol
KOHEYHBLT COOMHOUEHUT].

Taxkum obpasom, Kiaccudukanus TKaneii BY, CBOAUTCS K aHAJIN3Y STHUX COOTHOIIEHUil, TO
€CcTh K KJIaccuUKaIUK COOTBETCTBYIONUX aaredbp Boa.
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[1] Axusuc M.A., [lenexos A.M. MuoromepHble TpU-TKaHU U UX Tpujioxkenus. Teepb: Trep.
roc. yu-T., 2010.

KJIACCUPUKAIINA YPABHEHUI IIIPEIMHTEPA C VIIPABJISIEMBIM
IIOTEHIINAJIOM

M.IO. Cojogos
(Mockosekuii ['ocymapcersennsiit Yausepcurer umenu M. B. Jlomonocosa, Mocksa, Poccust)

anekmporras nowma: mishka88bit@gmail . com

na cranmonapuoro ypasuenud IlIpeaunrepa
y'=W(z,u)y (1)

¢ moreHnuajoM W, 3aBuCAIIUM OT CKaJSIPHOI'O YIPABJILAIONIErO IIapaMeTpa U, PacCMOTPUM
3aJ1a9y KJIACCU(PUKAIIME OTHOCUTEIHLHO MTPeodPa30BaHnil 0OPATHON CBA3M

(@0 y) — (X(2,9), U(u), Y (2,9)) (2)

Taxue npeobpazoBaHusgd BO3HUKAIOT B TEOPHUH ylpaBjeHud. [[pm 3ToM MBI HCHOJIB3YeM UJIEIO
Codyca JIn mepexosa K nHGUHUTE3UMATBHBIM TPEOOPA30BAHIIM: BMECTO ITpeobpa3oBanmii (2)
OyJ/ieM paccMaTpUBATH OJHONIAPAMETPHYECKOE CEMECTBO MPeodPa3oBaHU

()08 : (x7u7y> — (Xs(a:,y),US(U),K,(:U,y)) (3)
[Iycts mpeobpazoBanus g SBIAIOTCS TPEOOPA30OBAHUAME CJ/IBUTA BJIOJIb BEKTOPHOTO TOJIS
9] 0 0
X=A—+B—+C— (4)

Ox dy ou

Vpapuenue (1) ompenenser B npocrpanctse  2-mkeros  J2(R) ¢ koopaumHaTaMu
T, U, Yoo, Yo1, Y105 Y11, Y20, Yo2, Y21, Y12, Y22 TOBEPXHOCTD &, = {?/20 - W(% U)yoo = 0}

Bynem wuckarh Buj BeKTOpHOro 10Jisi (4), CABUIH BJOJb KOTOPOIO COXPAHSIOT KJIACC
ypasHenust (1). DTO paBHOCHIIBHO TOMY, 9TO

(9022))*(920 — W(x,u)yoo) = As(y20 — Wi, w)yoo), (5)
)

e @ — TpojioJKeHne TpeoOpasoBaHus (3) B IPOCTPAHCTBO — 2-JDKETOB,  Ag

oJlHONapaMeTpuieckoe cemeiicTBo dyHkumit Ha mpocrpanctee J2(R), Ny = 1, a W, -

oJIHOIIapaMeTpUyecKoe ceMeitcTBo (byHKIuit Ha npocrpanctse R2, takoe, uto Wy = W.
Berauncsss nponsBo/ayio mo napamerpy s npu s = 0 or obenx dacteit (5), moaydaem:

d)g
ds

dW,
ds

(y20 - Wo(% U)yoo) — Ao

s=0

LX(2>(920 - W(Ia U)Z/oo) = Yoo

s=0

OrpannumBasi TIOCJI€JHEE PABEHCTBO Ha ypaBHeHUU &, TOJIYYUM JIMHEHHYIO CHCTEMY
nuddepenHnmanbHbIX ypaBHEHNH B YaCTHBIX TPOU3BOAHBIX IIEPBOTO MOPSAIKA JJI HAXOMK ICHUST
dbyukmmit A, B, C. Pemast ee, HAXOIUM BHJI BEKTOPHOI'O T10Jist (4):

o 1, ) ) )
X = T(JI)% + 57’ (I)yoo% + Olyoo% + O(U)%, (6)
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rae 7 = r(xz) — npousBosbhas dynknus, C; — npousBosbHas nocrogauad u C = C(u) -
MPOU3BOJIbHAS (PYHKITHS.

[Ipeo6pazoBaHuisi, OTBEYAOIIIE BEKTOPHOMY T0JIIO (6), TIOPOXKIAIOT JeficTBIE Ha MOTEHIHAI
W. CooTrBeTcTByOIIEe BEKTOPHOE TIOJIE NMeeT BUJI:

0 1 0 0
Y =r(z)—+ (27 (x)W — =r"(2) | == + C(u)=— 7
(@) 50+ (2@ = 3 (@)) g+ Gl )
DTO MoJIEe MOXKHO PaccMaTpPUBATh KaK BEKTOPHOE IMOJIe Ha MpOcTpancTBe 0-7KeTOB cevenmit
paccioernd 7 : (z,u, W) — (z,u).
[Ipososzkast mosie Y B mpocTpancTBo 4-1zkeros J4(7), Haxomum ciiejyiornue /Ba MepBbIX
nnddepeHInalbHbIX HHBAPUAHTA!

_ —2Wo 1 Wo 1 Wp o + 2 W0,12W2,2 +3 W1,12W0,2 — 3Wi 1 Wo 1 Wi
(=W iWoha + ‘/V0,1VV1,2)4/3

J1

_ —Wo Wi 1Wo 3 + W0,12W1,3 +3 W1,1W0,22 — 3 W o2Wo 1 Wi

J2 573
(=W aWoa + W1 Wi 2)

[1] A. G. Kushner, V. V. Lychagin. Petrov Invariants for 1-D Control Hamiltonian Systems.
// Global and Stochastic Analysis. 2012. 2, 2. 241-264.

[2] A. G. Kushner, V. V. Lychagin. Petrov Invariants of Hamiltonian Systems with a Control
Parameter// Automation and Remote Control, 74(3), 385—400 (2013).

[3] D. S. Gritsenko, O. M. Kiriukhin. Differential Invariants of Control-Parameter-Dependent
Quasi-Harmonic Oscillation Equations// Proceedings of International Workshop on “Meth-
ods in Control Theory”, 34 p. (2012).

[4] D. S. Gritsenko, O. M. Kiriukhin. Classification of Oscillation Equations under Feedback
Transformations/,/ Proceedings of the XX International Scientific Conference for undergrad-

uate and postgraduate students, and young scientists «Lomonosovs, Moscow: MAKS Press
(2013).

IIPOEKTUBHAY TEOMETPUS CJIOEHUN ITPAIMBIX

N.C. CrpeabnoBa
(AcrpaxaHCKuil rocyapCTBeHHbI yHIUBEpCUTeT, AcTpaxanb, Poccust)
E-mail address: strelzova_i@mail.ru

CrroeHust IPSIMBIX Ha IIJIOCKOCTH MOYKHO PACcCMaTPHUBATh Kak JIMHUU ypoBHd f(z,y) = const
perenuii quddepeHnuajIbLHOr0 ypaBHeHud dJiekca

nyfxx - 2fzfyfxy + fzfyy =0.

Ono obmagaer cuemyionmm csoiicrBoM (cm. [1]): ecom f(z,y) — pemieHne 9T0ro ypaBHeHud,
To dbyukuus ¢(f(x,y)) TakKe ABJISIETCS €ro pereHneM st oot (raaakoit) dyukium ¢. To
ecth npeobpasoBanne f — ¢(f) aBasgerca cummerpueit sroro ypasuerns (cm. [2]). Ilocse
akTopuzaiuu ypasHenus (hjekca 1o 3Toii CHMMETPUE Mbl [I0JIy4aeM ypaBHEHUe Diijiepa.

1o HabJIOEHNE TO3BOIUIO HailTh jnd depernuaabHble HHBAPUAHTHI CJIOEHUIN TIPAMBIX B
IPOEKTUBHOI reomerpull Ha ILIOCKOCTH.
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[1] Goldberg V.V., Lychagin V.V. Geodesic Webs on a Two-Dimensional Manifold and Euler
Equations // Acta Applicandae Mathematicae. 04,/2012; 109(1):5-17. DOI:10.1007 /s10440-
009-9437-1.

O CIIEKTPE OITEPATOPA TAYNBAHDBI

C.E. Crenanos, I.U. Ipiranok
(Ounancossit yausepcurer npu IIpasurenscree P, Mocksa, Poccust)

E-mail address: s.e.stepanov@mail.ru, i.i.tsyganok@mail.ru

B jnokiajze Oymer HpoOBeJieH CPaBHUTEIbHBIN aHAJJIM3 CIEKTPAJbHBIX CBOWCTB XOPOIIO

M3BECTHOIO JalllachaHa XoixKa-ie Pawma 1, c. 334-344] wm ompesesIeHHOrO HaMU
JTAITHIeCKOro oneparopa Taunmbansr |2, 3] Ha KOMIAKTHBIX PHMAHOBBIX MHOIOOODA3MAX
CO 3HAKOOIIPEJIEJIEHHBIM OIIEPATOPOM KPUBU3HKI. B mepmoii wactm JokJaza  OyayT

IPUBEJICHBI HEOOXOJIMMbIE HaM CBEJIEHUs U3 PUMAHOBOW TI'eOMETpUHM MHOrooopasusd.  Bo
BTOPOIl YaCTU TPUBEJEHBI CBeJleHUs] 00 OlepaTopax KPUBU3HBI PUMAHOBA MHOTI000paswns,
KOTOPBIEe HEOOXOJUMBI JIJIsl MOJIy9YeHUs OCHOBHBIX DPE3yJIbTATOB JaHHOI paboThl. B Tperbeit
YACTH PACCMOTPEH omeparop XojpKa-je Pama Ha KOMIIAKTHOM PHMAHOBOM MHOI000pa3uu
C TIOJIOXKUTEJILHO OIPEJIEJIEHHBIM OIPAHUYEHHBIM ONEPATOPOM KPUBU3HBI U Ha KOMITAKTHOM
KOH(MOPMHO IJIOCKOM MHOTOOOpasuu. Haitena “HuKugsd rpanuna’ Jijid IepBOro cOOCTBEHHOTO
SHAYEHMs OIepaTopa, a TakyKe C TOMOIIbio ducsia Taunbawbl  [2] mosydena oreHKa ero
KpaTHocTH. B 4erBepToil wactu OyIyT paccMOTpPEHBI CBOWCTBa omneparopa Tadubanbl U ero
COOCTBEHHBIX 3HAYEHUI HA KOMIIAKTHOM PUMAHOBOM MHOroobpasmuu. /lama “HuxKHss rpanuna’
JUIS TIEPBOTO COOCTBEHHOI'O 3HAUYEHHS OllepaTopa M IIOJydeHa ITOMOIIbI0 Yuciaa BeTTu ormeHka
€ro KpaTHOCTH HA KOMIIAKTHOM PHUMaHOBOM MHOTOOOpAa3WHU C OTPHUIATE/IHHO OMPEICTIEHHBIM
OITepaTOpOM KPUBU3HBI M HA KOMITAKTHOM THIIEPOOJINIECKOM MHOTOOODa3UH.

[1] Chavel I. Eigenvalues in Riemannian Geometry // Academic Press. INC, Orlando (1984).

[2] Crenanos C. E. Kpususna n 1uncia Taunbansr // Maremaruaeckuii cbopuuk, 202: 7 (2011),
135-146.

[3] Stepanov S.E., Mikes J. Betti and Tachibana numbers of compact Riemannian manifolds
// Differential Geometry and its Applications, 31: 4 (2013), 486-495.
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KJIACCUPUKAIINSA BUCCEKTOPOB JIBYX OKPYXKHOCTEN HA
IIJIOCKOCTHA

B.T. ®omenko
(®I'BOY BIIO "TTTIN nmenn A.IT. Yexosa')

E-mail address: vtfomenko@rambler.ru

[Tycrb Ha mockoctu () 3a1anbl aBe okpykHOCcTH C) 11 Co PAJMYCOB 1 U I'y COOTBETCTBEHHO
¢ nerTpamu B Toukax Fj; u Fy. Byzaem cuurars, aro 0 < r; < 1y < 00, |F1Fy| = 2¢, ¢ > 0,
roJrarast, 9To OKpy>KHOCTB HYJIEBOTO PaINyCa eCTh TOUKa, & OKPYKHOCTH OECKOHETHOTO PaIIyCca
€CTb IpsSIMas, IIPU 3TOM IEHTP TAKOH OKPYKHOCTH HAXOIUTCS B OECKOHEYHOCTH U KOHCTAHTa, C
He orpejiesieHa. MHOXKeCTBO TOU€EK ILIOCKOCTH (), paBHOYIAJEHHBIX OT OKpy2KHocTei Ch u Co,
Oyiem Ha3bIBaThH Ouccekmopom okpyzkuocteir Ch, Cy m 0bo3HauaTh 4depes (). B macrosmeit
pabore maercsa moHasT Kiaccuduranusa OwmccekTopoB okpykHOcTelr Ch,Ch, 3aJaHHBIX Ha
wiockoctu (7). B wacrHoCTH, OKa3aHbl Teopembl 1, 2, 3.

1. Jlnst bopMyIMPOBKE TeOpeMbl 1 BBEJEM CJIELYIOIIEe OIIpeIe/IeHue.

Onpenenenue 1. Bydem 2060pumsv, wmo oxpyscrnocms C jiexut BHYTPU okpystchocmu Cy,
ecau 6ce mowku oxpyscrocmu Cy npunadaescam omrpuimomy kpyey c epanuyets Cs.

meer mecTo

Teopema 1. Ilycmo 0 < 11 < ry < 00 u okpyschocms C Aedcum HYMPU OKPYHCHOCTA
Cs. Tozda buccexmop oxpyotcnocmeti Cp, Cy ecmov aasunc, Pokycv, Komopozo cosnadarom c
yenmpamu Fy, Fy oxpyorcnocmets Cy,Cy.  Jlas 6carozo aaaunca ma naockocmu () MOAHCHO
yrazamov odnonapamempuyeckoe cemeticmeo okpyoscnocmet C1,CH, daa womopwx darnwvii
ANAUNC  ABAAEMCA OUCCEKMOPOM O 100020 3HAMEHUA NAPAMEMPA T, NPU IMOM HOKYCbL

anauUNCa ABAAOMCA yenmpamu oxpyocnocmet; C7, CF.

3aMeTuM, 9TO B CUJIYy T€OPEMbI 1 MOYKHO JIaTh CJIEJIYIOIIee OlpeieIeHIe SJIATICA: AANUNCOM
HA3bIBACTCS MHOXKECTBO TOYEK IIJIOCKOCTH, PaBHOYJAJEHHBIX OT OKpyxkuocteit C,Cy upn
YCJIOBUU, UTO OKPYKHOCTH (' JIe?KUT BHYTpH OKpyzKHOCTH ().

2. Jlnga dbopMyTMPOBKU T€OPEMBI 2 BBEJIEM CJIEJTYIOIIEE

Omnpenenenue 2. Bydem 2060pumn, wmo oxpyscrnocmsy C exxkut BHE okpysrcrocmu Co, ecau
ece mouku okpyotcnocmu Cp ne npunadaescam zamxrymomy kpyey c eparuyeti Cs.

Nmeer mecto creyromast

Teopema 2. Ilycmo 0 < r;1 < 1y < 00 u okpyoschocmsn C aescum 6ne 0KpYHCHOCTA
Cs. Tozda 6uccexmop oxpyorcnocmets Cp,Cy ecmvb  CBAZHAA KOMNOHEHMA 2UNepPOONL,
dorycv. Komopotli cosenadarom ¢ uewmpamu Fi, Fy oxpyoscnocmets Cy,Cs.  Jlaa ecaxot
C8A3HOT KOMNOHEHMbL 2UNePOOAvL HA NAOCKOCTU (T) MOHCHO YKA3AMBH 00HONAPAMEMPUHECKOE
cemeticmeo okpyoschocmeds C7,CY, 0as Komopur 0aHHAA KOMNOKEHMA 2UNepOosbl ABAAELTNCSA
buccexmopom 0 4106020 3HAMEHUA NAPAMEMPA T, NPU IMOM POKYCHL 2unepbOAbL ABAANOMCA
uenmpamy, oxpystcrocmet C7, CY.

3aMeTnM, YTO B CHJIy TEOPEMbI 2 MOXKHO JaTh CJIEJYIOIee OIpeJe/ieHne:  c8A3HOT
KOMNOHEHMOUT 2unepboas, HA3bIBAETCS MHOYKECTBO TOYEK IIJIOCKOCTH, PABHOY/IAJIEHHBIX OT
okpyzxkuocreit C; u Cy, npu ycjoBun, 910 OKpyKHOCTH (' JiekuT BHe OKpykHOoCcTH Chy U eé
pajyc OTIuYeH OT pajmyca okpyuocTr Ch.

3. Pacemorpum ciydaii, Korga ogHa u3 okpyxkHOcTeit C;, 1 = 1,2 BBIpOXKIaeTCs B MPSIMYTO.
Nmeer mecto
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Teopema 3. ITycmv 0 < r; < r9 = 00 u nepecenenue Cy u Cy nycmo, m.e. C1NCy = (). Tozda
buccexmop oxpyoicrnocmu C u npamoti Cy ecmov napabosra ¢ Gokycom 6 yeHmpe oKpyHCHOCTIU
Ch. s ecaxotl napaboav, cyuecmsyem 00HONAPAMEMPUUECKOE CEMETCMBO OKPYAHCHOCET
CT u npamvx C§ das Komopux daHHas napaboaa ABAAEMCA OUCCEKMOPOM, NPU IMOM POKYC
napaboav Asasemca yenmpom oxpystcrnocmets C| 0af 4106020 3HAMEHUA NAPAMEMPA T.

B cuny Teopembl 3 MOXKHO JIaTh CJeJyIolllee oOIpejiesieHne apadojbl:  Iapadoja ecTb
MHOYKECTBO TOYEK ILJIOCKOCTH, PABHOYJIAJIEHHBIX OT 3aJaHHBIX OKpy:kHOCTH C U mpsimoit Cs,
HE TIePeceKaloNnnuxcsad MexKTy co0oil.

OB YKBUBAJIEHTHOCTU OBOBIIIEHHBIX YPABHEHUI1 ABEJII
IIEPBOI'O IIOPAJIKA OTHOCUTEJIBHO OJIHOI IICEBJOI'PVIIIIHI
IIPEOBPA3OBAHUMN

B.B. Ilypeirua (mt.)
(Kasancknit (IIpusoskckuit) denepanbhblii yauBepcuret, Kazaunb, Poccns)

E-mail address: vadimjr@yandex.ru, 1Vadim.Shurygin@kpfu.ru

Vpasaenuem AGeist HA3BIBACTCS ypaBHEHHE BUJIA
/ 3 2
y' = as(@)y” + az(x)y” + ar(x)y + ao().
Ha xiracce Takux ypaBHeHuii jefictByer mcepaorpynna (G TOYEIHBIX TPeodpa30BaHmii B

= f(x), yeg(x)-y+hz).

B pa6orax JIuysusis [I] u Aunems [2] Borancienst auddepeniuaibable MHBAPDHAHTBL 9TOTO
JIEWCTBUS U PellleHa 3a/lava SKBUBAJIEHTHOCTU JIBYX TAKUX YPaBHEHUN OTHOCUTEIHLHO JIE€HCTBUS
riceBorpyuisl G.

O6001meHHbIM ypaBHeHneM AGesisi Ha3bIBaeTCsl YpaBHEHUE BUA
Y = ap(2)y* + ap_i ()" + .+ a()y + ao().

Mg paccMmarpuBaeM BOIPOC 00 SKBUBAJEHTHOCTH TAKUX YPABHEHMI OTHOCUTE/HHO IefCTBUs
nicesgorpynnbl G pu k =4 u k = 5.

Teopema 1. Ilpu k = 4 aneebpa dupdeperuuaroiur uHeapuanmos 0006uULEHH020 YPABHEHUS
Abeas nopootcdena 08YMA  UHBAPUAHMAMYU NEPBO20 NOPAIKA U  OOHUM  UHBADUAHMMHDIM
duppepenyuposaruem. Ilpu k = 5 anzebpa JuddepenuuarsoHvlr UHBAPUGHMOE NOPOAHCICH
O0OHUM UHBAPUAHMOM HYAEE020 NOPAIKA, 08YMS UHBAPUAHTMAMU NEPE020 NOPAIKA U 00HUM
UHBAPUAHTHBM JUPPePEHUUPOBAHUEM.

Mpb1 Takxke popMyIupyeM TeopeMy SKBUBAJEHTHOCTU TAKUX YPaBHEHHI OTHOCUTETHHO
JielicTBUS 1ceBAOrpynst G.
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[1] R. Liouville. Sur une équation différentielle du premier ordre // Acta Mathematica, 26
(1902) 55-78.

[2] P. Appell.  Sur les invariants de quelques équations différentielles // Journal de
Mathématique 5 (1998) 361-423.

DIFFERENTIAL INVARIANTS OF QUASI-HARMONIC OSCILLATION
EQUATIONS WITH RESPECT TO FEEDBACK TRANSFORMATIONS|

D. Gritsenko
(Lomonosov Moscow State University, Moscow, Russia)

E-mail address: gricenko@physics.msu.ru

O. Kiriukhin
(University of Chicago Booth School of Business, Chicago, Illinois, USA)

E-mail address: kiriukhin@uchicago.edu

The classification problem for a control-parameter-dependent second-order differential equa-
tions is considered. The algebra of the differential invariants with respect to Lie pseudo-group
of feedback transformations is calculated. The equivalence problem for a control-parameter-
dependent quasi-harmonic oscillation equation is solved. Some canonical forms of this equation
are constructed.

Consider the problems of equivalence and classification for the differential equation:

d2
T+ [y uw) =0, o

with respect to the feedback transformations [1]:

@ (z,y,u) — (X(2,9),Y(2,y),U(u), (2)
where the functionf(y,u) is smooth. Here u is a scalar control parameter. We will call an
equation of form control-parameter-dependent quasi-harmonic oscillator equation (QHOE).

Definition 1. Operator
d d
V=M-—+N— 3
dy du 3)
s called G-invariant differentiation if it commutes with every element of any prolongation of
Lie algebra G, where M and N are the functions on the jet space.

Theorem 1. Differential operators

z d
- 4
Vl Zydy7 ()
z d
= —— 5
v 2y du (5)

are G-invariant differentiations.

SPaboTa yacTu4HO mojyiep:Kana rpanTrom POOU Ne12-08-01238-a.
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Theorem 2. Functions

Zyy? Zyu?
_ “yy _ “yu

Jon=—"-, Jn=
zy ZyZy

form a complete set of the basic second-order differential invariants, i.e.any other second-order
differential invariants are the functions of Jo1 and Jos.

Theorem 3. Quasi-harmonic oscillation equation differential invariants algebra is generated
by second-order differential invariants Jo1, Joo and invariant differentiations Vi and Vs. This
algebra separates regqular orbits.

Let us call an equation &y regular, if

dJon (f) A dJae(f) # 0.
Here J(f) — is the value of the differential invariant J on the function f = f(y,u).

Theorem 4. Suppose that the functions f and g are real-analytical. Two reqular equations
Er and &, are locally G-equivalent if and only if the functions ®;y and ®;4 identically equal
(i =1,2,3) and 3-jets of the functions f and g belong to the same connection component.

[1] A. G. Kushner, V. V. Lychagin. Petrov Invariants for 1-D Control Hamiltonian Systems //
Global and Stochastic Analysis. 2012. 2, 2. 241-264.

ON APPLICATIONS OF LOBACHEVSKY, CONFORMAL AND
PROJECTIVE GEOMETRIES TO NEUROGEOMETRY AND IMAGE
REGOGNITION

V. Lychagin
(Institute of Control Sciences of RAS, Russia & Tromsg University, Norway)

E-mail address: valentin.lychaginQuit.no

N. Konovenko
(Odessa National Academy of Food Technologies, Ukraine)

E-mail address: konovenko@ukr .net

In this talk we outline various applications of the above mentioned geometries to the neu-
rogeometry and image recognition.

The first part of the talk shall be devoted to identification of different kind of geometrical
objects (such as functions, differential forms, foliations, variational problems etc.), defined on
a simply connected domain in a plane, with respect of Lie pseudogroup of conformal transfor-
mations. The action and differential invariants of the following Lie groups: SLs (R), SL;y (C)
and, especially in neurogeometry, the Lie group SO (3,1) play the more important role in the
problem.

We investigate regular and singular orbits of actions of these groups in the jet spaces. To
separate regular orbits we find the corresponding differential algebras. We made also first steps
to study singularities of the actions and find normal forms of them.

At the end of the talk we shall shortly discuss the problem of reconstructions of the damaged
structures. To this end, using the structure of differential invariants algebras, we give a complete
description of the invariant variational problems.
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MAIN METRIC INVARIANTS OF FINITE METRIC SPACES

E. Sosov
(Kazan Federal University, Kazan, Russia)

E-mail address: dobryi7@mail.ru

Let us consider a set K of finite metric spaces to have the same power N > 1. We call a
function F': K — R} a main metric invariant, if the following conditions are satisfied.

(1) F(X)=F(Y) for any isometric metric spaces X, Y € K.

(11) F(X) C{p(z,y): z,y € X, z#y},

for any metric space (X, p) € K.

(t3i) |[F(X) — F(Y)| <2dy(X,Y) =min{dis f : f: X — Y — bijection},

where dis f = max{|p(z,y) — d(f(x), f(y))| : =,y € X}, for any metric spaces (X, p),
(Y,d) e K.

We will give the known examples of main metric invariants of a finite metric space (X, p) €
K.

1. Diameter of a space X: D(X) = max{p(z,y) : =,y € X} [1], [2].
2. K-radii (1 < K < N —1) of a space (X, p) € K:

Ri(X) =min{F(X,9): SC X, 1 <card(5) < K}, (1)

where G(X,S) = max{p(z,S) : x € X}, card (5) is a power of the set S ([I], where notation
Rk x(X) = Rg(X) was used).

Let 2 < K < N. Define the following functions from the set K.
Dg(X) =min{D(S) : S C X, card(S) = K};
marpk (X) =max{R.(S): SC X, card(S) =K} (1< L <K —1);
mirgx (X) =min{R,(5): SC X, card(S) =K}, (1<L<K-1).
It is easy to see that for V > 2 for any X € K we have the equalities
D(X) =mary; (X),  Da(X) = mirg_ow-1)(X) = Rv-1(X),
where L is a natural number, 2 < L < N.

Theorem 1. Let 2 < K < N. Then functions Dy, mar g , mirpg (1 < L < K — 1) are main
metric invariants.

The main metric invariants can be used for classification of the finite metric spaces and

their recognition [IJ.

[1] Sosov E. N. Relative N-radius of a bounded subset of a metric space // Uch. Zap. Kazan.
Gos. Univ., Ser. Fiz.-Mat. Nauki, (2011) No. 4, 28-36 .

[2] Burago D., Burago Yu., Ivanov S. A Course in Metric Geometry. Graduate Studies in
Mathematics, vol.33. A.M.S., Providence, RI, (2001).
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CONNECTIONS IN THE CATEGORY OF SECOND ORDER TANGENT
BUNDLES

V. V. Shurygin
(Kazan (Volga region) Federal University, Kazan, Russia)

E-mail address: Vadim.Shurygin@kpfu.ru
L. A. Vashurina

(Kazan (Volga region) Federal University, Kazan, Russia)

E-mail address: 1iliyavashurina@gmail.com

Second order tangent bundles T?M,, can be viewed as objects of the category 72M whose
morphisms are D?-smooth mappings T?M,, — T?M], , where D? is the algebra of truncated
polynomials of degree two in one variable. This gives rise to the extended structure group é’i of
T?M,, and the corresponding extended second order frame bundle ﬁzMn associated to T?M,,.
1.

The horizontal distribution on T%M,, corresponding to a connection I in P2M,, is called an
extended connection in T>M,,. In terms of local coordinates {z%, %, i’} on T?M,,, an extended
connection in T?M,, is given by equations of the form

di' + (I%,a% + 1%)da? =0, di' + (), 8% + [l pai +17,8% +1%)da/ =0. (1)

Proposition 1. (i) The functions I', and I" 5 in (1) are the connection coefficients of a
connection in the second order frame bundle P*M,,.

(1i) The functions Fz, F;, and F;a in (1) define a section s(T') of a fiber bundle E*M,,
associated to P?M,, with the following transition functions:

Y A Uy i 4 g i Y S R L 1 + i
Z] -_— l’l/l'l Zjl7 Z] - lexz j/7 Za - :CZ/:C .,,C Z'/ ! Z.l/k/:c

K g
J J (e} J o (e}

3’ i
T 2,
where x%, = Of')0x", xl, = 0?f1/0x" 0x* for the change of coordinates x* = fi(z") on the
overlapping of two coordinate domains on M, .

Proposition 2. Let there be given a section s : M, — E*M, of the fiber bundle E*M, with

. .i . .7; k ..i o .'7; k .i . .i k . . 2 . .
equations Z; = $%(x"), 25 = 85(a"), 2, = 85, (2") and a section o : M,, — T*M,, with equations

it = oi(x), @' = 5%(2¥). Then the functions &, &°, s;, 8; + 5";?8;@('7", sza are the components of

a morphism o(s,o) : TM, — V(T?M,, X7y, J'TM,) of vector bundles.

A D2?-smooth diffeomorphism F : T?M,, — T>M! maps an extended connection I" in T2 M,,
into an extended connection I in T?M!. Two extended connections I'y and 'y in T?M,, are
called equivalent if one of them is the image of the other under a D?-smooth diffeomorphism
F : T*M, — T?M, over the identity map of T?M,, to itself. Each such a diffeomorphism F
is uniquely determined by a section ¢ = op : M, — T?M,. A section o induces a section
o M, — T*M, X7y, J'TM,,.

Theorem 1. Let I'; and I’y be two extended second order connections in T?M,, which determine
the same second order connection. Then I'y and 'y are equivalent if and only if there exists a
section o : M — T*M such that

Vio = ¢(s(Is),0),

where V1 denotes the covariant derivative with respect to I'y.
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[1] V.V. Shurygin and L.A. Vashurina. Extended connections in second order tangent bundles
// Int. Conf. “Geometry. Control. Economics.” Astrakhan, 15-26 August, 2011. Abstracts.
p.47.

DIFFERENTIAL INVARIANTS OF WDVV EQUATION

S. Tychkov
(Institue of Control Sciences RAS, Moscow, Russia)

E-mail address: sergey.lab06@yandex.ru

We consider two-dimensional associativity equation (a.k.a. WDVV-equation) arising
in topological field theory [I]. It is an equation on one function u(z,y) has the form

Uyyy + UzzeUayy — uiaxy = 0. (1)
We consider jet space J¥(2, 1) with coordinates .y, p, P10, Pot, - - - , Pkos - - - , Pox Such that

(Wl ) = ula,y), pillal, ) = 2 0<itj<k
p U/(m’) =U ZL’,y, pz‘] U(z7) :Z— y (3 ] ~ .
Y Yy ozt oy’ (@)

We rewrite equation (1) in coordinates of space J*(2,1)

& po3 + paopi2 — p§1 = 0. (2)

Equation £ defines manifold in jet space J3(2,1). We also denote this manifold with &.
Equation ({2)) admits Lie algebra g of symmetries generated by the following vector fields

0 0 0
Xi=— Xo=— X3=—
1 ax7 2 ay? 3 ap?
X4:x—a,X5:y—a7X6:xy—a,
dp dp dp (3)
0 0 0 0 0
X7 = Yy — p2 Xy = 2= 4 dp2, Xy = 2=
0 0 0 0 0 0
Xio=v—, X1 =2y— + 28— X1 = oy— + > — + (2 —)=
10 yap’ 11 yaerxap, 12 xya +yay+(py+ 8)6

Algebra g is not solvable.
Differential invariant I of order k of equation (1| satisfy the following system of PDEs

fok)f\g(k_g) =0, i=1,...,12, (4)

where I is function on jet space J¥(2,1), Xi(k) € g®)—prolongation of algebra g to k-jet space,
and £#73) is (k — 3)-th prolongation of equation &.
Dimension of differential k-order invariants algebra is equal to

dim J*¥(2,1) — dim g — codim E*3 = 3k — 10, k& > 3. (5)

Hence there are no invariants of order less than 4.
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We find differential invariants of order 5 of the equation by solving system provided
k =5. According to formula (j5) we get five invariants.
Invariants we found have the form

o 2U3703 + 18U271U3,0 + 27U172

h (ugp®+6 u271)3/2 7
I — 2U:3,02U4,o + 6ug 1 us + 6ugous + 9 ug s
\/m (ug s + 27usz 1)
7, — U0 (uz0® + 61@,1)?2 ©)
(ugouao + 3usy)
I, = (uzouso + uso? + 3ugr) (uzo® + 6ugy)

)

(usota0 + 3 U3,1)2

I (us0®uso + (duse® + 6uar) usp + 12us1us0 + 9uso) \/use? + 6ugs
s =
(uz,0us0 + 3 us,1)2

[1] Edward Witten. Topological Quantum Field Theory // Commun. Math. Phys. 117, 353-386
(1988).

GEOMETRIC STRUCTURES ON SOLUTIONS OF THE
EINSTEIN-MAXWELL EQUATION

V. Yumaguzhin
(Program Systems Institute of RAS, Pereslavl’-Zalesskiy, Russia)
E-mail address: yuma@diffiety.botik.ru

This talk is based on joint work with Valentin Lychagin.

We show that a pair of orthogonal 2-dimensional distributions are defined in the natural
way on every solution of the Einstein-Maxwell equation. We find some explicit solutions so
that their orthogonal distributions are integrable and one of scalar invariants of the Faraday
tensor is nonzero constant.

[1] J. Liouville, Sur I'equation aux differences partielles d* log A /du dv+\/(aa®) = 0// J. Math.
Pure Apple., 18, (1853) 71.

[2] C.IT. Hosukos, 1. A. Taiimanos, CoBpeMeHHbIE T€OMETPUUYECKUE CTPYKTYPbI U OJIsI.—
M.:MIIHMO, 2005, — 584 c.

[3] G.Y. Rainich, Electrodynamics in the general relativity theory// Trans. Amer. Math. Soc.
27 (1925), 106-136.

23



Conepxkanne

A.B. Axmerssros, 1.A. Boponun
Heymmneiinble ypaBHeHUsT TPeXMepHO (buabTpaiun (bJIonI0B B IOPUCTHIX CPelaX
HPUPOIHBIX HEPTIHBIX 3a/I€2Keil IPU BHITECHEHUN HEMDTH BOMOM .. ..ottt 3

N.A. Boponun, A.A. IlleBisikoB
[Towck cuMMeTpuii OJHOMEPHOIO YpaBHEeHUsI (DUIHTPAIUN ra3a B MOPUCTHIX CPEIax
B pesepByapax MeCTOPOXKIECHUHA YTIEBOTOPOMOB - ..t vv vttt et et et et e e 5

A. A. Topunon
['pynmosoit aHa/m3 ypaBHEHUsT OJHOMEPHOH (DUIBTPAIUIN JIBY XKOMIIOHEHTHBIX YKIIKOCTEH . .7

K.P. /Ixxyxkaries

O06 OTHOM KJIACCE IMACTUUHDBIX TPU-TKAHEM . ..\ttt t ettt ettt ettt 8
A. A. lyonosa
Huddepennnanbable THBAPUAHTBI CJIOCHUN U3 OKPYZKHOCTEH . ..o oottt 9

A.T". Kymraep, B.B. JIerqarun
CuMIIeKTHIecKne mpeodpa3oBanms OOPATHON CBSI3H
CO MHOTUMHY YIPABJIAIONIAMU TAPAMETDAMIZ  « « ottt e ettt e e ettt e ettt e e e e e e e 10

E. A. Ononpuenko
O cymecTBoBaHUM CpeJHUX TpU-TKaHeil Bosa

C KAHOHUYECKOU ITOYTU PEAYKTUBHOU CTPYKTYPOI . ...t 12
M.1O. Conomos
Kiraccudukanus ypasuennit [pegunrepa ¢ ynpaBisgeMbIM TOTEHITHATIOM . . ..vvvvenn.... 13

N.C. Crpenbrosa
[IpoeKTuBHAST TEOMETPHUST CTAOCHUI TIPAMBIX .+« ottt e ettt e ettt e ettt e e et e e e e e 14

C.E. Crenanos, .1. [pranok
O crekTpe omepaTopa TATHOAHBI . . ... ...ttt 15

B.T. ®omenko
Knaccudukarus 6MCCEKTOPOB JIBYX OKPYYKHOCTEH HaA TIJIOCKOCTH oo v veieeeeeeeennns 16

B.B. llypsirun (M)
O06 sKkBUBaAJIEGHTHOCTH ODOOIEHHBIX ypaBHeHU AOesist mepBoro
HOPSJIKA OTHOCUTEIHHO OJTHOM MCEBAOTPYIIIBI TPEOOPABOBAHUM . ...t ovve vt ee e aeen e 17

D. Gritsenko, O. Kiriukhin
Differenrial invariants of quasi-harmonic oscillation equations
with respect to feedback transformations .......... ... ... . .. 18

N. Konovenko, V. Lychagin
On applications of Lobachevsky, conformal and projective geometries

to neurogeometry and image regognition ............ ... 19
E. Sosov
Main metric invariants of finite metric spaces ......... ... .. 19



V.V. Shurygin, L.A. Vashurina

Connections in the category of second order tangent bundles

S. Tychkov
Differential invariants of WDVV equation

V. Yumaguzhin

Geometric structures on solutions of the Einstein-Maxwell equation

25



Te3ucwl TOKIAI0B MEXKTIyHAPOIHON KOH(MDEPEHIINN

A-TEOMETPU A
Coun, 1 — 9 maz 2014 r.

nox, pepaknueir A. I'. Kymuepa u B. B. JIpraaruna

TEX-ungeckwuit pegakrop E.H. Kymnuep.

Tupax 50 3K3.
Ve, ned. 1. 1,6




