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Abstract. Investigation of various problems of mechanics and mathematical physics is reduced to the
solution of second-order linear differential equations with variable coefficients. In 1986, the American
mathematician J. Kovacic proposed an algorithm for solution of a second-order linear differential equa-
tion in the case where the solution can be expressed in terms of so-called Liouville functions. If a linear
second-order differential equation has no Liouville solutions, the Kovacic algorithm also allows one to
ascertain this fact. In this paper, we discuss the application of the Kovacic algorithm to the problem
of the motion of a heavy body of revolution on a perfectly rough horizontal plane. The existence of
Liouville solutions of the problem is examined for the cases where the rolling body is an infinitely
thin disk, a disk of finite thickness, a dynamically symmetric torus, a paraboloid of revolution, and a
spindle-shaped body.
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1. Introduction

Problems of the motion of bodies that touch fixed or moving rigid surfaces have a long history.
It is closely related to the process of formation and development of a large branch of analytical
mechanic, namely, dynamics of nonholonomic systems. In works of I. Newton, L. Euler, I. Bernoulli,
J. D’Alembert, and J. Lagrange, some problems on the rolling of rigid bodies without sliding were
studied; these problems are typical in the dynamics of systems with nonholonomic constraints and
hence they are considered as classical problems of nonholonomic mechanics. One of such classical
problems is the problem on the motion of a heavy, rotationally symmetric rigid body on a fixed,
perfectly rough horizontal plane. For the first time, this problem was considered in [27] by E. Lindel6f.
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To solve this problem, Lindel6f used the Hamilton principle or the Lagrange equations of the second
kind obtained from this principle. Having written two equations of nonholonomic constraints, he
applied them to the construction of the expression for the kinetic energy and erroneously assumed
that the nonholonomicity of this problem is completely accounted and therefore the Lagrange equations
of the second kind can be constructed. Naturally, the system of differential equations obtained by
Londel6f was simpler than the valid system and admitted solutions in quadratures. The error was
first detected by S. A. Chaplygin who informed Lindel6f about it. On October 25, 1895, Chaplygin
reported his results on this topic in a session of the Physics Division of the Society of Devotees of
Natural Science, Anthropology, and Ethnography. Chaplygin noted that “in the first pages of his
work, ... E. Lindel6f made a serious mistake which led to the fact that the equations obtained turned
out simpler than the actual valid equations, which explained the seeming achievement of the author.”
In this report, Chaplygin first presented his equations of the motion of nonholonomic systems. Two
years later, he found a valid solution to the E. Lindel6f problem and published new results in [5]. In this
paper, Chaplygin proved the integrability of this problem and detected that its solution is reduced
to integration of a second-order linear differential equation whose coefficients depend on the shape
and the mass distribution of the body. Having the general solution of the corresponding equation,
the problem is reduced to quadratures. Chaplygin also found two cases where the general solution
of the equation can be obtained. In the case where the body is a nonhomogeneous, dynamically
symmetric ball, the general solution of the corresponding equation is expressed in terms of elementary
functions (see [5]). In the case of the motion of a circular disk or a hoop on a horizontal plane, the
general solution is expressed in terms of hypergeometric series (see [5]; this fact was also proved by
P. Appell [1] and D. Korteweg [19]). In 1932, Kh. M. Mushtari continued to examine the problem on
the motion of a heavy, rotationally symmetric body on a perfectly rough horizontal plane (see [35]).
Under an additional condition imposed on the shape and the mass distribution of the body, two new
particular cases were found in which the motion of the body can be described completely. In the first
case, the moving body is bounded by the surface formed by rotating a parabolic arc about an axis
passing through its focus, and in the second case, the moving rigid body is a rotationally symmetric
paraboloid. Further development of Mustari’s results was made by A. S. Kuleshov (see [22-25]).
For any other rotationally symmetric bodies moving without sliding on a horizontal plane, the exact
solution of the corresponding second-order linear differential equation is unknown. Therefore, it is
interesting to find this solution for bodies different from the mentioned above (a ball or a disk) and
hence to solve this problem completely. For this purpose, it is possible to apply the so-called Kovacic
algorithm. In 1986, the American mathematician J. Kovacic presented in [21] an algorithm for finding
a general solution of a second-order linear differential equation with variable coefficients for the case
where this solution can be expressed in terms of so-called Liouville functions (see [15, 17, 21]). Recall
that Liouville functions are functions constructed from rational functions by algebraic operations,
taking exponentials, and integration. If a linear differential equation has no Liouville solutions, the
Kovacic algorithm also allows one to ascertain this fact. The necessary condition for application of the
Kovacic algorithm to a second-order linear differential equation is that the coefficients of this equation
should be rational functions of independent variable. In this paper, the Kovacic algorithm is applied
to the problem of motion of a heavy rotationally symmetric rigid body on a fixed perfectly rough
horizontal plane. The paper is organized as follows. The Introduction contains a review of the results
concerning the problem obtained in different years. In Sec. 2, we discuss the theoretical foundations of
the Kovacic algorithm and describe the algorithm itself. We also discuss specific features of application
of the Kovacic algorithm to second-order linear differential equations. In Sec. 3, we present a detailed
formulation of the general problem of motion of a rotationally symmetric body on a perfectly rough
horizontal plane. We derive the second-order linear differential equation for a rotationally symmetric
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body of an arbitrary shape. Further in Sec. 3 we consider two particular cases where the moving body
is an infinitely thin circular disk or a circular disk of finite thickness. For both these cases, we derive the
corresponding second-order linear differential equation and examine it using the Kovacic algorithm. As
a result, we prove the nonexistence of Liouville solutions for both cases: in the problem of the motion
of an infinitely thin circular disk and a circular disk of finite thickness rolling on a perfectly rough
horizontal plane. In Sec. 4, we study the problem of the motion of a dynamically symmetric torus on a
perfectly rough horizontal plane. Using the Kovacic algorithm, we prove the nonexistence of Liouville
solutions in this problem for almost all values of parameters of the problem. Section 5 is devoted to
the study of the motion of a dynamically symmetric paraboloid on a perfectly rough horizontal plane.
Using the Kovacic algorithm, we prove that the general solution of the corresponding second-order
linear differential equation is expressed through Liouville functions for all values of parameters of
the problem. This fact allows us to study the qualitative behavior of the paraboloid on the plane.
As a result, we obtain that the trajectory of the contact point on the surface of the paraboloid is a
curve constructed from periodically repeated waves touching two parallels of paraboloid, whereas the
trajectory of the contact point on the supporting plane is a similar curve lying between two concentric
circles that are touched by the contact point alternately while the paraboloid moves on the plane.
Similar results were obtained earlier by N. K. Moschuk (see [33, 34]). We also describe all steady
motions of the paraboloid on the plane (permanent rotations and regular precessions) and examine
their stability. In Sec. 6, we consider the problem of motion of a spindle-shaped body on a perfectly
rough plane. This problem was earlier studied by Kh. M. Mushtari (see [35]). Direct application of
the Kovacic algorithm to this problem allows one to state that the problem has no Liouville solutions
for almost all values of parameters of the problem, except the case where these parameters satisfy
the Mushtari condition (see [35]). Finally, we give short conclusions to summarize the content of the
paper and discuss the future work. A part of results presented in this paper were discussed previously
in [6-10, 26].

Acknowledgment. This work was partially supported by the Russian Foundation for Basic Research
(project Nos. 14-01-00380 and 16-01-00338).

2. Kovacic Algorithm and Its Theoretical Foundations

Investigation of many problems of mechanics and mathematical physics is reduced to the solution
of second-order linear differential equations with variable coefficients. In 1986, the American math-
ematician J. Kovacic presented an algorithm for finding general solutions of a second-order linear
homogeneous differential equations with rational coefficients in the case where these solutions can be
expressed in terms of so-called Liouville functions (see [17, 21]). If a linear differential equation has
no Liouville solutions, the Kovacic algorithm also allows one to ascertain that fact. Since the major
part of the results of the paper was obtained by using the Kovacic algorithm, in this section we briefly
discuss the algorithm itself and specific features of its application to second-order linear differential
equations.

2.1. Statement of the problem. We consider the differential field C(z) of rational functions of a
single (complex) variable . We search for solutions of the differential equation

2" +a(x) +b(z)z =0, (2.1)

where a(x),b(x) € C(z). We are interested in so-called Liouville solution of Eq. (2.1). Recall that a
solution is called a Liouville solution if it is an element of a Liouville field defined as follows.

Definition 1. Let F be a differential field of functions of a single complex variable x containing C(x),
i.e., F is a field of characteristic zero with a differentiation operation () possessing the following two
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properties:
(a+b) =d +¥ and (ab) =db+ab forallac Fandbe F.

The field F is called a Liouville field if there exists a sequence (tower) of finite extensions of fields

obtained by joining a single element such that

/
F;=F,_1(a), where @ € F;_ 1 foreachi=1,2,...,n
@

(i.e., F; is generated by joining of the exponent of the indefinite integral over F;_i), or
F; = F,_1(a), where o € F,_;

(i.e., F; is generated by joining the indefinite integral over F;_1), or F; is a finite algebraic extension
over F;_; (i.e., F; = F;_1(a) and « satisfies a finite-degree polynomial equation of the form

ag+aia+ -+ a,a” =0,
where a; € F;_1,7=0,1,2,...,n.

Thus, Liouville solutions are constructed from rational functions by algebraic operations, taking
exponentials, and integration. In this way, we can get logarithmic or trigonometric functions but not
special functions like the Bessel functions, the Legendre polynomials, or the Gauss hypergeometric
functions. Applying the algorithm, it suffices to find only one Liouville solution of Eq. (2.1) since
another solution cam be found as follows. Assume that z9 = vz1, where 27 is the known solution and
v is some function to be determined. Using the differential equation (2.1) we obtain the following

differential equation for v:
d2v dz1 dv
2 =0
2y + < g + a(m)zl> i ,

which yields the second solution zs:

S / (;% exp (- / a(m)dm)) da.

If z; is a Liouville solution, then, clearly, the second solution 2o is also a Liouville solution and
hence all solutions of Eq. (2.1) are Liouville solution (since all solutions are linear combinations of
z1 and z3). In order to reduce the original differential equation to a simpler form, we perform the
substitution

y(z) = z(x) exp <; /a(m)dm) . (2.2)
Then Eq. (2.1) becomes

1 1
y”+<b—4 2—2af>y:o

1 1
v =r(x)y, r(x)= 2&’ + 4a2 —b. (2.3)

Note that this change of variables does not change the Liouville nature of the solutions. If solutions
of (2.1) are Liouville solutions, then solutions of (2.3) will also be Liouville solutions. Further, we will
assume that the equation considered has the form (2.3) and r(x) € C(x), r(z) ¢ C. Using the inverse

transformation
1
z(x) = y(x) exp <—2 /a(m)dm)

we can transform solutions of (2.3) to solutions of (2.1).

or
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2.2. Preliminaries. In this section, we discuss some facts from the theory of linear differential
equations that form the basis of the Kovacic algorithm. A part of them is presented with detailed
proofs, another part is presented without proofs, but proofs can be found in the references. We start
from the description of the possible structure of the solution of the differential equation (2.3).

2.2.1.  The four cases. The following theorem by J. Kovacic [21] determines the structure of solutions
with which the algorithm deals.

Theorem 1. For the differential equation (2.3), the following four cases can occur.

1. The differential equation (2.3) has a solution of the form n = exp [w(x)dz, where w(z) € C(x).

2. Equation (2.3) has a solution of the form n = exp [w(x)dz, where w(x) is algebraic function of
degree 2 over C(z) and Case 1 does not hold.

3. All solutions of Eq. (2.3) are algebraic functions over C(x) and Cases 1 and 2 do not hold. In this
case, the solutions of Eq. (2.3) have the form n = exp [w(z)dxz, where w(z) is an algebraic function
of degree 4, 6, or 12 over C(x).

4. Equation (2.3) has no Liouville solutions.

Below we discuss the basic ideas of the proof of this theorem. Let 1 and ¢ be two independent solu-
tions of the differential equation (2.3). Denote by G the differential extension field of C(x) generated
by n and ¢, i.e., G = C(x) (n,7,¢,’). Higher derivatives of n and ¢ are not needed since " = rn € G,
n" =1'n+ry € G, etc. The Galois group G = G (G/C(z)) of the differential equation (2.3) is
the Galois group of G over C(x). In other words, G is the group of all differential automorphisms
of G leaving elements of C(z) fixed. Recall that an automorphisms of a group H is an isomorphism
from H to itself and a differential automorphism is an automorphism that commutes with the dif-
ferentiation operation (-)’. This means that G is the group of all automorphisms ¢ : G — G such
that o(a’) = (0a)’ for all a € G and of = f for all f € C(z). The Galois group G of the differential
equation (2.3) is isomorphic to a subgroup of the group GL(2,C) of all invertible (2 x 2)-matrices with
complex coefficients, i.e., each ¢ € G corresponds to a matrix

Ay by
¢ dg)’

where a,, b, ¢s, and d, are elements of C. This correspondence is established as follows. Since n and
¢ are solutions of Eq. (2.3) and any ¢ € G is an differential automorphism, we have

(on)" =o(n") = o(rn) = or-on =ron
and hence o7 is also a solution of Eq. (2.3). Further, o7 is a linear combination of 1 and ( since any
solution of Eq. (2.3) is a linear combination of any two independent solutions of (2.3). Then we can
write
on = asN+bs(, as,bs €C.

Similarly we obtain
O'C =CoN + da(y Co,dy € C.
Combining these two results we have

ony\ _ agn + bo( _ [ ao bs ny.
o) \een+dsC) \cy do) \C)’

obviously, o corresponds to the matrix
Ay by
¢ dg)

Using the Wronskian of the solutions 1 and ¢, we can show that the Galois group G of Eq. (2.3)
is isomorphic to the subgroup SL(2,C) of the group GL(2,C) consisting of invertible (2 x 2)-matrices
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with determinant 1. (Recall that the Wronskian W of n and ¢ is by definition W = n{’ — 1/(.) The
derivative of W vanishes:
W' =15'¢" +n¢" —n'¢ = "¢ =nl" —n"C=nrd — ¢ = 0.

Hence the Wronskian W of n and ( is a constant and hence for any o0 € G we have W = W (since
W € C(z) and o, by definition, leaves C(x) fixed). This implies that

oW =a(n¢" —n'¢) = on(a¢) — (on)'o¢
= (aon + bsC) (con’ + doC’) — (agn’ +boC") (con + do()
= (avde — byco) (¢ = 1'¢) = (a0dy — boce)W
and hence
agdy — bgcy = 1.

The following two facts are presented without proofs.
Theorem 2. The Galois group G of Eq. (2.3) is isomorphic to an algebraic subgroup of SL(2,C).

This theorem is a fundamental fact from the Picard—Vessiot theory. Its proof can be found in [21].
Recall that a subgroup K of the group GL(2,C) is said to be an algebraic group if there exist a finite
number of polynomials P, ..., P,, where P; € C [z, x9,23,24] (the polynomial ring with 4 variables
x1, T2, T3, x4 over the field C), such that the matrix

(¢ )

Pi(a,b,c,d) =--- = Py(a,b,c,d) =0.

is an element of K if and only if

Further, for any algebraic subgroup of SL(2,C), the following lemma holds.

Lemma 1 (see [15, 21]). If G is an algebraic subgroup of SL(2,C), then one of the following four
cases can occur:

1. G is triangulable, i.e., there exists x € G such that for any g € G, the matriz xgx~"

matriz. We assume that xgx~' is a lower triangular matriz:

a O
b a )’

where a,b € C. Recall that G is a subgroup of SL(2,C) and hence the determinant of xgx~" is equal
to 1.
2. G is conjugate to a subgroup of the group D, where

DT:{<S 091>, ceC, c#O}U{(_S_l 8), ceC, C#O}

and Case 1 does not hold, i.e., there exists x € G such that for any g € G, xgx™" is either a
diagonal matrixz or an anti-diagonal matriz, but there is no x € G such that for all g € G the
matriz xgr~' is lower triangular (this case includes only strictly diagonal matrices).

3. G is finite algebraic subgroup and Cases 1 and 2 do not hold.

4. G =8SL(2,C), i.e., G is the infinite group of all (2 x 2)-matrices with determinant 1.

s a triangular

1
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Thus, we know that the Galois group G of Eq. (2.3) is isomorphic to an algebraic subgroup of
SL(2,C). We also know that any algebraic subgroup of SL(2,C) satisfies the above lemma. Now we
can apply the lemma to the Galois group of Eq. (2.3) and establish the relationship betwenn various
subgroups of the group SL(2,C) and solutions of Eq. (2.3) listed in Theorem 1. In Case 1, the group
G is triangulable. Assume that an element x € GG has been found and each matrix is conjugated to a
lower triangular matrix (this is equivalent to a change of the basis in the vector space or to the choice
of two different independent solutions 7 and ¢). Then each element o € G has the form

a, O
Oy, ce € C
<Co (I;1> 9 oy Lo 9

and maps 7 to on = a,1. Setting w = n’/n or, equivalently, n = exp [w(z)dz, we have

/ / / /
Uw:a(n) _ (on) _aon’ _ " _
n an Qg1 n
and hence w € C(z). This is Case 1 of Theorem 1: Eq. (2.3) has a solution of the form n =
exp [ w(z)dx, where w(z) € C(z). In Case 2, the group G is conjugate to a subgroup of the group Dt.
In this case, any element of G has one of the following forms:

Qo 0 0 bo‘
0 a,t o -b;t 0)

so either (on = a,n and o¢ = a;'¢) or (on = b,¢ and ¢ = —b, 'n). Note that in both cases we have
o (772C2) = n?¢?, so that n?¢? € C(z). If we set now w =1/ (i.e., n = exp [w(x)dz) and ¢ = '/,
then either (cw = w and op = ¢) or (cw = ¢ and op = w). Minimally, both cases are described by
the conditions o?w = w or 0%w — w = 0, so w satisfies a polynomial equation of degree 2 over C(z),
hence it is algebraic function of degree 2 over C(z). This is Case 2 of Theorem 1. In Case 3, the
group G is a finite group, i.e., there are only a finite number of automorphisms oy, ...,0,. Consider
an arbitrary elementary symmetric function of the arguments o1, o9, ..., onn, for example,

> om=om+omt -+ o
For any o; € G we have

oj (Z O'm) = foﬂ?

since o;0; € G for all o; (because G is a group and hence is closed). Hence ) o;n = f(z) € C(z) and
the solution n satisfies the equation

o1+ o+ -+ opn — f(z) =0;

i.e., nis an algebraic function over C(z). Similar arguments hold for . Therefore, n and ¢ are algebraic
over C(z) and hence all solutions of Eq. (2.3) are algebraic over C(x). To clarify the structure of the
group G in Case 3, we present the following theorem (its detailed proof can be found in [21]).

Theorem 3. If K is a finite subgroup of SL(2,C), then one of the following possibilities is realized:

(1) K is conjugate to a subgroup of the group D';
(2) K has order 24;

(3) K has order 48,;

(4) K has order 120.

Clearly, the first case of this theorem is a particular subcase of Case 2 of Lemma 1. This means
that in Case 3, the group G has order 24, 48, or 120, and hence the order of n over C(x) is 24, 48,
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or 120, respectively. In each of these cases, the functions of solutions 1 and ¢ belonging to C(x) are
known: if the group G has order 24, then

(n* +8n¢%)* € Cla),
if the group G has order 48, then

(1°¢ =n¢*)? € C(a),
and if the group G has order 120, then

"¢ =110°¢° — ¢t € C(a)

(for details, see [21]). In Case 4 of Lemma 1, we have G = SL(2,C). Below we show that in this case,
Eq. (2.3) has no Liouville solution. We prove this assertion by the contrary. Assume that Eq. (2.3) has
a Liouville solution. Then the second solution obtained by the method of order reduction (see above) is
also a Liouville solution, and hence all solutions of Eq. (2.3) are Liouville solutions (since any solution
of Eq. (2.3) is a linear combination of two independent solutions). Clearly, G = C(z)(n,7',¢, ()
is contained in a Liouville extension and the component G° of the identity of the group G must
be solvable (see [18, p. 415]). (Recall that the component of the identity of a group is the largest
connected subgroup of the group containing the identity. A set is said to be connected if any two
points in the set can be joined by an arc lying in the set.)
A group H is said to be solvable (in the sense of the Galois theory) if

H=Hy>HD>...D>H,, ={e},

where each H; 1 is normal in H;, each factor group H;/H;1 is abelian, and e is the identity element
of H. If G = SL(2,C), then G° = SL(2,C) and hence SL (2, C) must be solvable. But SL(2,C) is not
solvable; this contradiction implies that the initial assumption was false and Eq. (2.3) has no Liouville
solutions. This is Case 4 of Theorem 1.

2.2.2.  Necessary conditions. In order to reduce the amount of calculations involved in the solution of
Eq. (2.3), Kovacic (see [21]) indicated some conditions on the function r in the right-hand side of the
equation. For each of the first three cases where Liouville solutions exist, these conditions are different.
For example, if the function r satisfies the conditions corresponding to Case 1 of Theorem 1, then we
must search for solutions of Eq. (2.3) exactly in the form indicated for this case. If the function r does
not satisfy any conditions corresponding the Cases 1-2 of Theorem 1, then we conclude that Eq. (2.3)
has no Liouville solutions. These conditions are necessary but not sufficient. For example, if the
conditions corresponding to Case 1 of Theorem 1 are violated, then we must turn to the verification
of the conditions corresponding to Cases 2 and 3. If these conditions are fulfilled, then we must
search for solutions of Eq. (2.3) exactly in the form indicated for the corresponding case. However,
the existence of such a solution is not guaranteed. In order to explain the sense of the necessary
conditions mentioned, we recall some facts from complex analysis. Recall that any analytic function
f of a complex variable z can be expanded in a Laurent series in a neighborhood of any point a as
follows:
f(z)=ao+ai(z—a) +az(z —a)® + -+ Zaila + (za—_ZP + ...
The part of this series
ap+ai(z —a) +az(z —a)® + ...

containing nonnegative powers of z — a is called the analytic part of the Laurent series whereas the

other part, namely,
a_q + a_9

z—a (z—a)2 7
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is called the principal part of the expansion. By definition, a point a is called a pole of f(z) of order n
if the proncipal part of the Laurent expansion contains a finite number of terms and the last term has
the form a_,/(z —a)™. If f(z) is a rational function of z, then a point a is a pole of f(z) of order n
if it is a root of the denominator of f(z) of multiplicity n. Let z = 0o be a zero of a function f(z) of
order n (i.e., n is the order of the pole at z = 0 of f(z)). Then we say that n is the order of f(z) at
infinity. If f(2) is a rational function, then its order at z = oo is the difference between the degrees of
the denominator and the numerator. The following theorem states necessary conditions under which
the first three cases listed in Theorem 1 can hold.

Theorem 4. For the differential equation (2.3), the following conditions are necessary for the exis-

tence of Liouville solutions in the corresponding case from Theorem 1.

1. Each pole of the function r has order 1 or an even order. The order of r at co is even or greater
than 2.

2. The function r has at least one pole whose order either 2 or an odd number greater than 2.

3. The function v has no poles of order greater than 2. The order of r at oo is at least 2. If the
partial-fraction expansion of r is

B a; Bj
T_Z(x—ci)z +zj:x—de’

then
V1+4a; €Q  for each i, Zﬁj =0
J

and, moreover,

\/1—1—476@, where ’y:Zai—FZ,Bjdj.
( J

Below we present a sketch of the proof of this theorem. Some ideas will be explained in more details
in the description of the algorithm itself (see Sec. 2.3). In Case 1, the differential equation (2.3) has
a solution of the form

n= exp/w(m)dm, w(z) € C(x). (2.4)
Substituting this solution into Eq. (2.3), we see that the function w(x) satisfies the differential equation
W+ w=r. (2.5)

Since both functions r(x) and w(z) belong to C(z), they can be expanded in Laurent series in a
neighborhood of a point ¢ of the complex plane as follows:

w = b(z — ¢)* + higher-order terms, u € Z, b# 0, (2.6)
r = a(x — ¢)” + higher-order terms, v € Z, a #0.
Substituting (2.6) and (2.7) to (2.5) we obtain
pb(z — )" L (- =l — ) ... (2.8)

We prove demonstrate that if ¢ is a pole of r (i.e., v < 0), then its order is either 1 or even. In the
expansion (2.8), we indicate only the lowest powers of  — ¢ in each term. These terms must cancel.
Indeed,

(1) if v = —1 (i.e., ¢ is a pole of order 1), then y = —1 and we can cancel the two terms in the
left-hand side of the expansion (2.8);
(2) if v = —2, then p = —1, and we can cancel three terms of the lowest degree;
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(3) if v < —3, then the corresponding coefficients of the lowest power of x — ¢ in the expansion (2.8)
yield
v>min(p—1,2u).
If v < —3, this implies that p < —1, i.e., 2u < p— 1. Since b # 0 (by assumption), we have
v = 2u, i.e., v is an even number as required.

These arguments also show that if r has a pole of order —v = —2u > 4 at ¢, then w has a pole of
order —p at ¢. This fact will be used in the proof of the algorithm in Sec. 2.3.2. The verification of
the conditions on the order of r at © = oo is similar; it is based on the expansions of r and w at £ = oo
(see [21] for details). In Case 2, the differential equation (2.3) has a solution of the form

n= exp/w(m)dm, (2.9)

where w(z) is an algebraic function of degree 2 over C(x). The Galois group G of the differential
equation (2.3) is conjugate to a subgroup of the group D', so that for every o € G, either (o = a,n
and o¢ = a;'¢) or (on = b, and o¢ = —b,'n). In both cases, we have o(n?¢?) = n?¢?, so that
n%¢? € C(x). Also, n¢ ¢ C(x) since in the opposite case we have o(1¢) = n¢ = a,na, ¢, and G would
be consists of diagonal matrices with a, and a_' on the diagonal (i.e., the case where on = b,( and
0¢ = —b;'n will be impossible). Therefore, we can represent n?¢? in the form [[(z — ¢;)%, e; € Z,
where at least one of e; is be odd (if all e; are odd, then we have n¢ € C(x), which is impossible). We
assume that 72¢% = (z — ¢)°[[(z — ¢;)®, where e is an odd number. Let

() _ 2(m*¢?Y
¢ P
Since 1" = rn and ¢” = r(, it is easy to find by a direct calculation that the function ¢ satisfies the
differential equation

O + 30y + o3 = drp 4+ 2r'. (2.10)
Expand the functions r and ¢ in Laurent series in a neighborhood of ¢:
Q= 2(336_ 0 + polynomial in x — ¢, (2.11)
r = a(z — ¢)” + higher-order terms. (2.12)
Substituting (2.11) and (2.12) into the differential equation (2.10), we obtain
3,2 1.3
€ T4€ 8€ v—1
=9 —
(z — )3 +- (m—c)3+ + (z — )3 + ale+v)(x—c)' "+
If v > —2, then
3 1
e— 462 + 863 =0
and hence e = 0,2,4. However, e must be odd, so v < —2. If v < —2, then 2a(e+v) =0 and e = —v,
so that v is odd. Therefore, either v = —2 or v < —2 is odd, i.e., 7(z) has either a pole of order 2 or a
pole of odd order greater than 2. In Case 3, the differential equation (2.3) has a solution of the form
n= exp/w(m)dm, (2.13)

where w(z) is an algebraic function of degree 4, 6, or 12 over C(x), i.e., n is an algebraic function over
C(z). It can be expanded in a Puiseux series (a series with fractional exponents) in a neighborhood
of a certain point ¢ in the complex plane. Since 7 is a solution of the differential equation (2.3), we
have

0" =nrn. (2.14)
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Expanding the functions 1 and r in a neighborhood of ¢, we obtain

17 = a(z — ¢)* 4 higher-order terms, a€C, a#0, p€Q, (2.15)
r = a(x — ¢)” + higher-order terms, «a€C, a#0, v € Z. (2.16)

Substituting (2.15) and (2.16) into (2.14), we obtain
ap(p—1)(x — )2 4 =aa(z — )T 4 ... (2.17)

The lowest-order term in the right-hand side is the product of the lowest-order terms of  and r. It
cannot be zero, so we have y +v > pu— 2, i.e., v > —2; therefore, the orders of poles of the functions
r can be only 1 or 2. If v = —2, then, equating the coefficients of (z — ¢)*~2 in both sides of (2.17),
we obtain

1 1
a=pulp—1) or pu= :|:2\/1—|—4a.

2
Since 1 € Q by assumption, we have /1 + 4o € Q and the partial-fraction expansion of r is

_ &7} ﬁj .
" Z (x —¢)? * EJ: z—d; + polynomial

(2

and /1 + 4a; € Q for each 7. The remaining conditions of Case 3 can be obtained similarly, namely, by
expanding  and 7 in a neighborhood of x = oo and substituting the corresponding series in Eq. (2.14).

2.3. Kovacic algorithm and its proof.

2.3.1.  Kovacic algorithm for Case 1. The goal of the Kovacic algorithm is to find a solution of the
differential equation (2.3) in the form n = Pexp [ 0(z)dz, where P € C[z] is a polynomial with
coefficients in the field of complex numbers C and 0 € C(z). Since n can be written as

/
nzexp/(i +9>daz,

this corresponds to the general form of a solution in Case 1 described by Theorem 1, where w =
P’'/P+6. The first step of the algorithm consists of determining parts of the partial fraction expansion
of #. In the second step, we add these parts and obtain a function, which is a candidate for the role
of §. The maximal number of possible candidates is 2°*1, where p is the number of poles of r. If there
are no candidates, then Case 1 cannot hold. In the third step, for each candidate for 6, we try to
find a suitable polynomial P. If this is possible, then we obtain a desired solution of the differential
equation (2.3); otherwise, Case 1 cannot hold. We assume that the necessary conditions (see Sec. 2.2.2)
for Case 1 are fulfilled and denote by I' the set of finite poles of the function 7.

Step 1. For each ¢ € I' U {00}, we introduce the rational function [y/r]. and two complex numbers
af and « as described below.

(c1) If c € T and c is a pole of order 1, then
Vrle=0, of =a; =1.
(c2) If c € T" and c is a pole of order 2, then

[Vr]e = 0.

Let b be the coefficient of (z — ¢)~2 in the partial fraction expansion of r. Then

11
af:212¢1+4b.

427



(cg) If c € I' and c is a pole of order 2v > 4 (the order must be even due to the necessary conditions
stated in Sec. 2.2.2), then [/7]. is the sum of terms involving (z — ¢)™% 2 < i < v, in the
Laurent expansion of y/r at ¢. There are two possibilities for [/r]. that differ by sign; we can
choose one of them. Thus,

a d
[Vrle = @er T e

In practice, one would not construct the Laurent series for \/r in a neighborhood of ¢: it suffices
to find the function [/r]. by the method of undefined coefficients. Let b be the coefficient of

(x —¢)™""tinr — [\/r]?. Then
oF = ! <ib + V> .
2 a

(001) If the order of the function r at z = oo is greater than 2, then
(Voo =0, ol =0, ay =1

(002) If the order of r at © = oo is 2, then

(2.18)

[\/T]oo =0.
Let b be the coefficient of 72 in the Laurent expansion of r in a neighborhood of x = co. If

r = s/t, where s € C[z] and t € C|z]| are relatively prime polynomials, then b is the ratio of the
leading coefficients of s and ¢. Then
L 11
0=, * 2\/1+4b.
(003) If the order of r at z = oo is —2v < 0 (it is even due to the necessary conditions stated in
Sec. 2.2.2), then the function [/r]s is the sum of terms involving z*, 0 < i < v, of the Laurent
expansion of /7 at 2 = oo (one of the two possibilities can be chosen). Thus,

[VT]oo = az” + -+ +d.
Let b be the coefficient of z~! in 7 — ([\/r]oo)2. Then

1/ b
+

= (£ —v).
am2<ay>

Step 2. For each tuple s = (s(c))cerufoc}, Where s(c) is +1 or —1, let

d=ai> =" ailo. (2.19)
cel’
If d is a nonnegative integer, then the function

s(c)
Qc
0= c 0o 2.20
> <s<c>wr1 - ) +s(c0)Vr] (220)
is a candidate for 6(x). If d is not a nonnegative integer, then the corresponding tuple s should be
rejected. If all tuples s have been rejected, then Case 1 cannot hold.

Step 3.This step must be executed for each of the tuples s found on Step 2. If for a certain tuple
success is achieved, then a solution is found; otherwise, this tuple is rejected. If all tuples found on
Step 2 have been rejected, then Case 1 cannot hold. For each tuple s found on Step 2, we search for
a polynomial P of degree d (the constant d is defined by the formula (2.19)) satisfying the differential
equation

P" +20P + (0 + 6% —r)P = 0; (2.21)
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the method of undefined coefficients is convenient for this purpose. If such a polynomial exists, then

n= Pexp/@(:r)dx

is a solution of the differential equation (2.3). If for each tuple s found on Step 2, we cannot find such
a polynomial, then Case 1 cannot hold.

Below, we present the proof of the Kovacic algorithm for Case 1 of the differential equation (2.3).

2.3.2.  Proof of the Kovacic algorithm for Case 1. In Case 1, we search for a solution of the differential
equation (2.3) in the form (2.4), where

P'(z)

wlw) = 0@) + b

0(z) € C(x), P(z)e Clx].

Since w(z) € C(x), it can be expanded in a Laurent series in a neighborhood of any point of the
complex plane. The algorithm starts from the determining the partial fraction expansion of w(x) by
using the Laurent expansion of r and the Riccati equation (2.5). We can write the Laurent expansion
of w in a neighborhood of a pole ¢ of the function r as follows:

n o0
— @i Ce (o — )
w_Z(az—c)" —i—x_c—kZb](x c)’.
=2 7=0
In the sequel, we will not need to determine the explicit form of a; and b;, so we indroduce the notation
Iz o o0 '
[w]e = L wc:ij(a:—c)J.
A CheOk 5=0
Then
S e | : ec
= .+ + ) bij(x—c) =wl.+ + We. 2.22
“ Z;(JC—C)Z T—c ;J( V=Ll z—c e (2:22)

Now the main task of the algorithm is to determine these parts of the function w, i.e., find e, and
[w]. and the polynomial remainder .. We know that, due to the necessary conditions for Case 1, all
poles of the function r have order either 1, or 2, or an even order greater than 4. First, we assume
that ¢ is a pole of the function r of order 1. Then

r = @ + polynomial in = — c. (2.23)

Substituting (2.22) and (2.23) into the Riccati equation (2.5), we obtain

2
— Ma‘u “ e a'u e — «
(a:—c)“+1+ +(a:—c)2“+ x—c+“”
a2
If we assume that a, # 0 and p > 2, then 2p4 > 4 and the term ( K j2u cannot be canceled with
any other term of the latter equation. Therefore, [w]. = 0 and v
e
w= < 4+ We.
T —c

Using this expression and substituting it into the Riccati equation (2.5) again, we get

2e.w o
, c C—|—(Z)2
(x —¢) x—c x—c
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The term with (x — ¢)~2 must vanish, so we have —e. +e2 = 0, i.e., e, = 0 or 1. The case e, = 0
is impossible since in this case the right-hand side of the Riccati equation has no poles whereas the
right-hand side has a pole of order 1. Hence, if ¢ is a pole of r of order 1, then w has the form
w= Ce + We, e, = 1.
T —c
Now we assume that ¢ is a pole of r of order 2. Then

b «

woep oot (2.24)

Substituting (2.22) and (2.24) into the Riccati equation (2.5), we obtain

T =

2
Hay, ay, b o
- ot b= + T
(x — c)ptl (x — )2 (x—c)? z-—c

As above, if we assume that a, # 0 and p > 2, i.e., 2u > 4, then the term ai/(m — ¢)?* cannot be
canceled with any other term of the latter equation. Therefore, [w]. = 0 and
e
w= ° 4@
T—c
Substituting this expression into the Riccati equation (2.5) we get
2 2ece o b «@

C —
(x_c)2+x_c+wc_(x_c)2+$_c+....

€c
(z —¢)
Equating the coefficient of 1/(x — ¢)? to zero and taking into account this relation, we obtain e —e, = b,
i.e., for e, we have the following two possibilities:

€
o + @+

1 1 1 1
ecz2+2\/1+4b or eC:2—2\/1+4b.

Hence, if ¢ is a pole of r of order 2, then

€c _
W= +We, €=
r —cC

1 1
+ /1 + 4b.
8 2¢ +

Now we assume that ¢ is a pole of the function r of order 2v > 4. From the proof of the necessary
conditions for Case 1 (see Sec. 2.2.2) we see that w must have a pole of order v at ¢, i.e.,
v @
wle=>_, " .
= @0
According to the formulation of the algorithm (see Sec. 2.3.1), we define the function [\/r]|. by the
formula (2.18). Introduce the notation

Fe =T — [\/T]d
then
r = (Fe+ [Vrle)? = 72 + 27 [V + (V7re)”
and, therefore,
r— (IVrle)” = 72 + 27 [v/7].. (2.25)
Using (2.22) and the Riccati equation (2.5), we can show that
(le + [Vrle) ([ee = [Vre) = ([w]e)* = ([v71e)®
y —WetT— (Wr]e)® - 2eclle e

2

2e.w
C c¥ce — J
r—c (z—¢? z-—c wletoe — &
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The left-hand side of this equation contains only terms of the form 1/(x — ¢)?, wherei = v +2,...,2v.
The right-hand side contains terms involving 1/(z — ¢)?, i = 1,...,v + 1, and polynomials in z — c.
Since there are no terms involving 1/(z — ¢)* in the right-hand side for i = v + 2,. .., 2v, the left-hand
side must be equal to zero (we take into account the inequality v > 2) and hence either [w]. = [\/r].
or [w]. = —[y/7]c. Finally,

€c

w = %[Vr]. + .

Using this representation of the function w and substituting it in the Riccati equation (2.5), we obtain

+ @e.
C

+av n n €c o b n
e — o
(z — ¢)vt! (z — c)? ¢ (z— o)t
F2ae. _ eg _ 2e.00, - 20.a —
(x—ctl (x—¢)?2 x—c (z—c)¥
Equating the coefficients of (z —¢)™*~! on both sides, we obtain

+av + b F 2ae. = 0,

1 N b 1 b
ce=,y\VT, or ec=,(r- |
Therefore, if ¢ is a pole of the function r of even order 2v > 4, then

1 b
w=+[Vr]. + Ce + Doy, €= <1/i > )
T —c 2 a

Now we consider a point g of the complex plain, which is not a pole of r. The Laurent expansion
of r at this point is a polynomial in  — ¢g. Expanding w in a neighborhood of ¢ and using the Riccati
equation (2.5), we obtain

and hence

f

w= + polynomial in z — g,
r—g
where f = 0 or 1. Finally, we have

d
€c _ €c 1
w=llet+ T+ Z(x_ci[\/r]c>+;x_gi+b?,

cel

where [\/r]. = 0 if ¢ is not a pole of r of order >4 and R is a polynomial in C[z]. We now determine
the polynomial part R of the function w. We use the Laurent expansion of w in a neighborhood of
T = oo:
w=R+ G;O + lower powers of x. (2.26)
Using arguments similar to the above, we arrive at the following results. If the order of the pole
x = oo of the function r is greater than 2, then e, = 0 or 1 and R = 0; if r has a pole of order 2 at
T = 00, then

1 1
o= -4 V1+4b, R=0,
e 5 2\/ + R=0

and if the order of the pole of r at x = 0o is equal to —2v < 0, then

o= (—ui Z)  R= 4[],

Therefore,
€ d 1
w= ( + s(c)[\/r]c> +5(00)[Vrleo + ) o (2.27)
i=1 v

xr —C
cel
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where s(c) is +1 or —1 depending on the sign of the corresponding e, and s(c0) is +1 or —1 depending
on the sign of es,. Moreover, [/r]. = 0 if ¢ is not a pole of r of order >4 and [/r]e = 0 if the order of
the pole at r is >2. Expanding (2.26) in a neighborhood of the point z = co and equating it to (2.27),
we obtain the equation

d
eOO:Zec—i—Zl
1

cel i=
and hence we arrive at the following expression for d in terms of e, and e.:

d:eoo—Zec.

cel

d
If we set P = [](z — gi) (note that d is the degree of P), then

=1
P&
P ; T —g;
and if
€c
0= ; <x cE [\/r]c> + [v/r]oo,

then w = 6 + P’'/P. Thus, we have complete information on € is known; it remains to find an explicit

form of P. Substitute the expression w = 6 + P’/P into the Riccati equation (2.5), we obtain
PP" — P 20P" P
I pnl 2 __pn2
w =0+ p2 ,w—9+P+P2,
P’ +20P + (0 +6%> —r)P = 0.
We see that if w satisfies the Riccati equation (2.5), then P satisfies the differential equation (2.21).

We can verify that if P satisfies (2.21), then w satisfies the Riccati equation (2.5) and hence the
function 7 = exp [ w(z)dz satisfies the differential equation (2.3). Indeed,

PP"—-P? , 20P" P? P'"4+20P + PO +6% Pr
+ 6% + + o, = = 5, =T
P2 P ' p2 P P

This completes the proof of the validity of the Kovacic algorithm for Case 1.

w/+w2:9/+

2.3.83.  The Kovacic algorithm for Case 2. Considering the Kovacic algorithm for Case 2, we assume
that the necessary conditions for this case (see Sec. 2.2.2) are fulfilled, and that Case 1 is known to
fail. As in Case 1, we first collect data for each finite pole ¢ of the function r and also for the pole of
R at infinity. For each of the poles, we form the set E. (or E) consisting of integers (their number
may vary from 1 to 3). Next we consider tuples of elements of these sets; after analysis, some of these
tuples will be rejected. If all tuples have been rejected, then Case 2 cannot hold for the differential
equation (2.3). For each suitable tuple, we search for a polynomial that satisfies a certain linear
differential equation. If such a polynomial exists for a certain tuple, then a solution of the differential
equation (2.3) has been found. If for all tuples, there are no such polynomials, then Case 2 cannot
hold for the differential equation (2.3). Now we describe the algorithm for Case 2. Let I' be the set of
finite poles of the function r.

Step 1. For each ¢ € T'U {0}, we define E,. as follows.
(c1) If ¢ € T is a pole of the function r of order 1, then

E, = {4}.

432



(c2) If c € T is a pole of the function 7 of order 2 and b is the coefficient of 1/(x — ¢)? in the partial
fraction expansion of r, then

E.={(2+kV1+4b)NZ, k=0,+2}.
(cg) If ¢ € T is a pole of the function r of order v > 2, then
E.={v}.
(001) If the function r has order >2 at the point z = oo, then
B = {0,2,4}.

(00g) If the function 7 has order 2 at the point # = oo and b is the coefficient of 1/22 in the Laurent
series expansion of r at x = oo, then

Eoo={2+kV1+4b)NZ, k=0,+2}.
(0o03) If the order of 7 at x = 0o is ¥ < 2, then

E. ={v}.

Step 2. We consider all tuples s = (e, €.), ¢ € I, where e, € E., e, € Fo, and at least one of

these numbers is odd. Let
1
d= 5 (eoo - E ec) . (2.28)

If d is a nonnegative integer, then the corresponding tuple is suitable; otherwise it must be rejected.

Step 3. For each suitable tuple obtained on Step 2, we construct the rational function

0= ; y o (2.29)

r—c
cel

Next we search for a polynomial P of degree d (where d is defined by the formula (2.28)) such that
P" +30P" + (30° + 3¢’ — 4r) P’ + (0" + 300’ + 6° — 4r6 — 2/') P = 0. (2.30)

If success is achieved and such a polynomial is found, we set ¢ = 6 + P’/P, and let w be a solution of
the square equation (algebraic equation of degree 2)

1 1
w2—gow+2go'+2g02—r:0. (2.31)

Then 1 = exp [w(z)dz is a solution of the differential equation (2.3). If we cannot find such a
polynomial for any suitable tuple found on Step 2, then Case 2 cannot hold for the differential equation
(2.3).

2.8.4. Proof of the Kovacic algorithm for Case 2. In Case 2, we search for a solution to the differential
equation (2.3) of the form (2.9). The Galois group of Eq. (2.3) is conjugate to a subgroup of the group

DT={<S 091>, cec, c#O}U{(_S_l S) ceC, C#O}

and n2¢? is an invariant of the group (i.e., n?¢? is a fixed element under the action of automorphisms
from the Galois group of Eq. (2.3)). Hence, n?¢? € C(z) but n¢ ¢ C(x) (otherwise we would have
Case 1). Therefore, we can write

m
7 =a[@-o“[[(@-g)" a=const,

cel i=1
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and
(n¢) _1(m*¢?) _1 e I~ fi
n¢ 2 722 2§x—c 222;33—92- (2:32)
The task of the algorithm is to find explicit values of e, and f; (we need not find g;). If the
function ¢ is determined, we can construct a quadratic equation with coefficients depending on ¢ that
determines w and hence a solution of Eq. (2.3). Since 1 and ¢ are solutions of Eq. (2.3), we conclude
that " = rn and ¢” = r(. Then ¢ satisfies Eq. (2.10). This equation allows one to find a relationship
between the function ¢ (i.e., in fact, e. and f;) and the known function . Now we can determine
the coefficients e, by analyzing the poles of the function r and the Laurent expansion of r and ¢ in
neighborhoods of these poles. Assume that ¢ is a pole of the function r of order 1; then

r= i . + polynomial in z — ¢ (2.33)
and )
= xe_c . + k + polynomial in x — ¢, k€ C. (2.34)
Substituting (2.33) and (2.34) into Eq. (2.10), we obtain
€c T —iez n —geck‘ - éei’ iegk N
(z - o) (z—c)p (202 (r—cpp (22
_ 2aec + —2«
= (z— o2 (2 — )2

Equating the coefficient of 1/(z — ¢)? to zero, we obtain
3 1
€c — 462 + 862 =0, ie, e.=0,24.
Equating the coefficients of 1/(x — ¢)? on both sides, we obtain
3 3
—zeck + 4egk = 2ae. — 2a.

Since a # 0, we have e, # 0 and e, # 2. Hence if ¢ is a pole of the function r of order 1, then e. = 4.
Now we assume that ¢ is a pole of the function r of order 2. Then

b
r= (- )2 + . i . + polynomial in z — ¢ (2.35)
and also )
o= R polynomial in z — c. (2.36)
2z —c
Substituting (2.35) and (2.36) into (2.10) we obtain
3,2 1,3
ec DY _4ec DY Sec fr— 2bec DY _4b
S e e A T

Equating the coefficients of 1/(x — ¢)? on both sides, we obtain

3 1
462 + 863 = 2be. — 4b

so that there exists three possibilities for e..:
ee=2, e=2+2V/1+4b, e.=2—2V1+ 4b.

Since e, must be an integer, we reject noninteger solutions for e.. Finally, if ¢ is a pole of r of order 2,
then

€c —

ee=2, 24+2V/1+4be Z.
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Now assume that that c is a pole of r of order v > 2. Then

r= @ + higher-order terms, (2.37)
(x — o)

and for the function ¢ we have the expression (2.36). Substitute (2.36) and (2.37) into Eq. (2.10), we
obtain

€c + _ieg N ée% o= 2aec —2av
(-0p (o (o — o (& — i (o — i

Since v > 2 and, therefore, v+ 1 > 3, we have 2ae. — 2av = 0, i.e., e, = v. Hence if ¢ is a pole of r of
order v > 2, then e, = v. Now consider the points g; that are poles of ¢ but regular points of r. In
this case

r is a polynomial in x — g;, (2.38)
1 .
©= Ji + g + polynomial in z — g;, g€ C. (2.39)
2x —g;
Substituting (2.38) and (2.39) into (2.10), we get
3 2 3 143 3 2
fl 3++ 4f7,3+ 2f292+ + 8fz 5 4f7,g2+“': +
(z —gi) (x —gi) (x —9i) (x —9i) (x —9i) T =g
Since the right-hand side does not contain terms with 1/(x — g;)3, we have
3 1
ie., fi =0, 2, or 4; hence all f; in @ are even. Finally, we obtain
¢ =a]](@ - )P,
cel’
where oo = const and .
P? = H(aj — )i e Clz].
i=1
Now we can use the expansion of ¢ in a neighborhood of x = 0o, namely,
Y= 6200 + lower-order terms. (2.40)
x

Using arguments similar to the above, we obtain that e, = 0,2, 4 if the order of r at £ = oo is greater
than 2; esc = 2 or 2 &+ 24/1 4+ 4b if the order of r at * = oo is 2, and eo, = v if the order of r at
x = 00 is v < 2. Expanding the expression (2.32) into the Laurent series in a neighborhood of x = oo,
equating the result to (2.40), and comparing the coefficients of 1/z on both sides, we obtain

1 1 1 <
Coo = ec+ fi-
oy ety 3

cel’

m

If d is the degree of P, then 2d = ) f; so that from the last equation we obtain the following expression
i=1

for d in terms of e, and ey, which is similar (2.28):

d=;<em—2ec>.

cel
If we set
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then ¢ = 6 + P'/P. Using this expression and Eq. (2.10), we obtain for P the differential equa-
tion (2.30). Nevertheless, we still do not have an expression for w, the objective of the algorithm.
Kovacic [21] introduced the algebraic equation (2.31) for w. We can verify that if w is a solution
of Eq. (2.31) and Case 2 holds, then w satisfies Eq. (2.5) and hence the function 7 = exp [ w(z)dz
satisfies Eq. (2.3). Differentiating Eq. (2.31), we obtain

1
80”_9080/"‘7J-

(20— )’ = o —

On the other hand, from (2.31) we have

1 1
2 _ . _ .t t o2
w = pw 290 290,
so that )

(2w—s0)(w’+w2—7’)=—2<<P”+390s0’+<p3—4rs0—2r’> =0

(see (2.10)); hence either 2w — ¢ = 0 or W’ + w? —r = 0. Now 2w — ¢ cannot be zero since in this
case w = y¢ € C(x), which corresponds to Case 1. Hence w’' +w? —r = 0 and n = exp [w(z)dz is a
solution of Eq. (2.3). This proves the validity of the algorithm for Case 2.

2.3.5.  Kovacic algorithm for Case 3. In Case 3, the differential equation (2.3) has only algebraic
solutions. We assume that Cases 1 and 2 are known to fail (although, in this case Eq. (2.3) may
have algebraic solutions). Let 7 be a solution of Eq. (2.3) and w = 7//n. Then it is possible to prove
(see [21]) that w is an algebraic function over C(z) of degree 4, 6, or 12. In this case, the task of the
algorithm is to find the minimal polynomial annihilating the function w. The algorithm is described
as follows. As above, we denote by I' the set of finite poles of the function r. Recall that, due to the
necessary conditions (see Sec. 2.2.2), the function r cannot have poles of order > 2.
Step 1.For each ¢ € I' U {o0}, we define the set E,. of integers as follows.

(c1) If c € T is a pole of order 1, then E, = {12}.
(c2) If ¢ € T'is a pole of order 2 and b is the coefficient of 1/(z — ¢)? in the partial fraction expansion
of r, then

E. = {(6 + kV1+4b) N Z}, k=0, £1, +£2, +3, +4, +5, +6.
Note that by the necessary conditions, an analog of the case (c3) in Step 1 cannot occur.

(00) If the Laurent series for r at & = oo has the form r = b/x? + ..., where b € C and possibly
b =0, then

Ew={(6+kV1+4b)NZ}, k=0, £1, £2, £3, £4, 5, £6

Step 2.Consider the tuples s = (ex, €.), ¢ € I', where e. € E., €x € Ex. Let
e (2.41)
cel

If d is a nonnegative integer, the tuple is suitable; otherwise, it must be rejected.

Step 3.For each suitable tuple obtained on Step 2, we construct the rational function
€c
0= 2.42
D oe (2.42)
cel

and the polynomial

S=]J@-o. (2.43)

cel
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We search for a polynomial P of degree d satisfying a certain differential equation, which can be
written in the recursive form:

Piy=—-P, P_i=-SP +((12-4)S" —S0)P, — (12 —i)(i +1)S*rP;y1, P_1=0. (2.44)

The second formula in (2.44) should be applied for i = 12,...,0. The sense of the last equation is as
follows: after P_; has been calculated, we must equate it to zero. If success is achieved, then for any
solution w of the algebraic equation

Y
pars (12 —4)!
the function 7 = exp [ w(z)dz is a solution of Eq. (2.3). Otherwise, Case 3 cannot hold for Eq. (2.3).

The proof of the correctness of the algorithm for Case 3 is similar to the proof for Case 2 presented
above and we omit it for brevity (for details, see [21]. Thus, if the problem of the study of a mechanical
system is reduced to the solution of a second-order linear differential equation, we can try to find a
change of variables that reduces the coefficients of the initial equation to rational functions and then
apply the Kovacic algorithm to find Liouville solutions of the equation obtained. Below, we apply
the Kovacic algorithm to the study of the classical problem of nonholonomic system dynamics on the
motion of a heavy, rigid, rotationally symmetric body on a fixed, perfectly rough horizontal plane.

3. General Problem on the Motion of a Rotationally Symmetric Body
on a Perfectly Rough Plane. Motion of a Thin Circular Disk
and a Circular Disk of Finite Thickness

3.1. Formulation of the problem.

3.1.1. Basic coordinate systems. Let a rigid body move on a fixed horizontal plane in a homogeneous
gravity field. We assume that the body is bounded by a strictly convex surface, i.e., at every instant
of time, there exists a unique contact point. In the majority of problems, we assume that the surface
of the body has a unique tangent plane at the contact point. We also consider the motion of a body
with a sharp edge in the case where the contact point lies of the edge. We introduce a fixed coordinate
system Oxyz whose plane Oxy coincides with the horizontal supporting plane and the Oz-axis is
directed vertically upward. Let « be the unit normal vector to the surface of the moving body at the
point M of contact of the body with the horizontal plane (see Fig. 1).

Now we assume that the moving body is rotationally symmetric, i.e., it is bounded by a strictly
convex surface of revolution and the axis of rotation of this surface coincides with the axis of dynamical
symmetry of the body and contains the center of mass G of the body. We also introduce the coordinate
system Gxyxox3 whose origin coincides with the center of mass G of the body and the axes coincide
with the principal central axes of inertia of the body. Due to the rotational symmetry of the body,
its axis of symmetry is one of the principal central axes of inertia of the body; let the Gxs-axis be
directed along the symmetry axis of the body (Fig. 2). The orientation of the body relative to the
fixed coordinate system Ozyz is defined by the Euler angles 1, 6, and ¢, where 6 is the angle between
the axis Gx3 of dynamical symmetry of the body and the Oz-axis. Therefore, the mutual orientation
of the coordinate systems Oxzyz and Gxixoxs is defined by the matrix A of direction cosines:

1y T2 I3
T ail a2 a3
Q21 G22 423
Z Q31 az2 ass

<
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M @

Fig. 1. Motion of a rotationally symmetric Fig. 2. Motion of a rotationally symmetric
body: the Euler angles. body: the principal central axes of inertia of
the body.

The elements a;; of this matrix are expressed through the Euler angles v, 6, and ¢ by the following
formulas:

a11 = cos Y cos p — sin ¢ sin ¢ cos 6, a12 = — cos ¥ sin p — sin Y cos p cos b,
a13 = siny sind, as1 = sin cos p + cos 1 sin ¢ cos 0,
age = — sin sin ¢ + cos 1 cos p cos 6, a3 = — cos 1 sin b, (3.1)
asz] =sinpsinf, ags =cospsinf, asz = cos6.
Let
F(x1,29,23) =0, (3.2)

be the equation of the surface of the body in the coordinate system Gxixox3. We choose the sign of

F(x1,x9,x3) so that
grad F’

|grad F|’

vad P = OF o 4 OF o)y OF (o = | (OF 2+ OF 2+ 9F \°
& N 81‘1 ! 8%2 2 8%3 5 & N 81’1 83:2 (91’3 ’

and ej, ey, and ez are the unit vectors of the axes Gri, Gxo, and Gzs, respectively. Using these
equations and (3.1), we obtain

where

N0 si 1 oF

=sinfsinp = —

ds1 = SIMUSIY |grad F| Oxy’
1 oF

= sin @ =— .

aze = sinf cos | grad F| Oy’ (3.3)
9 1 OF
asz = cosf = — .
53 | grad F'| Oz

Since the moving rigid body is rotationally (geometrically) symmetric, we can rewrite Eq. (3.2) in
the form

F(6,z3) =0, 0= \/a:% + 3. (3.4)
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Fig. 3. Motion of a rotationally symmetric body: basic coordinate systems.

Equations (3.3) take the form

as] =sinfsiny = — .
3 4 |grad F| 96 &
1 oF )
pr— 1 9 == — . .
asp = sin 6 cos arad F| 05 6 (3.5)
0 1 oF
as3 =cosf = — .
53 | grad F| Oxs
The first two equations in (3.5) yields the identity
21 COS p = X2 8in . (3.6)

Due to the dynamical symmetry of the body, the directions of the orthogonal axes Gz; and Gzo
can be chosen up to rotation by an arbitrary angle in the equatorial plane of the central ellipsoid of
inertia of the body. Let us choose these axes so that the first coordinate z; of the contact point M
is z1 = —6 when ¢ = 7/2. Figure 3 shows the meridional section of the body corresponding to the
angle ¢ = m/2.

From (3.4) and (3.6) we obtain that

x] = —0sinp, xg = —Jcosp. (3.7)
Using (3.7) and the second and third equations (3.5) we get

95 cosf + gi sinf = 0.

This equation together with (3.4) shows that ¢ and x3 are functions of #. Now we introduce the
coordinate system G&n¢ with the origin at the center of mass G of the body, which moves both in
the space and in the body, such that the GG{-axis coincides with the Gzs-axis, the Gn-axis is directed
along the vector product [es x 7], and the G¢-axis is such that GEnc is a right orthogonal system (see
Fig. 3). We denote the unit basis vectors of this coordinate system by e, e,, and e¢, respectively. It
is easy to understand that the Gn-axis is always perpendicular to the meridional section of the body
corresponding to the value ¢ = w/2 and the G¢-axis always lies in the plane of this meridional section
(see Fig. 3). Since G is directed along [e3 x ], we have for the vector e, the following formula:

[es x 7).

e, = .
T sin@
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Taking into account the formulas (3.1), we get
e, = — Cos pe1 + sin pe;y
and, therefore,
ec = [e,; X e¢] = e, x e3] = sinpe; + cos pes.
Thus, the unit vectors ey, e, ez are connected with the unit vectors e¢, e,, e; by the formulas
€1 = sinpeg — cos pe,, ez = cos pes +sinpe,, e3=ec.
The unit normal vector 4 has the following decomposition in the coordinate system G&nc:

~ = sin fe¢ + cos e,

and the radius-vector G—>M of the point M of contact of the body with the horizontal plane has the
form N
GM = (z1sing + xacos p)eg + (xasinp — x1 cos p)e, + x3e; = Eeg + ney, + Ceg.
Taking into account (3.6) and (3.7), we conclude that

§=-9, n=0, (=us,
i.e., the components of the vector W in the coordinate system G&n( are function only of . Hence,
the distance from the center of mass of the body to the horizontal supporting plane is also a function
only of 6:

7 .

GQ =—(GM -~) = —¢sinf — (cos = f(0). (3.8)

The equations £ = £(f) and ¢ = ((#) are the parametric equations of the meridional section of the
body (see Fig. 3). Since the vector M() is a tangent vector to this meridional section at M, it is
collinear to the vector whose components in the coordinate system G&n¢ are & and (', where ()
denotes the derivative by 6. On the other hand, the vector @ is collinear to the vector ~. This

means that (W . @) =0, i.e.,
¢ sinf + (' cos = 0. (3.9)

Differentiating both sides of (3.8) by § and applying (3.9) we obtain
1(0) = —€cosf + Csin. (3.10)

From (3.8) and (3.10) we obtain the parametric equations of the meridional section of the body in
the form
€= —f(0)sind — f'(0)cosh, ¢ =—f(0)cosf+ f(0)siné. (3.11)
Thus, the function f(#) completely characterizes the shape of the moving body. In the sequel, we will
consider the motion on the body in the coordinate system G&nc.

3.1.2.  Equations of motion. We obtain the equations of motion of the rotationally symmetric body
on a fixed, perfectly rough horizontal plane from the basic theorems of dynamics. The position of the
body on the plane is completely determined by the angles 6, ¥, and ¢ and by the coordinates x and y
of the contact point M. Let the velocity v of the center of mass G, the angular velocity vector w of
the body, the angular velocity vector €2 of the coordinate system G&n¢, and the reaction R of the
plane be specified in the coordinate system G¢n¢ by their components ve, vy, ve; p, q, 75 Qe, £y, Q¢
and R¢, R, R¢, respectively. Let m be mass of the body, A; be its moment of inertia about axes G¢
and Gm, and As be its moment of inertia about the symmetry axis G{. The equations of motion of
the body in the coordinate system G&n¢ have the following form:

mo +m[Q x v] = —mgy + R, (3.12)
K +[02x K| = [GM x R], (3.13)
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Y+ Q2 x~v]=0, (3.14)
'v+[w><CW4] =0. (3.15)

Equations (3.12) and (3.13) follow from the theorems of change of momentum and angular momentum
of the body, and Egs. (3.14) and (3.15) express respectively the facts that the vector « is constant in
the inertial frame Ozyz and that the body moves without sliding. Here g is the acceleration of gravity
and K is the angular momentum of the body with respect to its center of mass. Let &, 1, ( be the
coordinates of the contact point M in the moving coordinate system GE&n(. Then n = 0, whereas £
and ¢ are defined by (3.11). We can write Eqgs. (3.12), (3.13), and (3.15) in the scalar form:

d’Uf . Rg
&t + Quve — Qevy = —gsinf + o
dvy, R
dt + ngg — ngc 77;,7 (3-16)
dv¢ R
gt s Qevy — Quue = —gcos ) + mc;
dp
A1 dt + A3TQ,7 — AquC = _CRm
d
A+ Apc — AgrQe = CRe — ¢Re, (3.17)
dr
Ag dt + Aqug — ApoU = fRn;

ve+qC =0, vy +r&—p(=0, vr—g§=0. (3.18)

Now we find the relations between the components of the angular velocity €2 of the moving trihedron
G&én¢ and the angular velocity w of the body. Since the G(-axis is immovable in the body, we have

Qe=p, QA =gq (3.19)

The third component Q¢ can be easily expressed through p; indeed, since (due to (3.14)) the vector
Q os orthogonal to the vector 4, this and (3.19) imply that

Q¢ = Qg cot @ = pcot b (3.20)

Eliminating the values R¢, R,), and R; from Egs. (3.16) and (3.17), after certain simplifications
based on (3.11) and (3.18)—(3.20), we obtain the equations

At m(& +)] % = ma (6) + (Agr — Apeot Op

dt
d d
~mplGeot 8-+ €006 1)~ ma (65 + <) (32

dt
Cdr d As dr
A A A tg— A —ré) — = t 6
1 + 3¢ g~ Aipco 3 g (PC=r8) = e gy = (Ceotf+Ehpg
Here ¢ and ¢ are functions of 6 determined by (3.11). Adding to (3.21) the obvious equation
do
= — 3.22
¢== (3.22)

we obtain a closed system of four differential equations with four unknown functions p, ¢, r, and 6.
The equations of motion (3.21)—-(3.22) possess the energy integral

E=T+YV = const.
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Using Konig’s theorem and the conditions of the absence of sliding (3.18), we can rewrite this integral
as follows:

;m(pg —1r&)? +mgf(0) = const. (3.23)

Assume that 6 # const. Then using (3.22) we can introduce the new independent variable € in the
second and third equation of the system (3.21). We obtain

A, dp Cdr

1 1 1
2A1p2 + 4 (A1 +m(&+ ) + 2A3r2 +

20 +A3£d9 = —Aipcotd + Asr, 2
dp Ag+m&dr / / .
Cd@ mé do (Ccot@+§+§)p+§r.

From these linear first-order equations we can obtain one second-order linear differential equation
for r. Integrating this equation or the system (3.24), we obtain the dependence of p and r on § with
two arbitrary constants; then the problem can be completed by quadratures. Indeed, if we have found
p and r, then we can determine g from the energy integral (3.23). The dependence of the angle 6 on
time is given by the equation

8

.
Recall that ¢ is the angle between the meridian M ( of the body and a certain fixed meridional plane
and 1) is the angle between the horizontal tangent M@ of the meridian M and the immovable axis Oz

(see Fig. 3). Then from the kinematic equations

dep 0 :
dt i psin® + Q¢ cos 0 <im0

we find the angles ¢ and ¢ by quadratures. The coordinates x and y of the point M can also be
found by quadratures. Indeed, let do; and dos be respectively the arc elements of the meridian and
the parallel at M; do is oriented from M to @) and doo is perpendicular to the plane of Fig. 3 along
the Gn-axis. It is easy to see that

=r—Q¢=1r—pcoth, (3.25)

doy = /€2 + (2d0,  doy = —Edep. (3.26)
Since the motion occurs without sliding,
dr = doy cosp + dogsiny, dy = doysiny — dog cosip. (3.27)

From (3.26) and (3.27) we obtain
d de d
— VE? + (Peostp , — Esing .
dt dt dt
dy 20 dp (3.28)
— 12 12 qj
gt \/ +C smwdt+£cosz/1dt.
If 0, ¢, and ¢ have already been found as functions of ¢, then = and y can be found from (3.28) by
quadratures. Thus, the problem on the rolling if a heavy rotational body on a fixed, perfectly rough

horizontal plane is equivalent to the solution of the system (3.24). We solve this system with respect
to the derivatives dp/df and dr/db:

dp (_cos@ Ang(£+C’)>p+ Az(Az +mé&2 +mé'C)

= . — T,

do sin 0 A A (3.29)
dr Am&(E+ ) n mé&(Asz¢ — Alf/)r

a9~ A P A '

Here we introduce the notation

A = A1 Az + Aymé® + Azm(>.
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Note that if £ + ¢’ = 0, then the second equation of the system (3.29) can be integrated separately.
This condition is valid for the rotational body whose shape is defined by the equations

f(@) =R —dcosf, &= —Rsinf, (=d— Rcosb,

i.e., for a dynamically symmetric ball of radius R whose center of mass is located on the axis G( at the
distance d from the geometrical center of the ball. The motion of such nonhomogeneous dynamically
symmetric ball was completely examined by S. A. Chaplygin (see [5]). In particular, Chaplygin proved
that the system (3.24) or (3.29) possesses two first integrals linear in p and r:

d
Aipsinf + Agr <0059 — R> = j1 = const,
d\ 2
r,| A1Az + mR2 <A1 sin? 6 + As <0059 — R> ) = jo = const,

and hence, it can be solved in Liouville functions. Further, we will assume that & + ¢’ # 0. Then it is
possible to obtain from the system (3.29) the following second-order linear differential equation:

@r Jeost | 3m(Aige + A5(() &€+ D) | dr
do? sin @ A &€+ de
mg(§+ () [ d (A€ — A3()sind : B
o Ading [d@( €1 >—A381n9:|’l"—0. (3.30)

The further analysis of the problem consists of integration of the second-order linear differential
equation (3.30). In this paper, we consider the motion of various bodies on a horizontal plane; for
each body we present the corresponding equation of the form (3.30) and, using the Kovacic algorithm,
examine whether the obtained second-order linear differential equation has a Liouville solution.

3.2. Motion of a thin disk.

3.2.1. FEquations of motion. Integrability in terms of hypergeometric functions. First, we consider
the problem of motion of a thin disk, which is a rotationally symmetric body with sharp edge, rolling
on a horizontal plane. The edge of the disk is a planar circle of radius R centered at the center of
mass GG. The axis of symmetry of the disk is perpendicular to the plane of the sharp edge. We assume
that during the motion the lowest point of the edge remains in contact with the horizontal plane
(see [1, 5, 11, 19, 20]). In this case, the formulas (3.8) and (3.11) yield

f(@) =Rsinf, &=-R, (=0. (3.31)
Taking into account (3.31), we can write the system (3.24) as follows:
(A3 + mR?) Zg =mR%p, A j@ (psinf) = Azrsiné, (3.32)
and the second-order linear differential equation (3.30) takes the form
d?r dr mR?As
t0  —Br=0, B= 0 (0,m). 3.33
dg> T ap ~ T A4 +mry €O (3.33)
Introducing instead of 6 the new independent variable z by the formula
cosf =1—2z
(see [1, 5, 19, 20]), we reduce (3.33) to the form
d*r dr
1-— 1-2 — Br=0. .34
2( Z)dz2 + ( Z)dz r=0 (3.34)
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The obtained second-order linear differential equation is the Gauss hypergeometric equation (see [13]).
Thus, the problem of motion of a thin round disk is solved in terms of hypergeometric functions. The
Gauss hypergeometric series

af ala+1)BB+1) 4
Fla,B,v;2) =1+ z+ s S
(0 5,7:2) 17" 7 129y +1)
a(a—l—1)...(a+n)ﬂ(,3+1)...(,8+n)zn+l
I-2...(n+1)y(v+1)...(v+n)

is a particular solution of the differential equation

2
z(l—z)jzg+ [’y—(a—l—ﬁ+1)z]32 —afr =0.

..., (3.3

For Eq. (3.34) we have

atf=1 7=1 aof=B= Al(Zf—iiiRQ)’ a+§+1 =7
and hence its general solution has the form
r=cF(o,B,1;2) + coF (o, 3,11 — 2)
(see [13]), where ¢; and cg are arbitrary constants and « and 3 are the roots of the quadratic equation
s*—s+B=0.

Note (see [13]) that the hypergeometric series (3.35) converges uniformly on any segment of the real
axis lying inside the interval —1 < z < 1. Turning from z to the old independent variable 8, we obtain
the function r(6) in the form

0 0
r=cF (a,ﬁ, 1;sin? 2> + o F <oz,ﬁ, 1; cos? 2> . (3.36)
From (3.32) and (3.36) we find the function p = p(6):
A 0 0
p= 2/13 sin 0 [ch <a +1,8+1,2;sin? 2> — o F <a +1,8+1,2; cos? 2)] (3.37)
1

taking into account the expression for the derivative of the Gauss hypergeometric function
d o
F@872) = PPt 154 1y 4 12),

Thus, the general solution of the system (3.32) can be written in the form (3.36), (3.37) in terms
of hypergeometric functions. Hence, in general case, Eq. (3.33) has no Liouville solutions. We try to
examine whether can Liouville solutions exist for a certain particular values of the parameter B. For
this purpose, we apply the Kovacic algorithm.

3.2.2.  Application of the Kovacic algorithm to the problem of motion of a disk. In order to apply
the Kovacic algorithm to Eq. (3.33), we first transform its coefficients to the rational form. For this
purpose, in Eq. (3.33) we change the independent variable 6 by the formula cosf = x. As a result,
Eq. (3.33) takes the form

d*r 2¢  dr B

dxz_l—xzdx_l—xzrzo' (3:38)
This equation is the starting equation for application of the Kovacic algorithm. If we denote

2x B

a(x):_l_x27 b(m):_1—$27
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then Eq. (3.38) has the form (2.1). By the change of variables (2.2), we reduce Eq. (3.38) to the form

d2y
=Dy, (3.39)
where
2B —1 2B —1 1 1

PO = 4 r1) T a@—1) " a1 " 4w — 1)

The Laurent expansion of D(x) in a neighborhood of the point = oo is

D)), =~y +OL )

=00
All initial preparations necessary for the application of the Kovacic algorithm have been performed.

Remark 1. Here and in the sequel, we consider only values of parameters of the problem that have a
physical sense. In other words, we assume that all geometric parameters of the problem are positive,
the mass of the body is positive, and the moments of inertia of the body are positive and satisfy the
triangle inequality. However, the Kovacic algorithm allows one to find Liouville solutions of a second-
order linear differential equation for all values of parameters. For example, if B = 0 (i.e., the mass
of the disk is concentrated on its symmetry axis), then Eq. (3.33) has a solution expressed through
elementary functions:

mm:qm<m€>+@. (3.40)

Direct application of the Kovacic algorithm to Eq. (3.39) yields the following result.

Theorem 5. For all physically valid values of parameters, Eq. (3.39) has no Liouville solutions.

Proof. First, we try to search for a solution of Eq. (3.39) that has the form (2.4), i.e., a solution
described in Case 1 of Theorem 1. Note that the function D(x) has two finite second-order poles at
x =1 and x = —1. The point x = oo is also a second-order pole of D(z). Therefore, the necessary
conditions (see Theorem 1) of the existence of a solution to Eq. (3.39) of the form (2.4) are fulfilled.
Now we apply the Kovacic algorithm following Sec. 2.3.1.

Step 1. Let us calculate the following values:

1 1
[\/D]:I:l = 07 b:l:l = _47 ait = ail = 9’

1++/1—4B
[VD]oo =0,  boo=—-B, of = ‘/2 .

Step 2. Since the number p of finite poles of the function D(z) is equal to 2, we have 2/+1 = 23 = 8
tuples of signs s = (s(00), s(1),s(—1)). For each tuple, we calculate d by the formula (2.19):

d= a;‘;()oo) — ai(l) - ozs_(l_l).

It is easy to verify that only two values of d are distinct, namely,

_ +V/1-4B -1

= ) )

According to the algorithm, d must be nonnegative integer. However, according to the physical sense
of parameters, we have B > 0. Therefore, in this case, d can only be negative. Hence, Eq. (3.39) has

no Liouville solutions of the form (2.4). Note that for B = 0, we have the unique nonnegative integer
d =0 and Eq. (3.39) possesses a Liouville solution, which has the form (3.40) for Eq. (3.33).

d
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Now we try to search for a solution of the form (2.9) for Eq. (3.39), i.e., a solution corresponding to
Case 2 of Theorem 1. The necessary conditions for the existence of such a solution are fulfilled (see
Theorem 4). We apply the Kovacic algorithm as was described in Sec. 2.3.3.

Step 1. Let us define the following sets of integers:
B =1{2}), E_,={2), E.= {(2 +kV/1—4B)NZ, k=0, 12}.

It is easy to see that either E = {1,2,3} for B =3/16 or E,, = {2} for any other admissible values
of B satisfying the conditions B > 0 and 1 — 4B > 0.

Step 2. Now we consider all possible tuples s = (es,€1,e_1) of elements of the sets Fo, Ei,
and FE_q; at least one of the elements in each set must be odd. Obviously, odd numbers in the set s
can appear only for B = 3/16. We have exactly two such sets: (1,2,2) and (3,2,2). However, the
corresponding values of d calculated by the formula (2.28)

1
d= 2(600 —e1—e_1),

are not nonnegative integers: we have d = —3/2 for the set (1,2,2) and d = —1/2 for the set (3,2, 2).
Therefore Eq. (3.39) has no Liouville solutions of the form (2.9).

Finally, we try to search for a solution of the form (2.13) to Eq. (3.39), i.e., a solution corresponding
to Case 3 of Theorem 1. First, we analyze the necessary conditions of the existence (see Theorem 4).
The function D(z) has no poles of order greater than 2. The order of the pole of D(x) at x = oo is
greater than 1. The partial fraction expansion of D(x) is

o o B1 B
D —
@ = s T @12 T @t T @1y
1 1 9B —1 9B —1
al__47 042——4, ﬁl_ 4 ) 62__ 4 B

It can be easily shown that
V1+da1 =0€Q, V1+4as=0€Q, pB1+p2=0.
Thus, for the existence of a solution (2.13) to Eq. (3.39), the following condition must be fulfilled:
VI+4y€Q, y=a1+az— B+ fo.
For Eq. (3.39), this condition can written in the form
V1—-4B € Q.

Assume that this condition holds. Now we apply the Kovacic algorithm for Case 3 as described in
Sec. 2.3.5.

Step 1. Let us define the following sets of integers:
B =1{6}, E_i={6), E.= {(6+k\/1 —4B)NZ, k=0, £1, £2, ...,i6}.
Step 2. Consider all possible tuples s = (e, €1,€_1) of elements of the sets E, £, and E_; and
calculate d by the formula (2.41):
d=¢ex —€1 —e_1=kV1—4B — 6.

According to the algorithm, d must be nonnegative integer. Note that & = 6 is the maximal possible
value for k. Therefore, d cannot be a nonnegative integer for B > 0. This means that Eq. (3.39) does
not possess a solution of the form (2.13). Thus, we can conclude that Eq. (3.39) has no Liouville
solutions for B > 0. The theorem is proved. O
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Thus, we have proved that the problem of motion of a round disk on a perfectly rough plane cannot
be solved in terms of Liouville functions. In other words, the hypergeometric functions (3.36), (3.37)
cannot be reduced to any simpler functions for all physically admissible values of the parameter B.

3.3. Motion of a thick disk. Mow we consider the problem of the motion of a rotationally sym-
metric disk whose sharp edge (a planar circle of radius R) rolls on a horizontal plane. The symmetry
axis G( of the body is perpendicular to the plane of the circle and passes through its center. The
center of mass G of the body is also situated on the G(-axis, but in the case considered, it does not
coincide with the center of the circle. Let h be the distance between the center of mass of the body
and the center of the circle. Such a body is called a disk of finite thickness or a thick disk (see [2—4,
30]). The distance between the center of mass of the disk and the horizontal supporting plane is

f(0) = Rsin€ + hcos 6.

According to (3.11) we have
The system (3.29) takes the form

dp _ (COSH N AsmRh )p Az(As + mR?) .
df sin A1Az + AlmRQ + Agmh2 A1As + AlmRQ + Agmh2 ’ (3‘41)
dr AymR? AsmRh
49~ AiAs + AymR2 + Agmh2P T A Ay + AmB? + Agm2”
and Eq. (3.30) can be written as follows:
d*r  cos@dr AsmR(Rsinf + hcosf R
6> T singdo T (AAs+ A(lmR2 n Agmhz))sinﬁr =0, d¢ (0’ TTATCOS e h2> - (342)

The general solution of the system (3.41) expressed in terms of hypergeometric functions was first
found by M. Batista (see [2-4]). In the problem considered, explicit expressions for p(f) and r(#) are
more complicated than the corresponding expressions (3.36) and (3.37) in the problem of the motion
of a thin disk. We do not describe in detail the procedure of calculating the general solution of the
system (3.41) or Eq.(3.42). Let us examine the question on the existence of Liouville solutions of
Eq. (3.42). In this differential equation, we perform the change of the independent variable by the
formula cot § = z and introduce the following notation:

AgmhR Ang2

— B = . 3.43
A1As + AymR2 + A3’I’)’Lh2’ A1As + AymR? + A3mh? ( )
Then Eq. (3.42) becomes
d*r x dr Axr+ B
— =0. 3.44
d? T a2 r1de T (@241 (3:44)
Let A B
x T +
a(l‘)_ﬂf2—|—1, b(l‘)__(l'2+1)27

then Eq. (3.44) takes the form of Eq. (2.1). By the change of variables (2.2), we reduce Eq. (3.44) to
the form

d*y _ (4B+1)i 3+4B—4Ai (4B+1)i 3+4B+4Ai
da? ~ 16(z +1) 16(x + i)? 16(x — 1) 16(x —4)2
The Laurent expansion of Dj(z) in a neighborhood of the point = oo is

1 1
Di(z)|,_ = 42 +0 <x3> :

= Dy(z)y, Di(x) (3.45)
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All initial preparations necessary for application of the Kovacic algorithm to Eq. (3.45) are fulfilled.
Direct application of the Kovacic algorithm to Eq. (3.45) yields the following result.

Theorem 6. For all physically admissible values of the parameters of the problem, Eq. (3.45) has no
Liouville solutions.

Proof. First, for Eq. (3.45), we try to search for a solution of the form (2.4), i.e., a solution described
in Case 1 of Theorem 1. Note that the function D;(z) has two finite second-order poles at = = ¢ and
x = —i. The order of the pole of D;j(x) at = oo is also 2. Therefore, the conditions of Theorem 4
necessary for the existence of solutions of the form (2.4) for Eq. (3.45) are fulfilled. Now we start to
apply the Kovacic algorithm as was described in Sec. 2.3.1.

Step 1. Let us calculate the following values:

1 1 /1 1 1 /1
[V/Di]+i =0, af:2i2\/4—B—Az’, afi=2i2\/4—B+Az',
1 1
VD=0, b=—, ak=_.

Step 2. Since the number p of finite poles of the function Dj () is equal to 2, we have 2°+1 = 23 = 8
tuples of signs s = (s(00), s(i), s(—17)). For each tuple, we evaluate the value d by (2.19):

d= aiff‘” - af(i) - as_(l-_i)

As a result, we have the following explicit expression for d:

1 1 /1 .1 /1 )
d——2+2\/4—B—A2+2\/4—B—|—A2.

Here the radical means a pair of two opposite complex numbers. After calculation of square roots, we
obtain the four numbers +u =+ vi, where

1 1
u:Re\/4—B+Az’, v:Im\/4—B+Ai.

Therefore, d can be a nonnegative integer only if

1 1 1 1

=— j —vi) = — — B + Ail.
d 2+2(u+m—|—u vi) o T Re\/4 + Ai
It is easy to verify that
1 1 /1-4B 16A2 1 —4B)?2
d:—2+2\/ vV . * 7 (3.46)

We prove that if A and B are defined by (3.43), then the value d defined by (3.46) cannot be
nonnegative integer. We rewrite Eq. (3.46) as follows:

16A% = 4(2d + 1)* — 4(2d 4+ 1)*(1 — 4B).
Introduce the notation 2(2d + 1)2 =k > 2 for d > 0. Taking into account this notation, we obtain
1642 = k* — 2k(1 — 4B)
or

8B <2’;2 - k:> = k(k —2). (3.47)
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The right-hand side of Eq. (3.47) is nonnegative for k& > 2, whereas the left-hand side is negative.
Indeed, from (3.43) we get
A% Azmh? Azmh?
B T AjAs+ AymR2 + Agmh? ~ Agmh?
(recall that B > 0). The contradiction obtained allows one to state that Eq. (3.45) has no Liouville
solutions of the form (2.4).
Now we search for a solution of the form (2.9) for Eq. (3.45), i.e., a solution described in Case 2 of
Theorem 1. The necessary conditions for the existence of such solutions are fulfilled (see Theorem 4).
Now we apply the Kovacic algorithm as was described in Sec. 2.3.3.

=1

Step 1. Let us define the following sets of integers:
1

Step 2. Now we should consider all possible tuples s = (eq, €;, ;) of elements from E, E;, E_;;
recall that at least one element in each tuple must be odd. Obviously, in the case considered, there
are no such sets. Thus, Eq. (3.45) has no Liouville solutions of the form (2.9).

Now we search for a solution (2.13) of Eq. (3.45), i.e., a solution described in Case 3 of Theorem 1.
First, we verify whether the necessary conditions for its existence hold (see Theorem 4). The function
D1 (z) can be written as follows:

aq ag B B2
Dui) = (x+1)? * (x —1i)? * x+1 T
where
al:_3—|—4B—4Az’ a2:_3+4B+4Az’ 512(4B+1)i ,82:—(4B+1)i
16 ’ 16 ’ 16 16

Therefore, we have

\/1+4a1:\/i—B+Ai¢@, \/1—1—4042:\/31—B—Az'¢@.

Thus, the necessary conditions for the existence of a solution of the form (2.13) for Eq. (3.45) are not
fulfilled. This means that Eq. (3.45) has no Liouville solutions of the form (2.13). Finally, we can
conclude that Eq. (3.45) has no Liouville solutions. The theorem is proved. (]

Thus, we have proved that the problem of the motion of a thick disk on a perfectly rough horizontal
plane cannot be solved in terms of Liouville functions.

4. Motion of Torus

4.1. Formulation of the problem. Equations of motion. General case and special cases.
Consider the problem of the motion of a dynamically symmetric torus on a perfectly rough horizontal
plane. Let R be the radius of the meridian of the torus (called the radius of the tube) and a be the
distance from the center of the tube to the center of the torus. We assume that a > R. The center
of mass of the torus is located at its center (see Fig. 4). Then the distance between the the center of
mass and the horizontal supporting plane is

f(0) =R+ asinb.
According to (3.11) we have
&= —a— Rsinf, (= —Rcosb.
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Fig. 4. Torus rolling on a horizontal plane.

Therefore, the system (3.29) can be written as follows:
dp <1 AsmaR sin9> cos N Az(Az + ma?® + mR? + 2maRsin 6)

o~ A sin6” A "
dr Ayma(Rsin6 + a) mR(As — Ay)(Rsinf + a) cos 0 (4.1)
dn = A pr A "
A= (A — Ag)mR2 sin? 6 + 2A;mRasinb + Ay As + Ayma® + AsmR2,
and the differential equation (3.30) takes the form
2
ZGZ + b1 ;l; +byr =0, 6¢€(0,7), (4.2)
where
by — acosd n 3mR((A; — A3)Rsinf + Aja)cos 6
(Rsinf + a)sin 6 A ’
m(Rsind + a)(R(A; — A3)(1 — 2sin? 0) — Azasin )

b2 = Asiné ’

A = (A; — A3)mR*sin? 0 + 2A1mRasin @ + Ay Az + Ayma® + AzmR?.

The system (4.1) was first obtained by L. G. Lobas (see [28, 29, 36]). We examine the question on
the existence of Liouville solutions of Eq. (4.2). We perform in Eq. (4.2) the change of the 6 by the
formula sin # = = and introduce the notation B = a/R. Since a > R by assumption, we have B > 1.
Thus, we rewrite (4.2) as follows:

d’r dr
@)+ da(@)r =0, (4.3)
where
B T 3mR2((Ay — A3)z + A1 B)
dl(aj)_x(a:+B)+a:2—1+ A ’
mR?(z + B)((A; — A3)(22% — 1) + A3Bx)
d2(:1:) = m(xQ—l)A )

A = (A — A3)mR?z? + 2A; BmR?x + Ay Az + A1 B*>mR? + AsmR>.
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If A5 # Ay, then the polynomial A has two roots z1 and xs:

. AymRB — \/Asm(AymR2B2 — (A; — A3)(A; + mR2))
1= 5

mR(A1 — Ag) (4 4)
. _ _AmRB+ VAsm(AymR2B2 — (A; — As)(A; + mR?)) '
2T mR(A; — As) '
The change of variable (2.2) reduces Eq. (4.3) to the form
d%y
=Ty, (45)
where
B ay B2 o) Bs as
T(z) —
(z) x—1 + (x —1)2 +ZL‘—|—1 * (x 4+ 1)2 +a:—:n1 * (x — 21)?
B ay Bs as Bs | g
4.6
:E—a:2+($—:r2)2+ac+B+(:E—|—B)2 e T (46)
3 3 1
04120220432042—16, 045247 046:—4,
5, = 8B3 + 4(w1 + w9 + 2)B% + (5x129 — 331 — 322 + 9)B T1To — 3x1 — 329 + 5
b 16(z1 — 1) (22 — 1)(B + 1) 16(z1 — 1)(z0 — 1)(B+ 1)’
By = _833 +4(x1 + 20 — 2)B? + (5xywo + 321 + 312+ 9)B T129 + 321 + 322 + 5
> 16(z1 + 1) (22 + 1)(B — 1) 16(z1 + 1)(z2 + 1)(B — 1)’
By = 82183 + 4(z? + x129 + 2) B2 + (523 — 423wy + 21 + 622)B
8z1(x1 — 1)(z1 + 1)(z1 — z2)(x1 + B)
N (322 — 2z1m9 — 1)2?
81‘1(1‘1 — 1)(ZL‘1 + 1)(1‘1 — ZL‘Q)(ZL‘l + B)’
5, = 8xoB3 + 4(23 + x129 + 2) B2 + (523 — 4x103 + 671 + 22)B
4 8$2(1‘2—1)(1‘2+1)(1‘2 —1‘1)(:L‘2—|—B)
N (322 — 2z119 — 1)23
8ra(xe — 1)(x2 + 1)(x2 — 1) (22 + B)’
Bs = 10B* + 7(ZL‘1 + I‘Q)BS + 4(ZL‘1ZL‘2 — 2)32 — 5(1‘1 + I‘Q)B — 22129
o AB(B — 1)(B + 1)(z1 + B)(x2 + B) ’
5 B _4B2 + 3(1’1 + xg)B + 2:L’1:L’2
6= 4129 B '
Thus, the function 7'(x) has six finite poles: * = 0, z = 1, x = —1, * = —B, * = z1, and

x = x9. In the general case, these poles are distinct. Nevertheless, under some additional conditions
for parameters, the function 7'(x) has another form different from (4.6). This takes place in the
following cases:
1. If
Az = Aq, (4.7)
then A is a first-degree polynomial and its unique root x is
A; 4+ mR?> + mR?B?

o= 2mBR?



2. For zy expressed by (4.8), we have 9 < —1. Hence zy # 0,1, —1. However, under the condition

As = A = mR*(B%* — 1) = m(a® — R?) (4.9)
we get xg = —B.
3. If
A3 75 Al, A1 = m(a2 - Rz), (410)
then we have 1 = —B.
4. Under the condition
Ay
Az = A 2 — ma® 4.11
3 A1+mR2( 1+ mR* —ma”) (4.11)
the polynomial A has a multiple root:
B i _Al + mR2
e mBR?

The condition (4.11) has a physical sense if A; +mR? —ma® > 0. Then
T =19 < —B.

Consequently, under the condition (4.11), the multiple root 1 = z2 does not coincide with other
polesz=0,z=1,z=-1, x = —B.
We see that in the examining the existence of Liouville solutions for Eq. (4.5), we must consider the

general case where the function 7'(x) has the form (4.6), and four special cases where the parameters
of the problem satisfy one of the relations (4.7), (4.9), (4.10), or (4.11).

4.2. General case. Assume that the function T'(z) is determined by formula (4.6), i.e., all its poles
are distinct. In this case, the Laurent expansion of T'(z) at x = oo is

B 12B2+4(x1+x2)3+2m1x2—33;%—33;5—8+O< 1>

T(.’B) ‘:c:oo - 1624

5
Direct application of the Kovacic algorithm to Eq. (4.5) yields the following result.

Theorem 7. Assume that all poles of the function T'(x) are distinct. Then Eq. (4.5) has no Liouville
solutions for any physically admissible values of parameters.

Proof. First, we search for a solution of Eq. (4.5) of the form (2.4), i.e., a solution described in Case 1
of Theorem 1. Note that the function T'(x) has six finite second-order poles: x =0, z = 1, x = —1,
x = —B, x =1z, and x = x9. The order of T'(x) at x = oo is at least fourth. Therefore, the conditions
of Theorem 4 (the necessary conditions of the existence of a solution of Eq. (4.5) of the form (2.4))
are fulfilled. Now we apply the Kovacic algorithm as was described in Sec. 2.3.1.

Step 1. Let us calculate the following values:

VT =0, af:i, a;:i, VT)_5 =0, aszg, a:B:—;,
VIL=0. ah= i an= VIh=0,  ag=  ar=,,
[VT)z, =0, ot = i, oy, = le, [VT]s =0, al =0, a, = 1.
[VT)z, =0, of = ?1’ o, = 411’
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Step 2. Since the number p of finite poles of the function T'(z) is equal to 6, we have 2°! = 27 = 128
tuples of signs

5= (s(oo), s(1), s(=1), s(z1), s(z2), s(—B), 3(0)).
For each tuple, we evaluate the value d by the formula (2.19):

d= o> — ai(l) — as_(l_l) - afc(fl) — afvg“) — as_(];B) - ag(o).

According to the algorithm, d must be nonnegative integer. Further, we analyze all possible tuples
of signs s and the corresponding values «. It is easy to verify that the unique tuple s such that d is
nonnegative is

_ - _ _ _ _ 1 1 11 1 1
o = (aoov Ay, &gy Qg Oy &g, ao) =11, VRRVEAVERVE _27 9]
and d = 0. The corresponding function § = #(x) calculated by the formula (2.20) has the form
1 1 1 1 1 1

9:4(33—1)+4(z+1)+4(m—m1)+4(m—m2)_2(a:+B)+2m'

Step 3. For the tuple of signs s found in Step 2, we search for a polynomial P of degree d = 0
satisfying Eq. (2.21). Since the polynomial P has a zero degree, we set P = 1 and substitute it to
Eq. (2.21), which takes the form

B(ZB + 21 + 1‘2)(31‘ + 1)
22(22 — 1)(z + B)(z — 21)(z — 2)
Using the explicit expression for 1 and x5 (see (4.4)) and the inequality B > 0, we conclude that for
the existence of a solution of the form (2.4) for Eq. (4.5), the following condition must be valid:
2AgB .
Ag — A1 B
Since B > 0 and Az > 0, the last condition cannot hold. Thus, the differential equation (4.5) has no
Liouville solutions of the form (2.4).

= 0.

2B+ 21 429 = 0.

Now we try to search for a solution of the form (2.9) of Eq. (4.5), i.e., a solution described in Case 2
of Theorem 1. The necessary conditions for existence of a such solution hold (see Theorem 4). Now
we apply the Kovacic algorithm.

Step 1. Let us define the following sets of integers:

Ey = {17273}7 E_ ;= {17273}7 Ewl = {17273}7 Ewg = {17273}7
E—B = {_27276}7 EO = {2}7 EOO = {07274}

Step 2. Now we consider all possible tuples
S = (6007 €1, €-1, €xyy, €z, €_B, 60)
of elements from E, E1, F_1, E,,, E.,, E_p, Ey, and at least one of the elements in each tuple
must be odd. Using (2.28), for each tuple s we get
1

d= 2(600—61—6_1—65,;1—65,;2—6_3—60).

According to the algorithm, d must be a nonnegative integer. Analyzing all possible tuples s, we
conclude that the unique set with nonnegative d is

€= (6007 €1, €-1, €z, €y, €_B, 60) = (47 17 17 17 17 _27 2)7
and d = 0.
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Step 3. Using (2.29), we form the rational function 6 for the chosen tuple e found in Step 2. We

get
0— 1 N 1 N 1 N 1 1 N 1
2x—1) 2x+1) 2x—-21) 2x-—22) z+B

A polynomial of degree d = 0 (P = 1) must satisfy Eq. (2.30). Substituting P = 1 in this equation,
we obtain

B(2B + x1 + x2)(Bx? — (2B? — 2)z — B)

22(x + B)?(22 — 1)(x — z1)(x — 22)

Since none of the factors can be zero, this equation has no solutions. Thus, Eq. (4.5) has no Liouville
solutions of the form (2.9).

Now we search for a solution of the form (2.13) of Eq. (4.5), i.e., a solution described in Case 3 of
Theorem 1. First, let us check whether the necessary conditions hold (see Theorem 4). The function
T'(z) has no poles of order greater than 2. The order of the pole of T'(z) at x = oo is greater than 1.
The partial fraction expansion of T'(x) is (4.6). It can be easily proved that the remaining conditions
of Theorem 4 hold:

1
Vitdoi= €Q (i=1...4), Vitda;=2€Q V1+dag=0€Q,

=0.

6
> Bi=0, V1tdy=1€Q, y=0.
=1

Now we start to apply the Kovacic algorithm for Case 3 (see Sec. 2.3.5).

Step 1. Let us define the following sets of integers:
E, ={3,4,5,6,7,8,9}, E_1={3,4,5,6,7,8,9},
E,, ={3,4,5,6,7,8,9}, E., ={3,4,5,6,7,8,9},
E_p={-6,-4,-2,0,2,4,6,8,10,12,14,16,18},  E, = {6},
E. =1{0,1,2,3,4,5,6,7,8,9,10,11,12}.

Step 2. Now we consider all possible tuples
S = (6007 617 6—17 65017 65027 6—B7 60)
of elements of the sets Fo, E1, E_1, FEy,, Ey,, E_p, and Ey. By the formula (2.41), we calculate the
number d:
d:eoo_el_e—l_e:cl_exg_e—B_607
which must be a nonnegative integer. By analyzing all possible tuples of elements of F,, E1, E_1,
E, , E.,, E_p, and Ey, we conclude that the unique tuple with nonnegative d is
€= (6007 €1, €-1, 65017 exza €_B, 60) = (127 37 37 37 37 _67 6)7
and d = 0.

Step 3. By the formula (2.42), we construct the function 6 using the tuple e obtained on Step 2.

Then we get
3 3 3 3 6 6

ac—1+x—|—1+:r—ac1 +a:—x2 _l‘—I-B—’_ZL"
Using (2.43), we construct the polynomial

S=z(z—-1)(z+1)(z —z1)(z —x2)(x + B).
Further, we need the following recursive formulas (2.44):

Py=—P, P_i=-SP +(12—1)5 —SO)P, — (12— i)(i + 1)S*T(z)Piyy, P_1 =0,

0 =
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where Pjg = —P = —1 is a polynomial of degree d = 0. The numerator of P_; is a polynomial, which
must be identically zero. Therefore, all its coefficients must be equal to zero. From this condition one
can derive (using a computer algebra system) that either B =0, x1 =0, 2o = 0 or 1 + 22 + 2B = 0.
It was proved above that B # 0 and z1 + 22 + 2B # 0. The inequalities 1 # 0 and x # 0 follow
from (4.4). This means that Eq. (4.5) has no Liouville solutions of the form (2.13). Finally, we
conclude that if all poles of T'(x) are distinct, then Eq. (4.5) has no Liouville solutions. The theorem
is proved. O

4.3. Special case A3 = A1 # m (a2 — Rz). Now we assume that the moments of inertia of the
torus satisfy (4.7). Let A3 = A; = A. Then Eq. (4.3) has the form

d2r d

"
2 +di(z) d + da(x)r =0, (4.12)
where
B T 3 r+ B A+mR?*(B?+1)
d = d = —
(@) z(z + B) * 22 -1 + 2(x — x9)’ 2(7) 2(z2 — 1)(z — z0)’ o 2mR?B
After the change of variables (2.2) Eq. (4.12) becomes
d%y
Y Ty, (4.13)
where
b1 a1 o Qs B3
T () —
1(®) r—1" (x —1)2 +a:—i—l + (x+1)2 +x—x0
as Ba ay Bs | as
4.14
+(a:—$0)2+a:—|—B+(:E+B)2+:E+:1:2’ (4.14)
a—a—a——3 a—3 a——l
1 — G2 — Q3 = 167 4 = 4’ 5 — 4’
3 _432—1-(5%0—3)34-1‘0—3 3 __4B2+(5a:0+3)B—x0—3
YT 16— 1)(B+1) 2T 16(z0+1)(B—1)
By 229B% + (3 — 22%)B — 5, = 7B3 + 4x0B? — 5B — 2z
° 7 dag(zo+ B)(wo — D(wo+1) 7' 4B(z0+ B)(B+1)(B-1)’
3B + 2x9 A+mR*(B?+1)
55 = - ) To = — )
4xo0B 2mR?*B

The Laurent expansion of T} (x) at = oo in the considered case is

3 1
Tl(x)‘m:oo ~ _161‘2 + 0 <$3> :

Applying the Kovacic algorithm to the differential equation (4.13), we arrive at the following result.

Theorem 8. Under the condition (4.7), Fq. (4.13) has no Liouwville solutions for all physically ad-
missible values of parameters.

Proof. First, we search for a solution of Eq. (4.13) of the form (2.4), i.e., a solution described in Case 1
of Theorem 1. Note that the function 77 (x) has five finite second-order poles and a second-order pole
at © = oo. Therefore, all conditions of Theorem 4 are hold. Now we apply the Kovacic algorithm (see
Sec. 2.3.1).
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Step 1. Let us calculate the following values:

3 _ 1 3 _ 1
[\/Tl]lzo, af:4, ar =, [\/T1]—B=0, on_rBzz, aZp =y

3 _ 1 1 _ 1
[\/Tl]—1=07 af1:4, 04_1_47 [\/Tl]on, ao+=2, @ 9

3 _ 1 3 _ 1
[\/Tl]mo =0, au:ci_o = 4’ Ay = 4’ [\/Tl]oo =0, O‘g_o = 4’ Qo = 4

Step 2. Since the number p of finite poles of the function Ty (z) is equal to 5, we have 2°+! = 26 = 64
tuples of signs
5= (s(oo), s(1), s(—1), s(zo), s(—B), 8(0)).
For each tuple, we calculate the value d by the formula (2.19):

d = afx()oo) - ai(l) . as_(l_l) . afcho) _ as_(gB) _ ag(o).

According to the algorithm, d must be a nonnegative integer. Further, we analyze all possible tuples of
signs s and corresponding values «. It is easy to verify that a unique tuple s such that d is nonnegative
is

o= (a+ oy, a_q, 0L, O of) _ (3, bt - L1
- 00 1> —1» x0) —B» 0 - 47 47 47 47 27 2 )
for which d = 0. The function 6 = 6(z) defined by (2.20) for the chosen tuple of values « has the form

1 1 1 1 1

9:4(x—1)+4(x+1)+4(a;—x0)_2(a;+B)+2x‘

Step 3. For the tuple of values a obtained on the previous step, we search for a polynomial of
degree d = 0 (P = 1) satisfying the differential equation (2.21). We substitute P = 1 in (2.21) and
get

B(Bx+1)
22(x + B)(z — o) (22 — 1)
Obviously, this condition does not hold since B > 0. Therefore, Eq. (4.13) has no Liouville solutions
of the form (2.4).

Now we search for a solution of the form (2.9) for the differential equation (4.13)., i.e. a solution de-
scribed in Case 2 of Theorem 1. The necessary conditions of its existence are fulfilled (see Theorem 4).
Now we apply the Kovacic algorithm (see Sec. 2.3.3).

= 0.

Step 1. We define the following sets of integers:
E, ={1,2,3}, E_,={1,2,3}, E., ={1,2,3}, E. ={1,2,3},
E—B = {_27 27 6}7 EO = {2}

Step 2. Consider all possible tuples of elements of E,, E1, E_1, E,,, E_p, and Ey with at least
one odd element in each tuple:

s = (6007 617 6—17 ex()a 6—B7 60)’

For each tuple s, we calculate d by (2.28):

1
d= 2(600—61 —e_1 — ey, —e_B—eo).
According to the algorithm, d must be nonnegative integer. Consider all possible tuples of elements

taken from F.,, Eq, E_i, E;,, E_p, and Ep; the unique tuple with nonnegative d is

e= (eoo, e1, e—1, €zy, €—B, eo) = (3, 1, 1, 1, =2, 2),

456



and d = 0.
Step 3. By the formula (2.29), we construct the function 6 using the tuple e obtained on Step 2:

9:1<1+1+1_2+2>'

2\z—1 zxz4+41 xz—29 z+B =

A polynomial of degree d = 0 (P = 1) must satisfy Eq. (2.30). Substituting P = 1 to (2.30), we obtain
B(Bz® + (2 —2B%x — B)
22(z + B)?(22 — 1)(z — z0)

Obviously, the last condition does not hold since B > 0. This means that Eq. (4.13) has no Liouville

solutions of the form (2.9).

=0.

Now we search for a solution of the form (2.13) for Eq. (4.13), i.e., a solution described in Case 3
of Theorem 1. First, verify whether the necessary conditions of the existence of such a solution hold
(see Theorem 4). The function T (z) has no poles of order greater than 2. The order of T3 (x) at oo is
greater than 1. The partial fraction expansion of T} (z) has the form (4.14). Direct calculations show
that all other conditions of Theorem 4 are satisfied:

1
\/1+4ai:2€@, i=1,2,3, V14+4a4=2€Q, V1+4a5=0¢€Q,

° 1 3
;ﬁz‘zo, \/1—1—47:26@, 7=
Now we apply the Kovacic algorithm (see Sec. 2.3.5).
Step 1. Let us define the following sets of integers:
Ey ={3,4,5,6,7,8,9}, E_1=1{3,4,5,6,7,8,9},
Eyy ={3,4,5,6,7,8,9}, By = {3,4,5,6,7,8,9},

E_p={-6,—-4,-2,0,2,4,6,8,10,12,14,16,18},  Ey = {6}.

Step 2. Now we consider all possible tuples
5= (eoo, €1, €1, €zy, €_B, eo)
of elements from Eo,, Ey, E_1, E;,, E_p, and Ej and calculate d by (2.41):
d=ex—€1 —€e_1—ez —e_p — €.

According to the algorithm d must be nonnegative integer. Analyzing all possible tuples of elements
taken from E,, Eq, E_1, E;,, E_p, and Ej, we conclude that the unique tuple with nonnegative d is

€= (eooa €1, €-1, €xq, €-B, 60) = (97 37 37 37 _67 6)7
and d = 0.

Step 3. By (2.42) we construct the function € using the tuple e obtained on the previous step.

Then we get
o — 3 3 3 6 6

_m—1+m+1+m—x0_az+B+x'
Using (2.43), we construct the polynomial

S=z(x—1)(x+1)(xr —x)(z+ B).
Further, the recursive formulas (2.44) are required:

Pyy=—P, P_;=-SP +((12—1i)S" —S0)P, — (12 —i)(i + 1)S*T1(z)P;yy, P_, =0,
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where Pjg = —P = —1 is a polynomial of degree d = 0. The polynomial P_; must be identically zero.
Therefore, all its coefficients must be equal to zero. From this condition, using a computer algebra
system, one can derive that either B = 0 or xg = 0. It was proved above that both these conditions
have no physical sense. This means that Eq. (4.13) has no Liouville solutions of the form (2.13).
Thus, we have proved that under the condition (4.7) Eq. (4.13) has no Liouville solutions. Theorem
is proved. O

4.4. Special Case A3 = A; = m(a®?— R?). Assume that the moments of inertia of the torus satisfy
the relation (4.9). Then the differential equation (4.3) has the following form:

d2r d

"
g2 T @) da(z)r =0, (4.15)
where B 5 )
x
1(#) z(z + B) Tz +2(ac—|—B)’ 2(2) 2(x2 - 1)
The change of variables (2.2) reduces Eq. (4.15) to the form
d*y
TV Dy (4.16)
where
b o1 Ba o Bs o3 Pa | ou
T: = 4.1
2(7) r—1" (x —1)2 +x+1 + (x+41)2 +$+B * (z + B)? L (4.17)
ap=ag =az=— 5 ay=— L
1= Q=03 == 0 ==,
B+3 B-3 2B% — 1 1
b= 16(B+1) b2 = T 16(B-1)’ bs = T 4B(B2—1) fr=yp

The Laurent expansion of Th(z) at © = oo is
3 1
TQ(x)‘x:oo ~ _16.’B2 +0 <{L’3> '

Direct application of the Kovacic algorithm to the differential equation (4.16) gives the following result.

Theorem 9. Under the condition (4.9), Fq. (4.16) has no Liouwville solutions for all physically ad-
missible values of parameters.

Proof. First, we search for a solution of Eq. (4.16) of the form (2.4), i.e., a solution described in Case 1
of Theorem 1. Note that the function T5(x) has four finite second-order poles and a second-order pole
at x = co. Therefore, the conditions of Theorem 4 are satisfied. Now we apply the Kovacic algorithm
(see Sec. 2.3.1).

Step 1. Let us calculate the following values:

3 1
_ + _ - _ 1 _ 1
VIl =0, NSy Ty VDlo=0, of =, og=,
3 1
— + - _ 3 _ 1
[\/Tz]—1 =0, A1 4’ @17 4’ [\/T2]oo =0, O‘Io = 4’ Foo = 4’
3 _ 1
[\/TQ]—B:07 ai_B: 4’ a_p = 4’

Step 2. Since the number p of finite poles of the function T3 (z) is equal to 4, we have 2°T! = 25 = 32
tuples of signs

5§ = (s(oo), s(1), s(—1), s(—B), 3(0)).
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For each tuple s, we calculate d by (2.19):

d= aggoo) — ai(l) — ofi(l_l) — o[i(;B) — Oz(s]

0)
According to the algorithm, d must be nonnegative integer. However, a direct calculation shows that
d = —1/2 is the largest possible value for d. Hence the differential equation (4.16) has no Liouville

solutions of the form (2.4).

Now we search for a solution of the form (2.9) for the differential equation (4.16), i.e., a solution
described in Case 2 of Theorem 1. The necessary conditions for existence of a such solution hold (see
Theorem 4). Now we apply the Kovacic algorithm (see Sec. 2.3.3).

Step 1. Let us define the following sets of integers:
E,={1,2,3}, E_1={1,2,3}, E_p={1,2,3}, E,={1,2,3}, Ey={2}.
Step 2. Now we consider all tuples

s = (6007 617 6—17 e—B7 60)

of elements from F,, F1, E_1, E_p, and Ejy; in each tuple at least one element is odd. For each tuple

s, we calculate d by (2.28):
1

d= 2(600—61—6_1—6_3—60).
According to the algorithm, d must be nonnegative integer. A direct calculation shows that d = —1
is the largest possible value for d. Hence Eq. (4.16) has no Liouville solutions of the form (2.9).

Now we search for a solution of the form (2.13) for Eq. (4.16), i.e., a solution described in Case 3 of
Theorem 1. First, we verify whether the necessary conditions for its existence hold (see Theorem 4).
The function T5(z) has no poles of order greater than 2. The order of the pole of Th(x) at z = oo
is greater than 1. The partial fraction expansion of T5(z) is (4.17). It can be easily proved that the
remaining conditions of Theorem 4 are also fulfilled:

1
V1+da; = 5 €Q (i=1,2,3), V1+4as=0€Q,

& 1 3
Y Bi=0 Vi+dy=_€Q, v=-_.
— 2 16
Now we apply the Kovacic algorithm step (see Sec. 2.3.5).
Step 1. Let us define the following sets of integers:
Ey ={3,4,5,6,7,8,9}, E_1=1{3,4,5,6,7,8,9},
E_p=1{3,4,5,6,7,8,9}, Eo ={3,4,5,6,7,8,9},

Ey = {6}.
Step 2. Consider all possible tuples
s = (eoo, €1, -1, €_p, eo)
of elements from E., F1, E_1, E_p, and Ey and calculate d by (2.41):
d=¢€x — €1 —€_1 —€e_B — €.

According to the algorithm, d must be nonnegative integer. A direct calculation shows that d = —6
is the largest possible value for d. Hence Eq. (4.16) has no Liouville solutions of the form (2.13).

Thus, we can conclude that under the condition (4.9), Eq. (4.16) has no Liouville solutions. The
theorem is proved. O
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4.5. Special Case A; = m(a? — R?) # A3. Assume that the moments of inertia of the torus satisfy
the relation (4.10). Then the differential equation (4.3) has the form

d?r dr
d2 + dl(m)dm + da(x)r =0, (4.18)
where
B x 32z —xz9+ B 422 — (zg + B)x — 2
dy () = Q-2+ B) )= (zo + B)

_az(m+B)+x2—1 2(x + B)(x — )’
_ (A3 +mR*B?> — mR?*)B
T Ay +mR2 - mR2B?

The change of variables (2.2) reduces the differential equation (4.18) to the form

d?y
Y~ Ty, (4.19)
where
B ai B2 az Bs
Ty(z) =
3(2) r—1" (x —1)2 +a:—i—l + (x+1)2 +x+B
as Ba ay Bs | as
4.20
(x + B)? a:—:ro+(a:—a:0)2+:r+a:2 (4.20)
and
R 3 _ 1
Q] = Q2 = a3 = Q4 = 16’ Q5 = )
5 _ 4B? — (20— T)B =310 +5 5 _ 4AB*—(z0+T)B+3z0+5
b 16(B+1)(xg—1) T 16(B-D(we+1)
5y = _7B3 + 4z9B? — 5B — 2x 5, = 4x0B? + (423 + 2) B + 3z} — w0
577 8B(B2-1)(wo+B) ‘T 8zo(22 — 1)(z0 + B) ’
. xo+ B
fs = 4Bxg

As was noted above, in the case considered, all finite poles of T3(x) are distinct. The Laurent
expansion of T3(x) at x = oo has the form

B2+ 220B — 322 — 1

T?’(x)‘m:oo ~ 16£L‘4 $5

Direct application of the Kovacic algorithm to the differential equation (4.19) yields the following
result.

Theorem 10. Under the condition (4.10), Eq. (4.19) has no Liouville solutions for all physically
admissible values of parameters.

Proof. First, we search for a solution of Eq. (4.19) of the form (2.4), i.e., a solution described in Case 1
of Theorem 1. Note that the function T5(x) has five finite second-order poles and a fourth-order pole
at x = oo (i.e., at infinity the order is greater than 2). Therefore, the conditions of Theorem 4 are
satisfied. Now we apply the Kovacic algorithm (see Sec. 2.3.1).
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Step 1. Let us calculate the following values:

3 1

_ + _ - _ 3 _ 1

(VT3 =0, M=y M=y [\V/T5)z, =0, of = o %= g
3 _ 1 1 1

[\/Tg]_l = O, ai_l = 47 a_1 = 47 [\/T3]0 = 0, 048_ = 2, aa = 27
3 _ 1 _

[\/T3]—B =0, OétB = 4’ &_p = 4’ [\/T3]OO =0, O‘;_o =0, Qg = 1.

Step 2. Since the number p of finite poles of the function T3(z) is 5, we have 2/T1 = 26 = 64 tuples
of signs

s = (s(o0), s(1), s(—1), s(zo), s(—B), s(0)).
For each tuple s, we calculate d by (2.19):

d= af;(()oo) — ai(l) — as_(l_l) — afcho) — as_(;B) — ag(o).

According to the algorithm, d must be nonnegative integer. A direct calculation shows that d = —1/2
is the largest possible value for d. Hence Eq. (4.19) has no Liouville solutions of the form (2.4).

Now we search for a solution of the form (2.9) for the differential equation (4.19), i.e., a solution
described in Case 2 of Theorem 1. The necessary conditions for the existence of a such solution are
fulfilled (see Theorem 4). Now we apply the Kovacic algorithm (see Sec. 2.3.3).

Step 1. Let us define the following sets of integers:

By ={1,2,3}, E_1={1,2,3}, E_p=1{1,2,3}, E, =1{1,23]},
EO = {2}7 Eoo = {07274}

Step 2. Now we consider all possible tuples
S = (eoo, €1, €-1, €z, €—B, 60)
of elements of E, £y, E_1, E;,, E_p, and Ey; in each tuple at least one element is odd. For each
tuple s, we calculate d by (2.28):
1
d= 2(600—61 —e_1 — ey, —e_B—eo).

According to the algorithm, d must be a nonnegative integer. However, direct calculations show that
d = —1 is the largest possible value for d. Hence Eq. (4.19) has no Liouville solutions of the form (2.9).

Now we search for a solution of the form (2.13) for the differential equation (4.19), i.e., a solution
described in Case 3 of Theorem 1. First, we verify the fulfillment of the necessary conditions (see
Theorem 4). The function T5(z) has no poles of order greater than 2. The order of the pole of T5(x)
at © = oo is greater than 1. The partial fraction expansion of T3(z) is (4.20). We can easily show that
the remaining conditions of Theorem 4 hold:

1
\/1+4al-:2 €Q (i=1,...,4), V1+4da;=0€Q,

> Bi=0, Vi+dy=1€Q, ~=0.
Now we apply the Kovacic algorithm (see Sec. 2.3.5).

461



Step 1. Let us define the following sets of integers:

Ey ={3,4,5,6,7,8,9}, E_y ={3,4,5,6,7,8,9},
E_p={3,4,5,6,7,8,9}, E,, = {3,4,5,6,7,8,9},
Ey = {6}, Es ={0,1,2,3,4,5,6,7,8,9,10,11,12}.

Step 2. Now we consider all possible tuples
5= (eoo, €1, €1, €zy, €_B, eo)
of elements from Fo,, E1, E_1, E,,, E_p, and Ej and calculate d by (2.41):
d=ex —€1 —€e_1—ez —e_B — €.

According to the algorithm, d must be nonnegative integer. However, a direct calculation shows that
d = —6 is the largest possible value for d. Hence Eq. (4.19) has no Liouville solutions of the form (2.13).

Thus, we conclude that under the condition (4.10), Eq. (4.19) has no Liouville solutions. The the
orem is proved. O

4.6. Special case A3(A; +mR?) = A;(A; + mR? — ma?). Assume that the moments of inertia of
the torus satisfy the relation (4.11). Then Eq. (4.3) has the form

d*r dr
2 +di(z) i + da(x)r =0, (4.21)
where
B x 3 (v + B)(22% — (vg + B)z — 1)
d — d =
1(1') ZL‘(I’—FB) +3§'2—1 +;L‘—330’ 2(33) 33'(1‘2—1)(217—2170)2 ’
Al + mR2
Ty = —
: mR2B
The change of variables (2.2) reduces the differential equation (4.21) to the form
d*y
where
b1 a1 65 s Bs o3
Ty () —
1) x—1 * (x —1)2 +$+1 + (x+1)2 +x—ac0 * (x — x0)?
Ba o Bs | s
4.23
+a:—|—B+(:E+B)2+:E+:E2’ (4.23)
a—a——3 a_4ajoB2—|—4B—ac8—|—a:0 a—3 04——1
1 — &2 = 167 3 = 4$O($3—1) ) 4_47 5 — .
8 — 8B3 + 8(zo + 1)B? + (522 — 620 + 9)B + 23 — 630 + 5
16(xg — 1)2(B +1) ’
5y = _ 8B% +8(xg — 1)B? + (5af + 620 + 9)B — 5 — 629 — 5
16(zo + 1)%(B — 1) ’
8, 4a}B? 4 (61 + 4xf — 2) B® — (20 — 11 + bxo) B — af + 2
223 (22 — 1)%(z0 + B) ’
5 5B3 + 2x9B? — 4B — x 2B? 4 319 B + 2
4= - .

2B(B%2 —1)(zg + B) '’ fs = 2B}
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The Laurent expansion of Ty(x) at = oo has the form

3B? 4 229B — 23 — 2 1
T4($)|w:oo ~ 41.4 + o $5 :

The special case considered has the following peculiarity: one of the coefficients «; of the partial
fraction expansion of the function Ty(x) depends on parameters. The coefficient a3 has no definite
numerical value but it is determined by the expression

4%032 +4B — x% + o
a3z — 2
dxo(zg —1)

As a result, the constant d can be arbitrarily large. (Recall that d is the degree of a polynomial
P calculated in each case.) We restrict ourselves to considering only the case where d = 0. Direct
application of the Kovacic algorithm to the differential equation (4.22) yields the following result.

Theorem 11. Assume that d = 0 and the condition (4.11) is fulfilled. Then the differential equation
(4.22) has no Liouwville solutions for all physically admissible values of parameters.

Proof. First, we search for a solution of Eq. (4.22) of the form (2.4), i.e., a solution described in Case 1
of Theorem 1. Note that the function Ty (z) has five finite second-order poles and a fourth-order pole
at x = co. Therefore, the conditions of Theorem 4 are satisfied. Now we apply the Kovacic algorithm
(see Sec. 2.3.1).

Step 1. Let by = 1 + 4a3. We calculate the following values:

3 1
[\/T4]1 = 07 O‘i’_ = 4’ @y = 4’

3 _ 1
[\/T4]—l = 07 ai_]_ - 47 a—l = 47

3 _ 1
[\/T4]—B:07 ai_B: ) O _p=—.

2 2

1 _ 1
[\/T4]0 = 07 Oéa_ = 27 Qg = 27

1 1 _ 1 1
[\/T4]x0 = 07 a;_() = 2 + 2\/b07 azo = 2 - 2\/b07
[V/Tyloo = 0, ok =0, ag, =1.

Step 2. Since the number p of finite poles of the function Ty (z) is equal to 5, we have 2°+! = 26 = 64
tuples of signs

s = (s(00), (1), s(=1), s(~B), s(0), s(x0))-
Choose signs in the tuples s in a such way that the value

d= aggoo) — ai(l) — as_(l_l) — as_(gB) — g
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calculated by (2.19), is equal to zero for some by. All such tuples of signs and corresponding values by
are listed below:

s1=(—+,+,+,+,—), bo=36;  s10=(+,+,+,+,+,—), by =64
so=(—+,+ —+ ), bo=4; s11=(++,+,—,+,—), by =16;
53 = (—+,— +,+, —), by = 25; s12 = (+,+,—,+,+,—), by = 49;
sg=(—— +,+,+ ), bo=25  s13=(+—+,++,—), by =49;
s5=(—,——+,+ ), by = 16; s14=(+,——,+,+,—), by = 36;
s¢ =(——,+ —+,—), bo=1; 315=(+,— +,—+,—), bo=09;
si=(—+——+-), b=1 si6=(++——+—), bo=9
ss=(—,—,— —,+,—), by=0; sir=(+—,——,+—), bp=4.
s9g=(——,— —+,+), by=0;

Let us consider in more detail the case where the tuple sy is chosen; the other cases can be considered

similarly. Let us solve the equation

4B(B 1
_ 4B( o +1) _ 4
xo(zg — 1)

with respect to B. Since B > 1 and zg < —1, we have

—1— /3623 — 3622 + 1
2%0 '

B= (4.24)

Further, using the formula (2.20), we construct the function f(z) using the values o
to the signs chosen for the tuple s;. Then the function 6 has the form
3 3 3 1 1 — /by

0= g1 T 1@+ T 2w B) T2 T 2w — )

corresponding

Step 3. A polynomial of degree d = 0 (P = 1) must satisfy Eq. (2.21) identically. Eliminating B
from Eq. (2.21) using the formula (4.24) we obtain
(18z) — 923 — Tadw,)w + 2223 (23 — 1) + @ (1 —4xd) +1 0 (4.25)
z(z? — 1) (2 — z0)(2wox — 2y — 1)23 - ’
where
T, = \/36:;:3 — 3622 + 1.

Since (4.25) is an identity, for some values of xg (z9 < —1) the following conditions hold:

18z) — 9z — 7;;;8\/36333 — 3622 +1=0, 2223(z3—1)+(1— 4;;;3)\/36;;:3 —3622+1+1=0.

It is easy to verify that this system of equations has no solutions such that zg < —1. Consequently,
for the tuple of signs s1, Eq. (4.22) has no Liouville solutions of the form (2.4). Similarly, we can
consider all remaining tuples of signs and ascertain that Eq. (4.22) does not possess any Liouville
solution of the form (2.4).

Now we search for a solution of the form (2.9) for the differential equation (4.22), i.e., a solution
described in Case 2 of Theorem 1. The necessary conditions for the existence of such a solution are
fulfilled (see Theorem 4). Now we apply the Kovacic algorithm (see Sec. 2.3.3).
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Step 1. Let us define the following sets of integers:
E,={1,2,3}, E_1={1,2,3}, E_p={-2,2,6}, E;={2},
By, = {(2 +kbo)NZ, k=0, i2}, Eo = {0,2,4).

Step 2. Consider all possible tuples

s = (6007 617 6—17 e—Ba 607 61‘0)

of elements from E,, Fq, E_1, E_p, Ey, and E,; in each tuple at least one element is odd. For each
set s, we calculate d by (2.28):

1
d= 2(600—61—6_1—6_3—60—6m0).

As before, we assume that d = 0. Execution of this step of the algorithm involves a large number of
possibilities. Thus, we present here a detailed investigation for only one case. All other cases can be
studied in the same way. Choose the tuple

S1 = (6007 €1, €-1, €-B, €o, exo) = (07 17 17 27 27 _6)
In this case, we have by = 16. Therefore,

_—1— /1638 — 1623 + 1
N 2%0 '

B

Step 3. By the formula (2.29), we form the function 6 using elements of the tuple s;. Hence 6 has

the form
1 1 1 1 3

0 = — .
2(x —1) +2(m+1) +m+B+x x — xg
A polynomial of degree d = 0 (P = 1) must satisfy equation (2.30). We substitute P = 1 to (2.30)
and obtain
ksa® + kgx® + ksa® + koa® + kix + ko
9 9/ .9 3 5 =0, (4.26)
xga?(z? — 1)(x — 20)3(2z0x — x4 — 1)
where
ko = 9625 — (4, + 148)x + (12, + 60)xy — (22 + 3z, + 4)22,
ky = 25629 4 2562] — (60x, + 780)x) — (222 — 102z, — 308)z3 — (323 + 172, 4 20) 0,
ko = 48025 + (24z, — 1008)x5 — (180z, — 828)xg — (922 — 45z, + 348)a3 + 1223 + 12z, + 24,

k3 = —51227 4+ (1202, + 512)x) — (140z, — 100)z5 — (522 4 152, + 20)z,
ky = —15228 4+ (100x, + 132)xd, ks = —722) + (122, + 12)z3, =, = \/ 16z¢ — 162 + 1.

For (4.26) to be an identity, the following conditions are necessary: k; = 0, ¢ = 0,1,...,5. How-
ever, we can easily verify that this system of equations with respect to the unknown constant zq is
inconsistent. Thus, we have proved that for the tuple s of elements from F., F1, E_1, E_p, Ey, and
E,,, the differential equation (4.22) has no Liouville solution of the form (2.9). Note that a similar
investigation was conducted for all other tuples s with d = 0. As a result, we prove the nonexistence
of solutions of the form (2.9) for the differential equation (4.22) for any tuple s.

Finally, we search for a solution of the form (2.13) for the differential equation (4.22), i.e., a solution
described in Case 3 of Theorem 1. The necessary conditions (see Theorem 4) are fulfilled. The function
T4(x) has no poles of order greater than 2. The order of pole of Ty(x) at = = oo is greater than 1. The
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partial fraction expansion of Ty(x) is (4.23). It can be easily shown that the remaining conditions of
Theorem 4 hold:

1
\/1+4ai:26<@ (i=1,2), Vi+4day=2€Q, V1+4as=0¢€Q,

5
S 8i=0, Vit4y=1€Q, v=0.
=1

Let us assume that the condition
4B(B 1
V1+4das = ( ;EO—I_)EQ
zo(zg — 1)

is valid. Otherwise Eq. (4.22) obviously has no Liouville solutions of the form (2.13). Now we apply
the Kovacic algorithm (see Sec. 2.3.5).

Step 1. Let us define the sets
El = {37475767 77 879}7 E—l = {37475767 77879}7
E_p={-6, -4, =2, 0, 2, 4, 6, 8, 10, 12, 14, 16, 18}, FEy = {6},

By, = {(6+/~c\/b0)ﬁZ, k=0, +1, ..., j:6)},
Ew={0,1,2, 3, 4,5 6,7 8 9,10, 11, 12}.

Step 2. Consider all possible tuples
s = (6007 617 6—17 e—Ba 607 61‘0)

of elements from Fo,, E1, E_1, E_p, Ey, and E,, and calculate d by (2.41):

d=ex—€1 —€_1—e_p—ey— ey

Step 3. We assume d = 0 as before. Among all tuples s, we choose tuples with d = 0. Considering
numbers of elements of sets E, E1, E_1, E_pg, Ey, and E,, obtained on the first step, we can estimate
that even if we fix one element of E, , we must investigate 7-7- 13- 13 = 8281 tuples s, for each of
which d = 0. Therefore, we shall illustrate the investigation on a typical example instead of listing all
possible cases. Choose a tuple s; with d = 0:

S1 = (600, €1, €-1, €-B, €0, ezo) = (127 3, 3, 0, 6, 0)
By the formula (2.42), we construct the function 6 using the tuple s;. The function 6 has the form
3 3 6
0= + + .
r—1 x4+1 =z
According to (2.43), we construct the polynomial

§ = (e — 1)@+ 1)z — z0)(x + B),
where B is expressed in terms of xg:

—1 — /3628 — 3622 + 1
2:L‘0 ’

B =

Further, the recursive formulas (2.44) are required:
Py =-P, Pi_1=-SP +((12—-14)8" —S0)P; — (12 —i)(i + 1)S*Ty(z)P;y1, P_1 =0,

where Pjg = —P = —1 is a polynomial of degree d = 0. The polynomial P_; must be identically
zero. Therefore, all its coefficients must be equal to zero. These coefficients include one unknown
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Fig. 5. Dynamically symmetric paraboloid on the horizontal plane.

variable zg. The corresponding system of equations is inconsistent. Similarly, all other tuples s may
be considered. This means that Eq. (4.22) has no Liouville solutions of the form (2.13) in the case
d = 0. The theorem is proved. O

In summary, the above investigation shows the absence of Liouville solutions in the problem of
rolling of a dynamically symmetric torus on a perfectly rough plane. The conclusion is valid in the
general case as well as in the special cases where the parameters satisfy additional conditions.

5. Motion of a Rotationally Symmetric Paraboloid

5.1. Formulation of the problem. Equations of motion. In this section, we consider the
problem of the motion of a rotationally symmetric paraboloid with focal length 2\ on a perfectly
rough horizontal plane (Fig. 5). We assume that the center of mass G of the paraboloid coincides with
the focus of the generating parabola. Then the distance between the center of mass and the horizontal
supporting plane is

A

. 1
cos 0 (5-1)

f(0) =

Using (3.11), we calculate the coordinates £ and ¢ of the point of contact of the paraboloid with
the horizontal plane:

2Asin 6 Asin? @ £2
§=- cosf ’ " cos20 X C:4)\_)\’ (5:2)
The system (3.29) has the form
(dp cosf  2A3mA?sin® (1 — 2cos?h)
d9__<sinl9 Acosf >p
A3((Az — 4mA?) cos* 0 + 8mA? cos? § — 2mA?)
+ A " (5.3)

dr 4A;mM%sin* 0 2mA? sin  cos 0(2A; + Az — 243 cos® )
o~ A P A "
A = (A1 Az +4mN* (A3 — Ay)) cos® 6§ — 4mA%(Az — Ay) cos? § + AzmA?,
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and Eq. (3.30) can be written as follows:

d?r dr
462 +b1d9 + bor =0, (5.4)

where
_cos?0—4  6(Az — 2(A3 — Ay) cos® §)mA? sin 6 b — 2mA?(Az — 2A1)(1 + cos® )
= sinfcos T Acosf o A '
Note that under the condition
As =24, (5.5)
Eq. (5.4) has the partial solution r = 79 = const. This fact was firstly obtained by Kh. M. Mushtari
(see [35]). In Eq. (5.4), we perform the change of the independent variable by the formula cos?§ = z
and denote B = mA2. Hence we obtain
d*r d

o+ di(a) " 4 da(x)r =0, (5.6)

dx

where
5— 3x 3(A3 — 2(A3 — Al)IL’)B (Ag - 2A1)B(IL’ + 1)

- 2¢(1—xz) xA o o) = 2x(1 — 2)A ’
A= (A1 A3 + 4(A3 — A))B)x? — 4(A3 — A)) Bz + A3B.
In the general case, the polynomial A in the expressions dy and do has two roots x1 and z5. In the
explicit form they can be written as follows:
_ 2B(As— A1) — \/4A B2(A, — A3) — A1 A%B
e Ay Az + AB(As — Ay) ’

dl ({L’)

(5.7)
2B(A3 — Al) + \/4AlB2(A1 — Ag) — AlAgB
Ty = .
2 A1A3+4B(A3 —Al)
After the change of variables (2.2) in (5.6) we obtain
d?y
Y =Ty, 6.9
where
b1 ag Bo , @ B2 a2 B3 as
I(z) =
(z) r—17" (x —1)2 T T +a:—x1 + (x — x1)? +x—ac2 * (x — x9)?’
9 3 B 3
a0_167 Oél—4, g = (3 = 167
1+ 2o + 22179 4x1 + w9 — Tr129 — 223 + 4232y
ﬁo = 5 ﬁQ = - 5
8:L‘11‘2 81‘1(1‘1 — ZL‘Q)(ZL‘l — 1)
4z + 4x9 — 31129 — 5 T, +4x9 — Tr1T9 — 238% + 43:@%
pr = B3 =

4z — 1) (2 —1) 8zo(z1 — x2)(x2 — 1)

We apply the Kovacic algorithm to search for Liouville solutions of the differential equation (5.8).

5.2. [Existence of Liouville solutions. In the general case, the function II(x) has four finite
second-order poles at ¢ =0, x = 1, x = z1, and £ = x9. We assume that all these poles are distinct.
The Laurent expansion of II(x) at = oo has the form

3 1
H(x)‘:c:oo ~ _16.’B2 + o <x3> :

All initial preparations for application of the Kovacic algorithm have been made.
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First, we search a solution of the form (2.4) for the differential equation (5.8). Direct application
of the Kovacic algorithm to Eq. (5.8) yields the following result.

Theorem 12. Assume that all poles of the function Il(x) are distinct. Then Eq. (5.8) has a solution
of the form (2.4) if and only if the Mushtari condition (5.5) holds.

Proof. We apply the Kovacic algorithm for the differential equation (5.8) as described in Sec. 2.3.1.

Step 1. Let us calculate the following values:

5 _ 1 3 _ 1
[V = 0, af = L ay ==, [VII],, =0, of = g Uy = 4
3 1 3 _ 1
[\/H]lzo, Oéii_:27 al :—27 [\/H]OO207 a;:47 aoo—4.
3 _ 1
[\/H]wl =0, au:t?i_l - 4’ Ay = 4’

Step 2. Since the number p of finite poles of the function II(x) is equal to 4, we have 2°T! = 25 = 32
tuples of signs

s = (8(00)7 8(0)7 8(1)7 8($1)7 8($2))'
For each of these tuples, we calculate d by the formula (2.19):

d= ag((joo) . ag(O) _ ai(l) _ a;(lm) _ 04;(2902).

According to the algorithm, d must be nonnegative integer. Analyzing all possible tuples of signs s
and corresponding tuples of «, we conclude that for the tuples

o 3 1 1 3 3
P = (0% g, ar 0z o) = (4’ T4 T2 44
S 1 1 131
p2:(a00’ O‘O? al’ a$17 arg) = 47 _47 _27 47 4 )
. 1 1 11 3
P = (o 0, ot azy, o) = (4’ Ty T2 44

we have d = 0, and for the tuple
e oy (3 1 1 11
p4_(aoov Ay, Oy Qg az2) - 4’ _47 _27 47 4

we have d = 1.
Consider the tuple p;. The corresponding function § = 0(z) defined by (2.20) for the chosen tuple
of values « has the form
1 1 3 3
dr  2(z —1) * Az — 1) * Az — x9)

Step 3. For the tuple p; obtained on the previous step, we search for a polynomial of degree d = 0
that satisfy the differential equation (2.21). Substituting P =1 in (2.21), we obtain

(2x129 — 21 — 22)(1 + )
dx(x —1)(z — x1)(x — x2)

This equality holds if the parameters z; and xo satisfy the condition

=0.

21‘11‘2 — X1 — T2 = 0. (5.9)



If we express the condition (5.9) through the initial parameters, we obtain

2mA2(2A1 — Ag)
A As + 4m)\2(A3 — Al)

Thus, the condition (5.9) is equivalent to the Mushtari condition (5.5).

=0.

One can verify that the conditions for z; and zs for the remaining tuples ps, p3, and p4 are not
physically admissible. Thus we proved that Eq. (5.8) has a solution of the form (2.4) only when the
Mushtari condition is valid. Theorem is proved. O

Now we search for a solution of the form (2.9) for the differential equation (5.8), i.e., the solution
described in Case 2 of Theorem 1. The necessary conditions of existence of a such solution are fulfilled
(see Theorem 4). Direct application of the Kovacic algorithm to the differential equation (5.8) yields
the following result.

Theorem 13. If all poles of the function I1(x) are distinct, then all solutions of the differential equa-
tion (5.8) are Liouville solutions and have the form (2.9).

Proof. We apply the Kovacic algorithm as described in Sec. 2.3.3.
Step 1. Let us define the following sets of integers:
E,={-2,2,6}, Ey={-1,2,5}, E, ={1,2,3}, E,,=1{1,2,3}, E,=1{1,2,3}.

Step 2. Now we consider all possible tuples

S = (6007 €1, €0, €z, BIZ)

of elements from E,, Ey, Ey, E;,, and E,,, where each tuple s must contain at least one odd number.
We calculate d for each tuple s by (2.28):

1
d= 2(eoo—el—eo—em1—em2).

According to the algorithm, d must be nonnegative integer. Among the tuples of elements from F..,
by, Ey, By, and E,,, where d is a nonnegative integer, we choose the tuple
€= (6007 €1, €0, €xq, 6502) = (37 _27 _17 17 1)7

for which d = 2.

Step 3. By the formula (2.29), we construct the function 6 using the tuple e obtained in the
previous step:

1 1 n 1 n 1
r—1 2x 2x—x1) 2(x—m9)

A polynomial of degree d = 2 P = 22 + kyx + ko must satisfy Eq. (2.30) identically. Substituting the
function 6 and the polynomial P in Eq. (2.30) we obtain

12 21‘11‘2

kj = 5 kf — Y
0 1—2z1 — 229 + 4x120 ! 1—2x1 — 229 + 42129

i.e., the polynomial P exists for all values of x1 and x5 and has the form

2x179 T1T2
P=a"— :
v 1— 2z —2m2+4m1m2x+ 1 —2x1 — 229 + 42129
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Further, according to the algorithm, we introduce the function

1 2(1 = 2x1 — 2m9 + dx129)T — 22120
20 (1 —2x1 — 229 + 42129)2% — 221297 + 122

and find the function w, which is a solution of the quadratic equation (2.31)

w = f(z) +ig(x),

1 n 1 1 1
2 A zrx—z1) 4 r—2x0) 2(x-—-1) 4z
(1 =221 — 229 + 421 29)T — T1 T2

(1 —2x1 — 229 + 4x129)2? — 201220 + T T2

o) = D(1 - z) \/ @

1 =221 — 229 + 4129)22 — 201297 + 1122 \| (¢ — 1) (T — 22)’

D= \/:L‘ll‘g(Ql‘l — 1)(21‘2 — 1)(21‘11‘2 — 1 — ZL‘Q).

Thus, according to the algorithm, the solution of differential equation (5.8) has the form

o) =exp ([ syt ) (encos ([ ateris ) + cusin ([ atarie ).

where c¢; and ¢y are arbitrary constants. The theorem is proved.

O

Now we obtain the solution of the initial differential equation (5.4). We perform the change of

variable

@) =y (- [ o).

where dy(z) is a coefficient of dr/dx in Eq. (5.6). In the obtained expression for r(z), we turn to the
initial parameters m, A\, A;, and A3 using (5.7). Then we set z = cos?#. Finally, the solution of

Eq. (5.4) has the form

r(0) = \/giggg (c1cos ®(0) + c2sin (h)), (5.10)
where
0
_ 9 sin® ¢ cos? pdyp _ m _
®(0) = 2mA DO/ K1(¢)\/K2(g0)7 D= \/2A1A3(A3 + 4 )\2)(2A1 As),

K1(0) = (A1 A3 + 4A;mA?) cos @ — 243mA? cos? 6 + Azm\?,
Ky(0) = (A1 A3 +4mA?(Az — Ay)) cos® @ — 4mA?(Az — A;) cos? 0 + AzmA2.

Note that the formula (5.10) includes the particular case studied by Kh. M. Mushtari (see [35]).
Indeed, if we set A3 = 245 in (5.10), we obtain r = ry = const, i.e., the Mushtari solution. Combining

471



(3.24) or (3.29) with (5.10), one can obtain the explicit form for p(6):

D cos? 6
0) = — cocos P(0) — cq sin P(H
p(0) 2A1sin9\/K1(9)< 208 £(6) — 1 sin & )>
As ((A3 + 4mA?) cos*  — 4mA? cos® 0 + Zm)\z) cos 6

JEL(0)Ka(0) sin 0 (cl cos ®(0) + casin @(9)) . (5.11)

Thus, the general solution of the system (3.24) in the problem of motion of a rotationally symmetric
paraboloid on a perfectly rough horizontal plane is determined by the formulas (5.10) and (5.11). Note
that these formulas have been obtained firstly by A.S. Kuleshov (see [23]) without application of the
Kovacic algorithm. It can be proved that the function ®(#) is expressed in terms of elliptic integrals
that cannot be simplified if the Mushtari condition (5.5) for the moments of inertia does not hold.
Therefore, investigation of motion of the rotationally symmetric paraboloid on the fixed perfectly rough
horizontal plane is similar for all values of parameters except for the case (5.5). In the next section,
a qualitative analysis of the motion of the paraboloid is considered for the case of a homogeneous
segment of the paraboloid whose center of mass coincides with the focus of the generating parabola.

5.3. Motion of a homogeneous segment of the paraboloid.

5.3.1.  FEwolution of the angle 6. Consider a homogeneous, rotationally symmetric segment of the
paraboloid rolling on a perfectly rough horizontal plane (the paraboloidal segment). Let the center of
mass of the segment coincide with the focus of the generating parabola with the parameter 2\. The
plane normal to the symmetry axis of the paraboloid bounds its height, and the height is uniquely
determined by the position of the center of mass. One can show that the equation of this plane in
the coordinate system G&n¢ with origin located at the center of mass of the segment has the form
¢ = A/2. The moments of inertia of the segment with respect to the central principal axes are

9
Ay = Sm)\2, Az = 2m)2. (5.12)
We assume that during the motion the segment contacts with the horizontal plane only by the parabolic

part of its surface. Then the range of the angle 0 is

-0, <6<6, 60,=arccos \/§ (5.13)

Using the relations (5.12) for the moments of inertia A; and As, we obtain that the functions r(0)
and p(#) defined by (5.10) and (5.11) have the form

49 _ 2
7,(6):\/27005 6 —16cos26 + 8

23 cost 0 — 14cos26 + 8 (cl cos ®(0) + co sin @(9))7

4cosb V3 cosb
0)=— ¢ cos D(0) — ¢y sin P(6
p(6) sin 0v/27 cos 6 — 16 cos2 6 + 8 3 (2 )~ ( ))

4(3costf — 2cos?0 + 1 _ (5.14)
oy o (160290 a0

0

B(9) = / 24+/3 sin® ¢ cos? pdyp
/ (27 cost p — 16 cos? @ + 8)y/23 cos? p — 14 cos2 o + 8
The energy integral (3.23) can be rewritten as follows:
A1p® + (A1 +m(E + )P + Azr? + m(pC — r€)* + 2mgf(0) = ¢ = const, (5.15)
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Combining (5.12) with (5.15), we have
mA(8+9cos?) 5, ,  2mg\

=c — m\2
8 cost q 0" cos®

8 cos 0 " cos2 0

. . 2 2
9p2+27“2—|— <2sm9 (1 —2cos*0) > ]

Multiplying both sides by sin?# and combining it with (3.22), we obtain

mA2(9 + 8ut) [ du\? (u? — 1)(c3 — 2mgAu)
= F(u) = - K 1
o) = P ) o (5.16)
where u = 1/ cos §, and the function Kj is determined by
_mA 9 5 2 1y,2 2 2 2 .
Ky = QUP +2(u* = )r* + (2(u” — )r + u(u® —2)p1)*|, p1 = psinb.

From the definition of u and (5.13) it follows that

1§u§\/g. (5.17)

Note that the left-hand side of Eq. (5.16) is nonnegative. Hence the inequality F'(u) > 0 determines
the set U of possible values of u. From (5.17) it follows that if u > \/ 5/2, then motion is impossible;

therefore, in real motion
5
F(u)>0, weU, F (\/2> <0, (5.18)

where U is a subset of the interval (5.17). If ¢; = ¢ = 0, then p = r = 0 for all time. The symmetry
axis G of the segment moves in a fixed vertical plane. The time dependence of the angle 6 between
the G(-axis and the vertical is determined by (5.16), where we set Ky = 0:

mA? o [ du 2 9/ 2 9
3 (9+8u) gy ) = (u —1)(00—2mg)\u).

From (5.17) and (5.18) it follows that in the considered particular case the paraboloidal segment
moves with a limited energy range:

2mg\ < 0(2) < \/10mg>\.

Therefore, if cg < 2mgA, motion is impossible. The case cg = 2mgA\ corresponds to the equilibrium
of the segment. Moreover, u = 1 and the center of mass is situated in the lowest position. If

2mgA < 6(2) < V10mg,

then the symmetry axis of the segment oscillates in a fixed vertical plane with amplitude limited by 6,
and the track of the point of contact on the supporting plane is a segment of a straight line.

Further, let us examine the motion of the homogeneous paraboloidal segment in general case. First,
we prove the following property of the function F'(u).

Proposition 1. The function F(u) is concave upward on the interval (5.17).

Proof. Let us transform the system (5.3) using formulas (5.12) for the moments of inertia A; and As.
Then we perform the change of the independent variable by the formula 1/cos € = u. As a result, we
obtain

dp1 16 5 3 4 2
e = T u(8ut - 142 4+ 23) <(u —3u’ + 2u)py + (u* —4u” + l)r),
. , (5.19)

_ > )
du u(8ut — 14u2 + 23) (Qu(u 1)]91 + (17u 16)r>,
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qi1 (b) q11922 —Q%g

Fig. 6. The graphs of the functions (a) 22 2\
m m

The energy integral (5.15) can be transformed to the form

mA2u2(9+8(u2—2)2) , 1 N b ,
8(u2 —1) pi+ 8mA (9 4 8u*)g” + 2mA“(2u” — 1)r
+4mA*u(u? = 2)pir + 2mgAu = ¢, (5.20)

We differentiate the function F'(u) twice and substitute the right-hand sides of (5.19) for the deriva-
tives after every differentiation. Then we exclude ¢ from the obtained expression using (5.20). As a
result, we obtain the following expression for the second derivative of the function F'(u):

F"(u) = qo + qu17* + 2q12p17 + qo2p},

where
dmgA(u? +1)  mA2(9+8u?) , 64mA?(u? + 1) (u* — 4u? + 1)
=" u? B 4u3 ¢, am= u?(8ut — 14u? + 23) ’
ts — 4mA? (u? + 1)(8ut — 41u? + 32) s — mA%(64u® — 528u’ + 624u* + 46u® — 495)

u2(8ut — 14u2 + 23) ’
We can show that

4u(u? — 1)(8u* — 14u? + 23)

q11 <0, quige2 — gy >0

2
q11 and 411922 — Q79

2 24 shown in Fig. 6 confirm this
m m

on the interval (5.17). The graphs of the functions

conclusion.
Thus, according to the Sylvester criterion (see [12]), the quadratic form

Q(r,p1) = qu1r® + 2q12p17 + q22p?

is negative definite for all values of u that satisfy (5.17). Obviously, ¢y < 0 on the same interval.
Therefore, F"(u) < 0 and the function F(u) is concave upward on the considered interval. The
proposition is proved. O

Note that
2mA2

171
Taking into account the fact that the function F'(u) is concave upward and using (5.18) and (5.21), we
conclude that this function has two zeros u; and ug on the interval (5.17). These zeros are boundary

F(l) =— (24¢1 + V51e)° < 0. (5.21)
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(a) (b)
Fig. 7. Possible types of graphs of the function F'(u): (a) F(1) =0; (b) F(1) <O0.

points of the set U. Hence, U is the interval [uj,us]. Therefore, u(t) = 1/cosé(t) is a periodic
time-dependent function and u varies between u; and ug, i.e., u; < u < ug. According to (5.21), if
24c1 + v/51cy = 0, then we have F(1) = 0. Otherwise, F(1) < 0. Thus, two types of graphs of the
function F'(u) are possible. They correspond to various different behaviour of this function at v =1
(see Fig. 7).

The cases F(1) = 0 and F(1) < 0 are dynamically distinct. If F(1) = 0, then the point v = 1
belongs to U (it is a boundary point ;). Since u = 1/cos @, the value u = 1 corresponds to 6 = 0.
This means that during the motion the paraboloidal segment periodically takes the position when its
axis of symmetry is vertical. In this motion the angle 8 varies between symmetric limits:

—b0y <0 <6y 6Oy=arccos
Uy
If F(1) <0, then w > 1 and, therefore, 6 is a function of fixed sign for all time. The range of angle
0 is nonsymmetric:

1
—0, <0< -0, <0 or 0<0 <6<, 0; = arccos , 1=1,2,

Us
and the segment is permanently inclined to the vertical. The angle of inclination is a periodic function
of time.
5.3.2. Case F(1) =0. From (5.21) we obtain

24 (5.22)
co = — 1. .
2 /51 1

Now we substitute the obtained expression (5.22) for ¢ to the solution (5.14) and get

24
V51

8 V3
(\/17 cos ®(0) + 3 sm<I>(9)> cos @ (5.23)

\/2700549— 16 cos2 0 + 8
r=:a

®(0) —
23 cost  — 14 cos? 0 + 8 <COS (6)

sin <I>(l9)> ,
B 4cq cos O
P sin0v/27 cos* 6 — 16 cos2 6 + 8

4(3cos*d —2cos? 0 + 1
— ( o8 cosmo ) <cos o(0) — 24 sin CI>(9)> .
V23 cost 0 — 14 cos26 + 8 V51
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(a) (b)

Fig. 8. (a) The graph of the function 6(¢) for g = A = 1 and ¢; = 0.1. (b) The phase portrait in the
plane (6,0).
= 2 15 ; 2 5 .
(a) (b) ()

Fig. 9. The trajectory of the contact point on the horizontal plane for (a) ¢; = 0.3, 6(0) = 0.1,
q(0) = 0.2, ®(0) = 0; (b) ¢ = 0.1, B(0) = 0.8, ¢(0) = 1.2, ®(0) = 7/4; (c) ¢ = 1, 6(0) = 0.8,
q(0) =0.3, ®(0) = 7.

Then, using (5.23), we study the remaining equations of motion of the paraboloidal segment. The
first equation of the system (3.21) can be written as follows:

dq 8 g . 2 COSs 9 4 9 )
dt — 8+9costf <)\ sinfcos™ 0 — . (9cos" 0+ 16cos” 0 — 8)p

2sin 6
+ 2cos? O(1 + cos? )pr + S q2> , (5.24)
cos 0

and Eq. (3.22) in the form df/dt = —q. Using (5.14), we have the following differential equation for
the function ®(6):

e _ 24+/3¢ sin® 6 cos? 0 (5.25)
dt (27 cost @ — 16 cos2 § + 8)v/23 cost § — 14 cos2 f +8 '
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Fig. 10. (a) The graph of the function 6(t) for g = A = 1. (b) The phase portrait on the plane (6, 6).

Now to Eqgs. (5.24) and (5.25) we add Egs. (3.25):
de
at peotd, dt  sin@’ (5.26)
From (3.28), using (3.25), one can derive two differential equations for evolution of the coordinates x
and y of the point M of contact of the paraboloidal segment and the horizontal plane:

dy P

du ; 2Xcos ¢ 2\ sin @ sin

= —2Apsinty — q .
dt cos3 6 cos 6 5,27
dy_z)\ Cosw_Q)\sinﬂ) _2>\sin9605¢r .
at g cos? § 1 cos 0 )

We substitute the expressions for p and r defined by (5.23) in Eqs. (5.24), (5.26), and (5.27). Then
we obtain the complete system of differential equations (5.24)—(5.27) with respect to variables ¢(t),
D(t), O(t), (t), o(t), x(t), and y(t). Thus, the Euler angles 6, v, and ¢ and the coordinates x and y
of the contact point M of the paraboloidal segment with the horizontal plane can be found from
system (5.24)—(5.27) as functions of time ¢. The mentioned system of differential equations was solved
numerically by the Runge-Kutta—Fehlberg method of order 4. Note that all singularities for § = 0 in
the system of equations are removable. Figure 8 displays the dependence 6(¢) and the corresponding
phase portrait in the plane (9,9). Figure 9 illustrates typical trajectories of the contact point M on
the horizontal plane for different values of ¢; and fixed values of g and A.

5.3.3. Case F(1) < 0. From the system (5.24)—(5.27), we exclude Eq. (5.25) for the function ®(¢)
and complete the system (5.24), (5.26), (5.27) by the equations

dp  (9cos®f —66cos? 6+ 56cos? 0 — 16)pg ~ 16(cos* 6 — 4cos? 6 + 1)gr
dt — (23cos?6 — 14cos? 6 + 8) sin  cos 0 23cos* @ — 14cos?20 +8 '
dr 18sin* fpq 2(16 cos? 6 — 17) sin 6 cos Oqr
dt — 23costf —14cos20+8  23costf —14cos20+8
which can be derived from the system (5.3). In addition to these equations, we find the coordinates £
and ( as functions of time using the equations:

d§  2X\q ag _2)\q sin 6

dt  cos?2f’ dt  cos36
These equations can be derived from (5.2) by differentiation with respect to time.

(5.28)

(5.29)
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Fig. 12. The trajectory of the contact point on the supporting plane for (a) #(0) = 0.8, p(0) = 0.1,
q(0) = 1, r(0) = 1; (b) 6(0) = 0.01, p(0) = 0.01, ¢(0) = 0.3, (0) = 1; (c) #(0) = 0.1, p(0) = 1,
q(0) = 0.1, »(0) = 0.1.

As a result, Egs. (5.24) and (5.26)—(5.29) form a complete system of differential equations with
respect to the unknown functions p(t), q(t), r(t), 0(t), ¥(t), (t), z(t), y(t), £(t), and ((¢). Fixing
constants g and A and initial conditions for all listed functions, we can solve the system of equations
numerically. The Runge-Kutta—Fehlberg method of order 4 has been applied for integration. Figure 10
shows the graph of the function 6(t) and the phase portrait in the plane (6, 9) In Fig. 11 the graphs
of components p(t) and r(t) of angular velocity are shown. Figure 12 illustrates typical trajectories of
the contact point M on the horizontal plane.

The above analysis shows that the trajectory of the contact point M on the surface of the paraboloidal
segment is a curve constructed from periodically repeated waves touching alternately two parallels of
the paraboloid. The trajectory of the point of contact on the horizontal plane is a similar curve
bounded between two concentric circles that are touched by the point of contact alternately while
the paraboloid moves on the plane. The motion of the paraboloidal segment is quasiperiodic. Our
conclusions are consistent with the results previously obtained by N. K. Moshchuk (see [33, 34]).
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5.4. Steady Motions of the Paraboloid and Their Stability. In this section, we study the
existence and stability of steady motions of the paraboloid (see [16]). From (5.1) we have

Asin @
o) = =0,

0=0 cos26lo=0
i.e., the symmetry axis G( of the paraboloid intersects its surface being normal to it for negative
values of ¢. In this case, the paraboloid can move in a such way that (see [31])

p=0, r=w=const, g=0, 0=0. (5.30)

In this motion, the paraboloid rotates about its axis of symmetry, which is fixed and vertical, with an
arbitrary constant angular velocity w. The stability condition of the steady motion (5.30) is

<A3 + mfo (fo + fé’))2w2 + 4mgf(’)’(A1 + mfg) >0 (5.31)

(see [31]), where the subscript 0 denotes the values of function f(#) and its second derivative for
0 = 0. In the case where the center of mass of the paraboloid is situated at the focus of the generating
parabola, we have
L= POy = IO

= cos> 0 0=0
and hence the expression on the left-hand side of (5.31) is always positive; therefore, the solution (5.30)
is stable for all values of w. Further, there exist steady motions of the paraboloid such that the angle
0 between the symmetry axis and the vertical remains constant and nonzero (see [16, 31, 32]):

9:907&07 q:07 p:po#()) r=To, (532)

if the constants 6y, pg, and rg satisfy the equation

=A>0;

anpg + arzporo — mgfy =0 (5.33)
(see [16, 31, 32]), where
m m
ain = (A1 — o Jo|cotby, aiz=—|As— . 0 Jo -
cos bty sin 6y

Here and below, the subscript 0 means that the value of the corresponding function is calculated at
0 = 6.

Let us consider Eq. (5.33) as a quadratic equation with respect to pg and require that its roots be
real. Then we obtain the following condition of the existence of the solution (5.32):

2
Az — T.nfo fo fr’g +dmgfh | A1 — mGo fo | cot By > 0.
sin 6y cos 0y

The solution (5.32) corresponds to a regular precession of the paraboloid. The stability condition for
the solution (5.32) has the following form (see [16, 31, 32]):

b11p§ + biaporo + baarg + mgfl > 0, (5.34)
where
; (A1 + m(&) (1 + 2 cos? 90) N még ({0 sin 0y + 3¢y cos 90)
1=

Sin2 90 sin 90
N AsmCo(&o + ) ((A1 + m(3) cos O + mé&p(p sin 90)
(A1A3 + Almﬁg + Agmgg) sin 0y ’

479



00
1000
5004
400 -20HH) -
300
30001
2001
-4
100
-5
LY 02 03 04 [LE3 06 or os 01 02 03 [LE ] 05 06 (LY [LE:]
theta thela
(a) (b)

Fig. 13. The graphs of the functions (a) b11(6p)/(mA2); (b) D(6p)/(m?)\?).

1 2
biz = = (3A3 +3med + m&éCO) cosbp _ méoGo(1 + cos o)

sin 6, sin? 6,
mé&o (243 + 2m&g + m&(o) cos By
9 o (Ao ., — AsCo
A1Az + Almﬁo + AngO sin 6,
Azm(o(y 9, m&oGocos by
— A
Ar A + Ayme2 + Agme2 \ BT e )

méoo cos 90> Az (As +mé&d + m&)o)

bao = (A : .
22 < 3t m&g + sin 90 A1A3 + Almgg + Angg

The expressions of the coefficients b;; in (5.34) are sufficiently complicated. One can show that for
a homogeneous paraboloidal segment whose moments of inertia are defined by (5.12) and the angle ¢
is limited by (5.13), the coefficients b;; can be explicitly expressed as follows:

mA? (126 cos'® 6y + 1267 cos® 6y — 430 cos® Gy — 432 cos? Gy + 400 cos? fy — 64)

b = 8 sin? f cos? O (23 cos* Gy — 14 cos? b + 8) ’
by — — 2mA2 (1 + cos? 90) (5 cos® 0y + 104 cos? 6y — 74 cos? 0y + 16)

sin 6 cos® 6 (23 cos* By — 14 cos? b + 8) ’
by — — 32mA\2 (1 + cos? 90) (cos4 0y — 4 cos? 0y + 1) ;

cos? 6 (23 cos? 0y — 14 cos? 0y + 8)
moreover, they satisfy the inequalities
by >0, by >0, D=0b —4bybyy <0. (5.35)

Thus, the quadratic form bllpg + bioporo + bggrg is positive definite for all values of 6y. Taking into
account the fact that the value mgfl is also positive, we conclude that the solution (5.32) is stable
whenever it exists. In other words, all regular precessions of the homogeneous paraboloidal segment
whose center of mass coincides with the focus of the generating parabola are stable.

In Fig. 13 the graphs of the functions by;(6y)/(mA?) and D(fy)/(m?\*) are shown; these graphs
ascertain the validity of the inequalities (5.35).
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Fig. 14. Motion of a spindle-shaped body on a horizontal plane.

6. Motion of a Spindle-Shaped Body

6.1. Formulation of the problem. Equations of motion. General case and special cases.
In this section, we consider the problem of the motion of a so-called spindle-shaped body on a perfectly
rough horizontal plane. The surface of this body is formed by rotation of a parabolic arc about the
axis passing through the focus and parallel to the directrix. The surface of a such body has two sharp
peaks; it looks like a spindle (see Fig. 14). The problem of the motion of a spindle-shaped body
was studied by Kh. M. Mushtari (see [35]), who presented a complete solution under the following
additional restriction on the moments of inertia of the body:

2
Az = A (6.1)

We assume that the contact point of the body and the plane lies on the convex surface of the body.
The general case where the contact at peaks is also possible was examined by A. A. Zobova (see [37]).

The distance between the center of mass of the body and the horizontal supporting plane is
o= A ¢
= ) = const .
sin

Remark 2. Since the contact point lies on the convex surface of the body, the following restriction

for 6 holds:
0c T 3m
4’ 4 )

According to (3.11), we find the coordinates £ and ¢ of the contact point:

Acos? 2Xcos 6 9
¢ sin® A ¢ sinf ’ ¢ AE+A)
Therefore, the system (3.29) can be written as follows:

dp <2A3m)\2 sin? 0(3 — 2sin? 6) B 1> cos 6 N As3((As + 4mA?)sin* § — 8mA? sin? 6 + 5mA?)

o~ A sin 67 A "
dr  AymA%*(1 — 2sin?6)(3 — 2sin?§) N 2mA? cos O(1 — 2sin? #)(A; — Assin? 0)7”
o~ A b Asin® ’

A = (A1 Az +4(A;1 — A3)mA?) sin 0 — 4(A; — Az)mA?sin® 0 + Aym)\?,
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and the differential equation (3.30) takes the form

2
392 + b ;l; +byr = 0, (6.2)
where
b — (4 sin* @ — 24sin? 6 + 15) cos 6 B 6(A1 —2(A; — A3)sin? H)m)\2 cos 0
(1 —2sin?6)(3 — 2sin% #) sin 6 Asin 6 ’
by — (343 — 2A1)mA?(1 — 2sin? 9)2'

A(3 —2sin? )
If the Mushtari condition (6.1) is fulfilled, then the differential equation (6.2) has the following
solution (see [35]):
r = 1rg = const.
In (6.2), we perform the change of the independent variable by the formula sin? § = = and introduce
the notation B = mA?. Then we rewrite Eq. (6.2) as follows:
d*r

dr
de T + dQ(JI)T’ = 07 (63)

d
+ 1($)d
where
1853z +482° —122°  3(A; —2(A; - A3)7)B
- 22(1 —2)(1 - 22)(3 — 2z) TA ’
(343 —24;)(1 —22)*B
do(w) = dz(1— 2)(3 — 22)A
A = (A1 A3+ 4B(A; — A3))z? — 4B(A, — A3)z + A, B.
If AjAs +4B(A; — A3) # 0, then the polynomial A has two roots x1 and xs:

_ 2B(A; — A3) - VAA3B2(A3 — Ay) — A2A3B

d1 (1‘)

o A1Az + 4B(A1 — Ag) ’ (6 4)
. QB(Al — Ag) + \/4A332(A3 — Al) — A%AP,B ‘
2= A1Az + 4B(A1 — Ag) '
After the change of variable (2.2) in Eq. (6.3) we get
2
sz = S(x)y, (6.5)
where
Bo , B oy 165 Qg
S@ =t e it e a1t @o1)0p
« 4 (%] [0
+ x —ﬁ?’)/Z + (x — ;)/2)2 * xf:rl + (x — x1)? + x f5382 * (x —12)2’ (6:6)
where
3 3
a1:a4:a5:—16, 042204324,
3(z1 + x2) — 4122 drixe — (1 + 22) + 12
bo= 482129 C T G - D —1)
3(ZL‘1 —+ x9 — 1) 15(ZL‘1 + ZL‘Q) — 8x1x9 — 27
B2 = B3 =

(2:L‘1 — 1)(21‘2 — 1)7 3(21‘1 — 3)(21‘2 — 3) ’
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By = — (823 — 3622 + 51x — 25)(dxe — 3)z1 + 15(21 — 1)1 + (T2 — x1)7
161‘1(1‘1 — 1)(21‘1 — 1)(21‘1 — 3)(ZL‘1 — ZL‘Q)
(823 — 3622 + 5lag — 25)(4xy — 3)x2 + 15(72 — 1)w2 + 3(21 — 79)
16z2(z2 — 1)(222 — 1)(222 — 3) (21 — x2)
Thus, the function S(x) has six finite poles: x =0, z =1, x = 1/2, x = 3/2, x = 1, and x = x5. In
the general case, all these poles are distinct. Nevertheless, under some additional conditions for the
parameters, the function S(z) has a form different from (6.6). This occurs in the following cases:

1. If

Bs =

A1As +4B(A; — Az) =0, (6.7)
then A is a first-degree polynomial and its unique root xg is
Al m)\2

O 44— A5) T Ay

Since z¢ < 0, it does not coincide with the poles z =0, z =1, z = 1/2, and x = 3/2.
2. If

9A A3
(343 —4Ay)

then z; = 3/2. It is easy to show that the poles z = 0, x = 1, and « = 1/2 do not coincide with

the poles = x1 and x = x5 for all physically admissible values of parameters.
3. If

A1As + 4B(A1 — Ag) #0, B= 4 (68)

A2
A1As + 4B(A1 - Ag) #0, B= 4(A3 _1 Al) (69)
we have N
1
Tl = X9 = < 0.
LT 004, — 4)

4. Under the condition (6.1), we obtain Sy = 0 in (6.6) and, therefore, the function S(x) does not
have a first-order pole at x = 0. In this case, Eq. (6.5) possesses Liouville solutions (see [35]).

Thus, to perform a complete analysis of the problem on the existence of Liouville solutions of the
differential equation (6.5), we must consider the general case where all poles of the function S(z) are
distinct and three special cases (6.7), (6.8), and (6.9).

6.2. General case. Assume that all poles of the function S(z) are distinct and the coefficient [y is
nonzero, i.e., the function S(z) is defined by (6.6). In this case, the Laurent expansion of the function

S(z) at z = o0 is
3 1
S(l‘)‘m:oo ~ _16.’B2 +0 <{L’3> :

All initial preparations necessary for the application of the Kovacic algorithm have been performed.
Direct application of the algorithm to Eq. (6.5) yields the following result.

Theorem 14. If the function S(x) is defined by the formula (6.6), then the differential equation (6.5)
has no Liouville solutions for all physically admissible values of parameters.

Proof. First, we search for a solution of Eq. (6.5) of the form (2.4), i.e., a solution described in Case 1
of Theorem 1. Note that the function S(z) has five second-order finite poles: x =1,z =1/2, = = 3/2,
x = x1, and x = x9, the first-order pole at z = 0, and a second-order pole at x = co. Therefore, the
necessary conditions for the existence of a solution of the form (2.4) for the differential equation (6.5),
are fulfilled (see Theorem 4). Now we apply the Kovacic algorithm as described in Sec. 2.3.1.
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Step 1. Let us calculate the following values:

[\/S]l — 0, a+ et 3’ a_ — 1’
o 1 VSlsp =0, af, =" - 1
[\/S]xl = O’ a;-l — 3’ aw_l _ 1’ [ ]3/2 — Y a3/2 — 2, Oé3/2 — —2,
;l 111 [V'S]o =0, ag =1, ay =1,
VSla=0 ah= on=) ; :
T 4 X2 4 _ i _ _
3 [VS)ee =0, Yoo = 4o Qoo = 4

_ 1
[\/S]1/2207 ai‘r/gz 9’ a1/2:_27

Step 2. Since the number p of the finite poles of the function S(x) is equal to 6, we have 2°+! =
27 = 128 tuples of signs

s = (s(o0), s(1), s(z1), s(z2), s(1/2), s(3/2), s(0)).
For each tuple, we calculate d by (2.19):

d — ag(()oo) . ai(l) _ a;(lzl) _ a;(zm) _ ai(/12/2) - a;%ﬂ) _ 048(0).

According to the algorithm, d must be a nonnegative integer. Further, we analyze all possible tuples
of signs s and the corresponding values a. It is easy to verify that the unique tuple for which d is a
nonnegative integer is

L3111 1 1
a = (aoo, Qp Qg Qggy oy Qg o 0‘0) = 444 T T 1],
and d = 0. The corresponding function 6 = 6(x) calculated by (2.20) has the form
1 1 1 1 1 1

_l’_

0= - — .
ac+4(:1:—1) 2 — 1 2x—3+4(x—x1) 4(x — x9)

Step 3. For the set of values o obtained on Step 2, we search for a polynomial P of degree d = 0,
which is a solution of the differential equation (2.21). Since the polynomial P has a zero degree, we
substitute P = 1 to Eq. (2.21). As a result, Eq. (2.21) takes the form

(4a129 — 1 — T2)(22 — 3)2
16z(z — 1)(2x — 1)(z — z1)(z — x2)
Therefore, 419 — x1 — 22 = 0. For the initial parameters, this condition takes the form
4A3B —0
A1As +4B(A; — A3s) '
Obviously, this condition does not hold for any physically admissible values of parameters. Thus,
Eq. (6.5) has no Liouville solutions of the form (2.4).

=0.

Now we search for a solution of the form (2.9) for Eq. (6.5), i.e., a solution described in Case 2 of
Theorem 1. The necessary conditions for the existence of such a solution are fulfilled (see Theorem 4).
Now we apply the Kovacic algorithm as was described in Sec. 2.3.3.

Step 1. Let us define the following sets of integers:
Ey = {17273}7 Ey = {17273}7 E;, = {17273}7
E1/2 = {_27276}7 E3/2 = {_27276}7 Ey = {4}7 Ew = {17273}

Step 2. Consider all possible sets

S = (eooa €1, €xq1y €xq, 61/27 63/27 60)
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of elements from Ew, En, By, Exyy )2, B39, and Ep; at least one element in each set must be odd.
Using (2.28), for each set s we obtain

1
d= 2(600 — €1 — €y — €y, —€1/3 — €3/2 — eo).
According to the algorithm, d must be a nonnegative integer. Analyzing all possible sets s, we conclude
that the unique set with nonnegative d is

€ = (6007 €1, exn ex27 e1/27 63/27 60) = (37 17 17 17 _27 _27 4)7
and d = 0.

Step 3. Using (2.29), we construct the rational function € for the chosen set e obtained on Step 2.

We get
2 1 1 1 1 1
a7 2(x —1) + 2(x — x1) + o r —x9) x—1/2 x-—3/2
A polynomial of degree d = 0 (P = 1) should satisfy Eq. (2.30). We substitute P = 1 to this equation
and obtain
3(4x120 — 21 — 22) (22 — 3)2
C822(2z — 1)%(z — 1)(z — z1)(z — 32)

Hence, as in the previous case, we get

=0.

41‘11‘2 — 1 — T2 = 0.

Thus, Eq. (6.5) has no Liouville solutions of the form (2.9) for all physically admissible values of the
parameters of the problem.

Now we search for a solution of the form (2.13) for Eq. (6.5), i.e., a solution described in Case 3
of Theorem 1. First, let us verify the necessary conditions for its existence (see Theorem 4). The
function S(x) has no poles of order greater than 2. The order of the pole at x = oo is greater than 1.
The partial fraction expansion of S(x) is (6.6). It can be easily shown that the remaining conditions
of Theorem 4 hold:

1
\/1+4ai:2€(@ (i=1,4,5), V1tda;=2€Q (j=2,3),

> 1 3
ZZ;BZ:O, \/14—47: 5 € Q, 7=
Now we apply the Kovacic algorithm as described in Sec. 2.3.5.
Step 1. Let us define the following sets of integers:
Ey =1{3,4,5,6,7,8,9}, Ey ={3,4,5,6,7,8,9},
E., =1{3,4,5,6,7,8,9}, E., =1{3,4,5,6,7,8,9},
E1/2 ={-6,-4,-2,0,2,4,6,8,10,12, 14,16, 18},
Esj9 = {-6,-4,-2,0,2,4,6,8,10,12, 14,16, 18},
Ey = {12}.

Step 2. Consider all possible sets

s = (eooa €1, €zy, Czoy €1/2, €3/2, 60)

of elements from Eu, E1, Ey,, Ey,, E1/2, E3/2, and Ey. By the formula (2.41), we calculate d:

d=ex — €1 — €z — €z, — €1/3 — €3/2 — €0;
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d must be nonnegative integer. Analyzing all possible sets of elements from Ew, E1, Eyy, Ery, B2,

E3/5, and Ep, we conclude that the unique set with a nonnegative d is
€= (eocn €1, €z, Cxy5 €1/2, €3/2, 60) = (97 3, 3, 3, =6, —6, 12)7
and d = 0.

Step 3. By the formula (2.42), we construct the function 6, using the set e obtained on Step 2.

Then we get
12 3 3 6 6 3

x +x—m1 +x—m2 Cr—1/2 _a:—3/2+a;—1’
Using (2.43), we construct the polynomial
W=x(x—-1)(z—z1)(z —x2)(z —1/2)(z — 3/2).

Further, the recursive formulas (2.44) are required:

0=

Pio=—-P, P_j=-WP +((12-)W' -~W0)P, — (12 —i)(i + )W?2S(2)Piy1, P_1=0,

where Pjg = —P = —1 is a polynomial of degree d = 0. According to the algorithm, P_; is identically
zero; therefore, all its coefficients must be equal to zero. From this condition one can derive, using a
computer algebra system, that 4x1x9 — 321 — 3z2 + 2 = 0. It is easy to check that this condition is

invalid for all physically admissible values of parameters.

Thus, we have proved that Eq. (6.5) with the coefficient S(z) defined by (6.6) has no Liouville
solutions for all physically admissible values of parameters of the problem. The theorem is proved. [J

6.3. Special case A1 A3 +4B(A; — A3) = 0. Now we assume that the parameters of the problem

satisfy the condition (6.7). Then Eq. (6.3) has the form

d’r dr
d? + dy(x) e + da(x)r =0,
where
() = 18 — 53z +48z% — 122°  3(z — 2u0)
Y T op(1— )1 = 22)(3—22)  22(x — 20)’
4x0 — 3)(1 — 22)? A A2
da () = (4o — 3)( x) 1 __m

T162(1 — 2)(3 — 22)(z —w0)” 0 A(A; — As) | As
After the change of variables (2.2), Eq. (6.10) can be rewritten as follows:
d?y

where
Bo B1 oy B2 Qs B3 as B
S -
) = ot it e T e T w12 Temse T w22 oo
a1 =« _—3 a9 = _3
1 — &4 — 167 2 — 3_47
o 4ZL‘0—3 _ 4ZL‘0—9 o 3 _ 8:L‘0—15
Po==" yguy /81_16(;130—1)’ 52_2(2950—1)’ fs = 6(2z0 — 3)’
5 32z) — 1443 + 20423 — 100z + 3 Ay
4:

1620 (z0 — 1)(2z0 — 1) (200 —3) "0 4(A; — Ag)’
The Laurent expansion of S;(z) in a neighborhood of z = oo is
dxg — 3 1
~ @) .
=00 812 + (.T?’ )
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Note that the explicit expression for xy implies that o < 0. Thus, all poles of the function S (z)
are distinct, Sy # 0, and the Laurent series of Sj(x) at £ = oo has order no greater than 2. Direct
application of the Kovacic algorithm to the differential equation (6.11) yields the following result.

Theorem 15. The differential equation (6.11) has no Liouville solutions for all physically admissible
values of parameters.

Proof. First, we search for a solution of the form (2.4) of Eq. (6.11), i.e., a solution described in Case 1
of Theorem 1. Note that the function Si(x) has four second-order finite poles, one first-order pole,
and a second-order pole at x = co. Therefore, all conditions of Theorem 4 are fulfilled. Now we apply
the Kovacic algorithm as was described in Sec. 2.3.1.

Step 1. Calculate the following values:

3 _ 1 3 1
_ + _ _ _
Vil =0, My Ty [VSilsp =0, agy=5  agy=—,,
3 1 _
[\/Sl]ro = 07 a;’;() = 47 a;() = 47 [\/Sl]o = 07 aE")_ = 1’ aO = 17
3 B 1 B +  1E+4/220-0,5
[\/51]1/2 =0, O‘Ir/z =9 X = Ty [V/S1]oe = 0, Qoo = 9 :

Step 2. Since zg < 0, we have 2xg — 0.5 < 0 and hence o, are complex numbers. Therefore, d

calculated by (2.19) is also a complex number and it cannot be a nonnegative integer, as the algorithm
requires. Therefore, Eq. (6.11) has no Liouville solutions of the form (2.4).

Now we search for a solution of the form (2.9) for Eq. (6.11), i.e., a solution described in Case 2
of Theorem 1. The necessary conditions of the existence of such a solution to Eq. (6.11) are satisfied
(see Theorem 4). Now we apply the Kovacic algorithm as was described in Sec. 2.3.3.

Step 1. Let us define the following sets of integers:
Ey = {17273}7 E:C() = {17273}7 E1/2 = {_27276}7 E3/2 = {_27276}7 Ey = {4}7 Ew = {2}

Step 2. Consider all possible sets

s = (6007 €1, €xg, 61/27 e3/27 60)
of elements from Eoo, F1, Ey, E1/2, E3/2, and Ep with at least one odd element in each set. We
calculate d for each set s by (2.28):

1
d= 2(600 — €1 — €z, — €12 — €3/2 —eo).

According to the algorithm, d must be nonnegative integer. Analyzing all possible sets of elements
taken from E, E1, Eyy, E1/2, F3/9, and Ey, we see that the unique set with nonnegative d is
€= (6007 €1, €xg, e1/27 63/27 60) = (27 17 17 _27 _27 4)7

and d = 0.

Step 3. By (2.29), we construct the function 6 using the set e obtained on Step 2. Then we have
2 + 1 2 2 + 1
x 2x—my) 22—-1 22-3 2x-1)
A polynomial of degree d = 0 (P = 1) must satisfy Eq. (2.30). Substituting P = 1 into (2.30) we
obtain

0 =

3(4xo — 1)(2z — 3)?

822(22 — 1)2(z — 1)(z — 20)
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Thus, we get 49 — 1 = 0, which contradicts the inequality o < 0. Therefore, Eq. (6.11) has no
solutions of the form (2.9).

Now we search for a solution of the form (2.13) for Eq. (6.11), i.e., a solution described in Case 3 of
Theorem 1. Direct calculations show that not all necessary conditions (see Theorem 4) are satisfied.
In particular, the value

V1 + 4y =v2x5 - 0.5
is pure imaginary since xg < 0. Consequently, this value is not real and rational, as the algorithm
requires. This means that Eq. (6.11) has no Liouville solutions of the form (2.13). Finally, Eq. (6.11)

has no Liouville solutions for all physically admissible parameters of the problem. The theorem is
proved. O

94, A3
4(345 — 44;)
A1As + 4B(A1 — Ag) 75 0

6.4. Special case B = . Assume that

and the equation
(A1A3 + 4B(A1 — A3))l‘2 — 4B(A1 — Ag)x‘ +A1B=0

has the root x = 3/2. This means that the poles z; and x = 3/2 coincide (see (6.4)). We substitute
x = 3/2 into the last equation and express the parameter B via other parameters. Then we get

9A; A
4(3A3 —44;)
Equation (6.12) has a physical sense if the inequalities 343 > 4A4; and 24; > As hold. In the case
considered, Eq. (6.3) takes the following form:

d2r d

B= (6.12)

r
2 + di(x) e + da(x)r =0, (6.13)
where
18 — 53z + 4822 — 1223 27(A; — 2(A; — A3)x)
dl({L’) = - 5
2z(1 —x)(1 — 2x)(3 — 2x) TA
9(3A43 — 24;)(1 — 2z)?
dg(l‘) _ ( 3 1)( )

4z(1 —2)(3 — 22)A 7
A= 4(5A1 — 6A3)3§‘2 — 36(A1 — Ag)x‘ +9A,.
After the change of variables (2.2), Eq. (6.13) can be written as follows:

d%y
where
Bo b1 aq B2 fa%) B3
So(z) =
@) = i w2 T a1, T w12 e
as B4 ay
1
+ (x —3/2)? + x — g + (x — x0)?’ (6.15)
] =y = — 3 a 3 ag = o
1 — &4 — 167 2 47 3 167
2z — 3 3(220 + 1) 3(220 + 1) 810 — 15

Bo=— , B=- , P , B3=-— ;
48 16(z0 — 1) 4(2z0 — 1) 12(220 — 3)
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 3(8xf — 24af + 2020 — 1) o 3A;
1620(z0 — 1)(2z0 — 1)(2m9 — 3)” "0 2(5A; — 643)’

The Laurent expansion of Se(x) in a neighborhood of 2 = oo is

3 1
R <x3> '

Applying the Kovacic algorithm to Eq. (6.14), we arrive at the following result.

Bs =

Theorem 16. The differential equation (6.14) has no Liouville solutions for all physically admissible
values of parameters.

Proof. First, we search for a solution of Eq. (6.14) of the form (2.4), i.e., a solution described in Case 1
of Theorem 1. Note that the function Se(x) has four finite second-order poles, one first-order pole,
and a second-order pole at x = oo. Consequently, all conditions of Theorem 4 hold. Now we start to
apply the Kovacic algorithm step by step to search for the solution of form (2.4) for the differential
equation (6.14) as described in Sec. 2.3.1.

Step 1. Let us calculate the following values:

3 1
— + - — 5 _ 1
[v/Sa]1 =0, A= U [\/52]3/2 =0, ag) 4 932 4’
3 _ 1 -
[\/52]m0 = 07 04:0 = 4’ Qgy = 4’ [\/SQ]O - 07 048_ = 1’ Qy = 17
3 _ 1 + _3 - _1
VSahjp =0, afy=5  apy=—,, Ve =0, ak=lax=,

Step 2. Since number p of the finite poles of the function Sy(z) is equal to 5, then we have
201 = 26 — 64 tuples of signs

s = (s(o0), s(1), s(zo), s(1/2), s(3/2), s(0)).

For each tuple we calculate d by the formula (2.19):

d = ol — i ® _ aslem) _ o2 _ 23/ _ o0,

According to the algorithm, d must be a nonnegative integer. Further, we analyze all possible tuples
of signs s and the corresponding values a. It is easy to verify that the unique tuple such that d is a
nonnegative integer is

3 1 1 1 1
(Tt o - - —\ _
a = (aocn Qp 5 Qg al/gv a3/27 Oéo) - <47 4’ 4’ _27 _47 1)7
and d = 0. The function 6 = 0(x), defined by (2.20), for the chosen set of values « has the form
0— 1 n 1 1 1 n 1
Cx Ax—-1) 22-1 4x—6 4(x—x0)
Step 3. For the set of values « obtained on the previous step, we search for a polynomial P of
degree d = 0 that satisfy the differential equation (2.21). Substituting P = 1 into (2.21) we get
(1029 — 3)(2x — 3)
16z(x —1)(2x — 1)(x — x0)
Thus, 10zg — 3 = 0. Using the explicit expression for xg, we obtain A3 = 0. This contradicts the
assumption that the moments of inertia are positive. Hence Eq. (6.14) has no Liouville solutions of
the form (2.4).

= 0.
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Now we search for a solution of the form (2.9) for Eq. (6.14), i.e., a solution described in Case 2
of Theorem 1. The necessary conditions of the existence are fulfilled. Now we apply the Kovacic
algorithm (see Sec. 2.3.3).

Step 1. Let us define the following sets of integers:

Ey =1{1,2,3}, E,, ={1,2,3}, Ey)p = {-2,2,6},
B3y = {-1,2,5}, Ey = {4}, E. ={1,2,3}.

Step 2. Consider all possible sets

s = (eooa €1, €zq, €1/2; €3/2, 60)
of elements from Eoo, E1, Ey, E1/2, E3/0, and Ep with at least one odd element in each set. We
calculate d for each set s by the formula (2.28):

1

d= 2(€oo — €1 = €y — €1/2 — €3/2 —60)-

According to the algorithm, d must be nonnegative integer. By analyzing all possible sets of elements
taken from Ey, Ey, By, B3/, Eo, and E, we conclude that the unique set with nonnegative d is

e= (eoo, €1, €z, €172, €3/2, eo) = (3, 1, 1, =2, —1, 4),
and d = 0.
Step 3. Using the set e obtained on Step 2, we construct the function € by the formula (2.29):
2 + 1 _ 2 _ 1 + 1 ‘
x 2x—z9) 22-1 20-3 2x-1)

A polynomial of degree d = 0 (P = 1) must satisfy Eq. (2.30). Substituting P = 1 into (2.30) we
obtain

0=

3(10xp — 3)(2z — 3)
8x2(2x — 1)2(x — 1)(x — x¢)
Hence 10zg — 3 = 0. This condition was already considered above: we proved that it is invalid for all

physically admissible values of parameters of the problem. Thus, Eq. (6.14) has no Liouville solutions
of the form (2.9).

=0.

Now we search for a solution of the form (2.13) for Eq. (6.14), i.e., a solution described in Case 3 of
Theorem 1. First, we verify the necessary conditions of the existence of such a solution (see Theorem 4).
The function S2(z) has no poles of order greater than 2. The order of a pole of Sy(x) at z = oo is
greater than 1. The partial fraction expansion of Sy(z) has the form (6.15). Direct calculations show
that all other conditions of Theorem 4 are satisfied:

1 3
\/1+4ai:26<@ (i=1,4), V1+4as=2€Q, \/1—1—4@3:26@,

! 1 3
D6i=0 Vitdy=_€Q y=-_.
i=0 6
Now we apply the Kovacic algorithm (see Sec. 2.3.5).
Step 1. Let us define the following sets of integers:
El = {37 47 57 67 77 87 9}7 E-’L'O = {37 47 57 67 77 87 9}7
E1/2 ={-6,-4,-2,0,2,4,6,8,10,12, 14,16, 18},
Esj =1{-3,0,3,6,9,12,15}, Ep= {12}, FEw ={3,4,5,6,7,8,9}.
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Step 2. Consider all possible sets
§= (6007 €1, €z9, €1/2; €3/2, 60)
of elements from Ew, E1, Ey,, Ey1/2, 32, and Eg and calculate d by the formula (2.41):
d=ex — €1 — €y — €13 — €3/ — €0
Analyzing all possible sets of elements taken from Ey, E1, Ey,, E1/2, E3/s, and Ey, we conclude that
the unique set with nonnegative integer d is
e= (eoo, €1, €xy, €1/2, €3/2, eo) = (9, 3, 3, —6, —3, 12),
and d = 0.

Step 3. By (2.42), we construct the function 6 using the set e obtained on the previous step. Then

we get
12 3 6 3 3

+ - - + :
r zT—z9 x-—1/2 x-3/2 x-1
Using (2.43), we construct the polynomial

W =zx(zx—1)(z —xo)(z —1/2)(z — 3/2).

0=

Further, we need the recursive formulas (2.44):
Po=—-P, P_i=-WP +((12—=)W' —WO)P, — (12 —i)(i + 1)W?Sy(x)Py1, P_1 =0,

where Pjo = —P = —1 is a polynomial of degree d = 0. According to the algorithm, P_; is an
identically zero polynomial; therefore, all its coefficients are equal to zero. From this condition, using
a computer algebra system, we can obtain that 10xg — 3 = 0. It was proved above that this condition
does not hold for all physically admissible values of parameters.

Thus, we have verified that Eq. (6.14) has no Liouville solutions. The theorem is proved. O
A

(A3 — Ay)

A1As + 4B(A1 — Ag) 75 0, x1=uxo.

6.5. Special case B = 4 . Assume that

From (6.4) we conclude that the poles coincide if

A
B = . 6.16
4(A3 — Ay) (616)
The condition (6.16) is physically admissible if A3 > A;. In this case, Eq. (6.3) has the following form:
d*r dr
= 1
d + di(x) s + da(x)r =0, (6.17)
where
18 — 53z + 48z% — 122° 3o
dy (a;) = + s
20(1 —z)(1 —22)(3 — 2z)  x(x — x0)
z0(2x0 — 3)(1 — 2z)? A 2mA?
Do) = TR0 B A Y
81‘(1 — l‘)(3 — 21‘)(1‘ — l‘o) 2(A1 — Ag) A1
After the change of variables (2.2), the differential equation (6.17) takes the form
d?y
Y~ S, (618)
where
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Bo b1 aq B2 Qs

@)= ot 1T w2 T a1 T w122
B3 as B ay
1
+m—3/2+(m—3/2)2+x—m0+(m—x0)2’ (6.19)
SRR SN SN _ 4af—10mo+7
1 — 167 2 — 3_47 4 = 8(.’1}'0—1) b
ﬁ__2x0—3 223 —9z9+6 By = 3 By _ 4zg — 9
077 24py 0 TN 8o —1)2 0 P 2m9—1" P T 3(29—3)°
8 162y — 1122 + 26023 — 25623 + 94z9 — 3 R ¢
T 8x0(2m0 — 1)(2x0 — 3)(wo — 1)2 T T o4y — Ay)

The Laurent expansion of S3(z) at x = oo has the form

3 1
S3(x)‘z:oo ~ _161-2 + O <.’E3> :

This special case has the following peculiarity: the coefficient a4 in the partial fraction expansion
of the function S3(x) depends on the parameters. This coefficient has no definite numerical value but
it is determined by the expression

4zt — 1020 + 7

8(IL’0 - 1)
As a result, the value d can be arbitrarily large. Recall that d is a degree of the polynomial P calculated
in every case of the algorithm. Therefore, we consider only the case where d = 0. Direct application
of the Kovacic algorithm to the differential equation (6.18) yields the following result.

Yy =

Theorem 17. Assume that d = 0 and the condition (6.9) holds. Then the differential equation (6.18)
has no Liouville solutions for all physically admissible values of parameters.

Proof. First, we search for a solution of Eq. (6.18) of the form (2.4), i.e., a solution described in Case 1
of Theorem 1. Note that the function S3(x) has four second-order finite poles, one first-order pole,
and a second-order pole at x = co. Therefore, the conditions of Theorem 4 necessary for the existence
of a solution of the form (2.4) for the differential equation (6.18) are satisfied. Now we apply the
Kovacic algorithm (see Sec. 2.3.1).

Step 1. We introduce the notation by = 1 + 44 and calculate the following values:

3 _ 1
[\/53]1 =0, O‘ii_ = 4’ oy = 4’

3 _ 1
[\/53]1/2 =0, O‘Ir/z ~ 9 Y2 T Ty

3 _ 1
[\/53]3/2 =0, a;_/g = 9’ ag/g 9’

3]0 = Y, oy = 1, oy =1,
S 0 g=1 o =1

1 1 _ 1 1
[\/S3]500 =0, Ozjﬂ_o = 9 + 2\/b07 Qpy = 9 - 2\/b07

3 _ 1
[\/53]00 =0, a:o = 4’ Qoo = 4

Step 2. Since the number p of finite poles of the function S3(z) is equal to 5, we have 2°+! = 26 = 64
tuples of signs

s = (s(o00), s(1), s(1/2), s(3/2), s(0), s(z0)).
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Choose signs in the tuples s in such a way that the value

s(3)

12 @

)

s(3) ag(O) _ a;%zo)

d=a5> —aiV —a 3/2

o0

calculated by (2.19), is equal to zero for some by. Note that since ozar = oy = 1, the tuple with the
sign + chosen for s(0) and the tuple with the sign — chosen for s(0) are equal if all remaining signs in
these tuples are the same. The tuples of signs s and the corresponding values by with d = 0 are listed
below. In all tuples the sign + is chosen for s(0):

si=(H— ==t t), =0 s=(hhoh o) b= 25
s2=(H ===+ =)  bo=0; s11 = (+,+,—, 4+, +,—), by =25
s3=(—— =+ =) b=k sp=(-++H ), bo=36
sa=(H+t-—+H-) b=l s13=(—+ =+ + ), bo=36;
s5= (=4t ==+ =) bo=4 siu=(+—+++,—-), by =064
s¢ = (+,—+ —+,—),  bo=16; s15=(——,++,+—), by =8I,
st=(h— =+ ), =16 sio= (bbb ), by = 8L
ss=(———+H+-) =25 sir=(-++++-)  bo=100.
s9=(——+,—+,—), by =25

Similarly, one can list 17 other tuples with the sign — chosen for s(0). Let us consider in more detail
the case where the tuple s; is chosen; the remaining cases can be examined similarly. Further, using
the formula (2.20), we construct the function 6 using the values aF corresponding to the signs chosen
for the tuple s1. Then the function 6 has the form

1 1 1 1 1
+

0= - — .
4x—-1) 22—-1 22-3 x+2(m—m0)

Step 3. A polynomial of degree d = 0 (P = 1) must satisfy Eq. (2.21). We substitute P = 1 into
(2.21) and get
zo(2z0 — 1)(22 — 3)?
8r(x —1)(2z — 1)(z — x0)?’
Since zg # 0 and 2xg — 1 # 0, this condition cannot be satisfied identically. Hence, the tuple s; does
not give a solution of the form (2.4) for the differential equation (6.18). Similarly, one can consider

all remaining tuples of signs and ascertain that Eq. (6.18) does not possess any Liouville solution of
the form (2.4).

Now we search for a solution of the form (2.9) for the differential equation (6.18), i.e., a solution
described in Case 2 of Theorem 1. The necessary conditions for the existence of such a solution hold
(see Theorem 4). Now we apply the Kovacic algorithm (see Sec. 2.3.3).

Step 1. Let us define the following sets of integers:
Ey = {17273}7 E1/2 = {_27276}7 E3/2 = {_27276}7 Ey = {4}7
By, = {(2 kb)) NZ, k=0, iQ}, B = {1,2,3).

Step 2. Consider all possible sets
s = (6007 €1, €1/2, €3/2, €0, emo)
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of elements from Ew, E1, Ey/9, E3/5, Ey, and E;, and in each set at least one element is odd. For
each set s, we calculate d by (2.28):
1
d= 2(600 —€1— €12 —€3/2 — € — €x0)-

As above, we assume that d = 0. Execution of this step of the algorithm is concerned with a large
number of possible sets s. Thus, we present here a detailed investigation for only one case; all remaining
cases can be examined similarly. Choose the set

1 = (6007 €1, €1/2, €3/2; €0, ewo) = (37 1, =2, =2, 4, 2)

Step 3. By (2.29), we construct the function € using elements of the set s;. Hence, 6 has the form
1 2 2 n 2 + 1
20z —1) 2z—-1 22-3 =z x—x0

A polynomial of degree d = 0 (P = 1) must satisfy Eq. (2.30). We substitute P = 1 into (2.30) and
obtain

0 =

o Bwo(2mo - 1)(2¢ -3 0

4a2(z — 10)2(2x — 1)2(z - 1)

Hence, this condition is valid if zyg = 0 or 2z — 1 = 0. As was shown above, none of these conditions
hold.

Thus, we have proved that for the set s; of elements from E, E1, Ey/3, E3/9, Eo, and Eq,, the
differential equation (6.18) has no Liouville solutions of the form (2.9). Note that a similar analysis
was performed for all other sets s with d = 0. As a result, we proved the nonexistence of solutions of
the form (2.9) for the differential equation (6.18) for any set s.

Finally, we search for a solution of the form (2.13) for the differential equation (6.18), i.e., a solution
described in Case 3 of Theorem 1. First, check whether the necessary conditions for its existence hold
(see Theorem 4). The function S3(z) has no poles of order greater than 2. The order of pole of S3(z)
at x = oo is greater than 1. The partial fraction expansion of S3(z) is (6.19). The following conditions
hold:

1
\/1+4a1:2 €Q, V1i+da;=2€Q (i=2,3),

3

1
D Bi=0, Vitdy=,cQ y=- .

Assume that the condition
3— 2:L’0
V2(1 — )

is valid; otherwise, Eq. (6.18) obviously has no Liouville solutions of the form (2.13). Now we apply
the Kovacic algorithm (see Sec. 2.3.5).

\/1—|—40é4: 6@7

Step 1. Let us define the sets
Ey =1{3,4,5,6,7,8,9}, Ey= {12},
E1/2 ={-6,-4,-2,0,2,4,6,8,10,12, 14,16, 18},
Esj9 = {-6,-4,-2,0,2,4,6,8,10,12, 14,16, 18},
By = {(6+k\/bo)NZ, k=0,£1,...,£6)},
E. ={3,4,5,6,7,8,9}.
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Step 2. Consider all possible sets

s = (6007 €1, 61/27 e3/27 €0, ex())

of elements from Ey, E1, Ey /9, E3/2, Eo, and Ey, and calculate d by (2.41):
d=ex —€1— €13 — €3/ — €y — Ex-

Step 3. As above, we assume that d = 0. Among all sets s, we choose those with d = 0. Considering
quantities of elements of sets Ew, E1, Ey/3, F3/3, Eo, and Ey, introduced on the first step, we can
estimate that even if we fix one element of E,,, we must examine 7-7-13-13 = 8281 sets s, for each of
which d = 0. Therefore, we illustrate the analysis on a typical example instead of listing all possible
cases. Choose the set s; with d = 0:

S1 = (6007 €1, 61/27 63/27 €0, e:l?()) = (97 37 07 07 127 _6)
By the formula (2.42), we construct the function € using the set s;. The function 6 has the form

3 12 6
0= + — .
rz—1 T T — X

According to (2.43), we construct the polynomial

W= (e~ e~ )@~ ) )

Further, the recursive formulas (2.44) are required:
Py=—-P, P_i=-WP +((12—9)W' —WO)P; — (12 —i)(i + 1)W32Ss(z)Piyy, P_1 =0,

where P9 = —P = —1 is a polynomial of degree d = 0. According to the algorithm, P_; is a
polynomial that must be identically zero. Therefore, all its coefficients are equal to zero. These
coefficients include one unknown variable xy. The corresponding system of equations is inconsistent.
All other sets s can be considered similarly. This means that Eq. (6.18) has no Liouville solutions of
the form (2.13) in the case d = 0. The theorem is proved. O

A similar analysis was conducted for all sets with d = 1,2,3,4. In all these cases, the differential
equation (6.18) has no Liouville solutions. In summary, in the problem of the motion of a spindle-
shaped body on a fixed, perfectly rough horizontal plane we have found a unique case where the
second-order linear differential equation (6.2) has a Liouville solution. This is the case where Mushtari’s
condition (6.1) hold.

7. Conclusion

Application of the Kovacic algorithm to the problem of motion of a heavy, rotationally symmetric
rigid body on a perfectly rough horizontal plane allows one to prove the nonexistence of Liouville
solutions in the case where the moving body is an infinitely thin round disk or a disk of finite thickness.
In the case where the moving body is a dynamically symmetric torus, the Kovacic algorithm allows one
to prove the nonexistence of Liouville solutions for almost all values of parameters of the problem. On
the contrary, if the moving body is a dynamically symmetric paraboloid, the corresponding second-
order linear differential equation possesses Liouville solutions for all physically admissible values of
parameters of the problem. The explicit form of these solutions is obtained. Using these Liouville
solutions, we give a qualitative description of the motion of a paraboloid on a plane. The trajectory
of the contact point M on the surface of the paraboloid is a curve consisting of periodically repeating
waves and tangent to two parallels of the paraboloid. The trajectory of the contact point on the
supporting plane has the same pattern and it lies between two concentric circles. During the motion
of the paraboloid, the contact point M touches these two circles in turn. Steady motions of the
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paraboloid on a perfectly rough plane are found and their stability is investigated. In the problem
of the motion of a spindle-shaped body on a perfectly rough horizontal plane, the Kovacic algorithm
allows one to prove the nonexistence of Liouville solutions for almost all values of parameters of the
problem, except for the case where these parameters satisfy the Mushtari condition (see [35]).

—_
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