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Î ÏÐÎÅÊÒÈÂÍÎÌ ÌÎÐÔÈÇÌÅ ÃÅËÜÔÀÍÄÀ

Âåð�åâêèí À.Á., Êîíäðàòüåâ À.Â.

Íåêîììóòàòèâíàÿ ãåîìåòðèÿ ïî Ñåððó è Ìàíèíó

Ïóñòü A = ⊕i≥0Ai � àññîöèàòèâíàÿ ãðàäóèðîâàííàÿ àëãåáðà êîíå÷íîïî-
ðîæä�åííàÿ íàä ïîëåì k=A0; gr−A � êàòåãîðèÿ Z-ãðàäóèðîâàííûõ ïðàâûõ
A-ìîäóëåé, tors � å�å ïëîòíàÿ ïîäêàòåãîðèÿ ëîêàëüíî êîíå÷íîìåðíûõ ìîäó-
ëåé.

Çàôèêñèðóåì ñëåäóþùèå îáîçíà÷åíèÿ:

• homA(X,Y ):= homgr−A(X, Y ) � ìîðôèçìû êàòåãîðèè gr−A, ñîõðàíÿþ-
ùèå
ãðàäóèðîâàííûå ñòåïåíè îäíîðîäíûõ ýëåìåíòîâ, òî åñòü ìîðôèçìû íó-
ëåâîé ñòåïåíè îäíîðîäíîñòè;

• HOMA(X, Y )n:= homgr−A(X,Y [n]) � ìîðôèçìû n-íîé ñòåïåíè, ïîâû-
øàþùèå ñòåïåíü îäíîðîäíîãî ýëåìåíòà íà n;

• HOMA(X, Y ):=⊕
n∈Z HOMA(X,Y )n � ïîëíàÿ ãðóïïà ìîðôèçìîâ, â òîì

ñìûñëå, ÷òî îòíîñèòåëüíî íèõ ìîäóëü AA ÿâëÿåòñÿ îáðàçóþùèì êà-
òåãîðèè gr−A. Åñëè X ÿâëÿåòñÿ ãðàäóèðîâàííûì A-áèìîäóëåì, òîãäà
ãðóïïà HOMA(X, Y ) ∈ Ob(gr−A). Â ÷àñòíîñòè, HOMA(A, Y ) ∼= Y .

Â ðàáîòå [1] ïî ñóùåñòâó äîêàçàíî, ÷òî íàä êîììóòàòèâíîé àëãåáðîéAôàêòîð-
êàòåãîðèÿ gr−A/tors ýêâèâàëåíòíà êàòåãîðèè Qco(X) � êâàçèêîãåðåíòíûõ
ïó÷êîâ íàä ñõåìîé X= Proj A (îáîçíà÷åíèå Qco çàèìñòâîâàíî èç [2, ñòð. 263]).
Ôàêòè÷åñêè Ñåðð äîêàçûâàë óòâåðæäåíèÿ äëÿ êîãåðåíòíûõ ïó÷êîâ, íî èìåÿ
â âèäó íåí�åòåðîâîå îáîáùåíèå åãî ðåçóëüòàòîâ, áóäåì îïóñêàòü óñëîâèÿ êî-
íå÷íîé ïîðîæä�åííîñòè è ïðåäñòàâëåííîñòè ìîäóëåé. Òåîðåìû [1, ñòð. 426,
432] ïåðåôîðìóëèðóþòñÿ ñëåäóþùèì îáðàçîì:

Qco(X) H0

 gr−A Qco(A)

� ýêâèâàëåíòíîñòü êàòåãîðèé, ãäå ïîëíûå ãëîáàëüíûå ñå÷åíèÿ îïðåäåëÿþòñÿ
íà îáúåêòàõ ïðàâèëîì H0(F) = ⊕

n∈ZH0(X,F(n)).
Äàëåå â [1] äîêàçûâàþòñÿ ðåçóëüòàòû î êîãîìîëîãèÿõ ïó÷êîâ:
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• Hi:=RiH0(F) ∼= Ri HOMQco(A)(A, H0(F))=: EXTi

Qco(A)(A, H0(F));

• åñëè F êîãåðåíòåí, ìîäóëè H>0(F) � êîíå÷íîìåðíû;

• åñëè FA � êîíå÷íîïîðîæä�åííûé ìîäóëü, ìîðôèçì F −→ H0(F) â gr−A
èìååò êîíå÷íîìåðíîå ÿäðî è êîÿäðî èç tors. Â ÷àñòíîñòè, ýòèì ñâîé-
ñòâîì "ïî÷òè èçîìîðôíîñòè"îáëàäàåò ìîðôèçì A −→ H0(OX).

Ýòè ðåçóëüòàòû áûëè äîêàçàíû â êîììóòàòèâíîé ñèòóàöèè, êîãäà ñòðîèò-
ñÿ ñõåìà X= Proj A, íî, êàê çàìåòèë Þ.È. Ìàíèí, êàòåãîðèÿ Qco(A) õîðîøî
îïðåäåëÿåòñÿ äàæå íàä íåêîììóòàòèâíîé àëãåáðîéA (êîíå÷íîïîðîæä�åííîñòè
å�å õâàòàåò äëÿ òîãî, ÷òîáû Qco(A) áûëà àáåëåâîé è èíúåêòèâíî áîãàòîé).
Òàêèì îáðàçîì, ìîæíî ïîñòðîèòü òåîðèþ êîãîìîëîãèé Ñåððà íàä íåêîììó-
òàòèâíîé àëãåáðîé, åñëè îïðåäåëèòü

Hi
A(F ) := EXTi

Qco(A)(A, F )

ãäå ìîäóëü F ∈ Ob(gr−A) ðàññìàòðèâàåòñÿ êàê �êâàçèêîãåðåíòíûé ïó÷îê
Ñåððà� íàä ãèïîòåòè÷åñêèì �Proj A�, íå èìåþùèì ïîêà ïðàâèëüíîãî îïðå-
äåëåíèÿ, íåñìîòðÿ íà îáèëèå ñîîáðàæåíèé ïî ýòîìó ïîâîäó. Îáðèñîâàííàÿ
âåðñèÿ íåêîììóòàòèâíîé ïðîåêòèâíîé ãåîìåòðèè ïîëó÷èëà ðàçâèòèå â ðàáî-
òàõ ([3, 4, 5, 6]) è äðóãèõ. Çàìåòèì äëÿ îïðåäåë�åííîñòè, ÷òî äàííûé ïîäõîä
îòëè÷åí îò �íåêîììóòàòèâíîé êâàíòîâîé ãåîìåòðèè� ([7, 8]), êîòîðàÿ ÿâëÿåò-
ñÿ àôôèííîé è âûðîñëà èç èçó÷åíèÿ àëãåáðàè÷åñêèõ ãðóïï. Â òî âðåìÿ êàê
àôôèííûé âàðèàíò èçó÷àåìîé òåîðèè ñîâïàäàåò ñ òåîðèåé ìîäóëåé. Òàê æå
îí îòëè÷åí îò âåðñèé íåêîììóòàòèâíîé ãåîìåòðèè [9, 10], ïûòàþùèõñÿ ïå-
ðåíåñòè ëîêàëüíûå ìåòîäû â íåêîììóòàòèâíóþ îáëàñòü. Â ñèòóàöèè, êîãäà
èìååòñÿ äîñòàòî÷íîå êîëè÷åñòâî ëîêàëèçàöèé ([11]), íàïðèìåð â ñóïåðñëó÷àå,
âåðñèè Ï.Ì. Êîíà è Ñåððà�Ìàíèíà, ïî-âèäèìîìó, òîæäåñòâåííû.

Ìîðôèçì Ãåëüôàíäà

Öåëü äàííîé çàìåòêè � ïðèáëèçèòüñÿ ê ïîíèìàíèþ ìîðôèçìà ãðàäóèðîâàí-
íûõ ìîäóëåé ג : A∼= HOMA(A, A) −→ H0

A= HOMQco(A)(A, A). Â àôôèííîé
ñèòóàöèè ñîîòâåòñòâóþùèé ìîðôèçì γ : R −→ H0(OX), íàä íåêîììóòàòèâ-
íûì ñïåêòðîì X= Spec R áûë íàçâàí ìîðôèçìîì Ãåëüôàíäà ([10, ñ.202]). Ïî
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àíàëîãèè, áóäåì íàçûâàòü ג � ïðîåêòèâíûì ìîðôèçìîì Ãåëüôàíäà. Ñòàí-
äàðòíûìè ìåòîäàìè, ýëåìåíòû êîòîðûõ ïðåäñòàâëåíû íèæå, ïîêàçûâàåòñÿ,
÷òî ג � tors�èçîìîðôèçì. Äàæå â ïðîñòåéøåì êîììóòàòèâíîì ñëó÷àå îí ìî-
æåò íå áûòü èçîìîðôèçìîì, íàïðèìåð, åñëè A=k[t], H0

A
∼=k[t−1, t] � â íåêîòî-

ðîì ñìûñëå ýòî êàðòèíà ñàìîãî íåêîììóòàòèâíîãî ñëó÷àÿ [12, 13]. (Ïðîáëå-
ìà, íàâåðíîå, çàêëþ÷àåòñÿ â íàëè÷èè ó �Proj A� ãîìîëîãè÷åñêè íóëüìåðíûõ
êîìïîíåíò).

Äàëåå îáîçíà÷èì A+= ⊕n>0 An, k:=kA
∼=A/A+, t(F )∈tors � íàèáîëüøèé

ïîäìîäóëü F ñ ýòèì ñâîéñòâîì, òî åñòü

t(F )∼= lim
−→

HOMA(A/A≥n, F )∼= Ker(F−→H0
A(F ))

òàê æå ìîæíî ïîêàçàòü, ÷òî H0
A(F ))∼= lim

−→
HOMA(A≥n, F/t(F )) (ñì. [12]). Òå-

ïåðü ìû ñïîñîáíû âûâåñòè ñëåäóþùèé ôàêò:

Ïðåäëîæåíèå 1 Ýêâèâàëåíòíû ñëåäóþùèå óñëîâèÿ:

1. Ìîðôèçì Ãåëüôàíäà ג : A
∼=−→ H0

A(A) � èçîìîðôèçì â gr−A;

2. AA � tors-çàìêíóòûé ìîäóëü â ñìûñëå [14, ñòð. 619];

3. HOMA(k,A)∼= EXT1
A(k, A)∼=0;

4. êàíîíè÷åñêîå îãðàíè÷åíèå A∼= HOMA(A, A)
∼=−→ HOMA(A+, A) � èçî-

ìîðôèçì â gr−A.

Äîêàçàòåëüñòâî: (íåñëîæíî ïîëó÷èòü ìåòîäàìè [14, ãë. 15] èëè [12]). Äåé-
ñòâèòåëüíî, H0

A(A) � ìàêñèìàëüíîå ðàñøèðåíèå A/t(A) â êëàññå ñóùåñòâåí-
íûõ tors-èçîìîðôèçìîâ, ÷òî äîêàçûâàåò 1⇐⇒2.

Â ïðåäïîëîæåíèè 2) èìååì HOMA(k,A)∼= HOMA(k, t(A))∼=0 è ëþáîå ðàñ-
øèðåíèå AA ïîñðåäñòâîì k � ðàñùåïëÿåìî: EXT1

A(k,A)∼=0, ÷òî äà�åò 2=⇒3.
Ïðèìåíèâ HOMA(·, A) ê 0 −→ A+ −→ A −→ k −→ 0 è ðàññìîòðåâ ïåðâûå

ïÿòü ìîäóëåé äëèííîé òî÷íîé ïîñëåäîâàòåëüíîñòè ïîëó÷èì 3⇐⇒4.
Ïðîäåìîíñòðèðóåì 3=⇒1:
Çàìåòèì, ÷òî âñÿêèé îáúåêò C 6= 0 èç tors äîïóñêàåò âëîæåíèå ìîäóëÿ

kA, íàïðèìåð, îáðàçà íåíóëåâîãî îäíîðîäíîãî ãîìîìîðôèçìà èç HOMA(k, C):
âçÿâ îäíîðîäíûé 06=c∈C, ïîëó÷èì öèêëè÷åñêèé ·A∈tors, êîòîðûé â ñèëó
îïðåäåëåíèÿ tors îáÿçàí áûòü êîíå÷íîìåðíûì. Òî åñòü, íàéäóòñÿ öåëîå n
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è 0 6= w ∈ (c·A)n:(k·A)>n=0; òîãäà îáðàç ìîðôèçìà ϕ : k −→ C : ϕ(λ) = w·λ
ñîâïàäàåò ñ w·A∼=kA.

Ïîñêîëüêó 0∼= HOMA(k, A)∼= HOMA(k, t(A)), òî t(A)∼= Ker(ג)∼=0. Èç èçî-
ìîðôèçìà EXT1

A(k,A)∼=0 ñëåäóåò EXT1
A(, A)∼=0 äëÿ êîíå÷íîìåðíîãî C: äåé-

ñòâèòåëüíî, ïóñòü AA−→I
� � èíúåêòèâíàÿ ðåçîëüâåíòà â gr−A;

C=C0�C1� . . .�Cd�Cd+1
∼=0 − êîôèëüòðàöèÿ C ñ îäíîìåðíûìè ÿäðàìè:

0−→k[−di]−→Ci −→ Ci+1−→0

Êîìïëåêñû K
�
n= HOMA(Cn, I

�
) îñóùåñòâëÿþò óáûâàþùóþ êîíå÷íóþ ôèëü-

òðàöèþ K
�
0⊇K

�
1⊇ . . .⊇K

�
d⊇K

�
d+1
∼=0, êîìïëåêñà K

� ∼= K
�
0
∼= HOMA(C, I

�
). Âû-

÷èñëèì ñîîòâåòñòâóþùóþ ýòîé ôèëüòðàöèè ñïåêòðàëüíóþ ïîñëåäîâàòåëü-
íîñòü:

Ep,q
0
∼=Kp+q

p /Kp+q
p+1

∼= HOMA(Ker(Cp −→ Cp+1), I
p+q)∼= HOMA(k, Ip+q)[dp]

Ep,q
1
∼=Hp+q(Grp K

�
)∼=Hp+q(HOMA(k, I

�
)[dp])∼= EXTp+q

A (k, A)[dp]

Çàìåòèì, ÷òî E0,0
1
∼=E1,0

1
∼=E0,1

1
∼=0, òåì ñàìûì, àíàëîãè÷íîå âûïîëíåíî è äëÿ

E∞: E0,0
∞
∼=E1,0

∞
∼=E0,1

∞
∼=0, íî Er=⇒H

�
(K
�
): Ñëåäîâàòåëüíî

Ep,q
∞
∼= Grp(Hp+q(K

�
))∼= Grp(EXTp+q

A (C, A))

Ïîýòîìó EXT0
A(C, A):= HOMA(C, A)∼= EXT1

A(C, A)∼=0.
Ïîñêîëüêó t(A)∼=0; H0

A(A)∼= lim
−→

HOMA(A≥n, A), òî èìååòñÿ äëèííàÿ òî÷-
íàÿ ïîñëåäîâàòåëüíîñòü:

HOMA(A/A≥n, A)−→HOMA(A, A)−→HOMA(A≥n, A)−→EXT1
A(A/A≥n, A)

Ïî ïðåäûäóùåìó, êðàéíèå ìîäóëè � íóëåâûå: A
∼=−→ HOMA(A≥n, A). Ïåðå-

õîäÿ ê ïðåäåëó n −→∞, äîêàçûâàåì èçîìîðôíîñòü ג .

Çàìå÷àíèå 1 Îáîçíà÷èâ (FA)∗:= HOMk−gr(FA, k) ∈ Ob(A−gr), ïîëó÷èì,
÷òî ãðàäóèðîâàííûé A-ìîäóëü ñ êîíå÷íîìåðíûìè êîìïîíåíòàìè ðåôëåêñè-
âåí: (F )∗∗∼=F . Âçÿâ P

�
A −→ GA � ïðîåêòèâíóþ ðåçîëüâåíòó â gr−A ïîëó÷èì
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èçîìîðôèçìû:

EXTi
A(GA, FA) ∼= H i(HOMA(P

�
A, FA)) ∼=

∼= H i(HOMA(P
�
A, HOMgr−k((FA)∗, k))) ∼= H i(HOMgr−k(P

�
A⊗A(FA)∗, k)) ∼=

∼= HOMgr−k(H
i(P
�
A ⊗A (FA)∗), k) ∼= TorA

i (GA, (FA)∗)∗

Ýòî ïîçâîëÿåò íàì ïåðåôîðìóëèðîâàòü 3) è 4) ïðåäûäóùåãî ïðåäëîæåíèÿ:

3′) k ⊗A A∗∼= TorA
1 (kA, A∗)∼=0;

4′) A+ ⊗A A∗ ∼=−→ A⊗A A∗∼=A∗.

Çàìå÷àíèå 2 Ïóñòü A=T/I, ãäå T � ñâîáîäíàÿ àëãåáðà, I � å�å îäíîðîäíûé
èäåàë, òîãäà

HOMA(A+, A)∼= HOMA(A+⊗T A, A)∼= HOMT (A+, HOMA(A, A))∼= HOMT (A+, A)

(Ëåììà î ïðèòÿæåíèè [14, 11.12, ñòð. 523]), ÷òî äà�åò íàì âîçìîæíîñòü ïðî-
âåðÿòü óñëîâèå 4) Ïðåäëîæåíèÿ 1 â ïðîñòåéøèõ ñëó÷àÿõ.

Ïðèìåðû

1. Åñëè A � ìîíîìèàëüíàÿ k-àëãåáðà, òîãäà ג � íå èçîìîðôèçì.

Äåéñòâèòåëüíî: ïóñòü A=k〈x1, . . . xn | W 〉, ãäå ñîîòíîøåíèÿ A ïîðîæ-
äàþòñÿ íàáîðîì ìîíîìîâ W = {wi} (âîçìîæíî ïóñòûì). Ñëó÷àé n=1
ëèáî óæå ðàçîáðàí (ñ ïóñòûì íàáîðîì ñîîòíîøåíèé, ñì. ñòð. 26), ëèáî
ëåãêî ðàçáèðàåòñÿ (H0

A
∼=0, åñëè W 6= ∅).

Ïóñòü n ≥ 2 è ñðåäè W íåò áóêâ x1, . . . , xn. Îïðåäåëèì íà âñåõ ìîíîìàõ
ôóíêöèþ ϕ : ϕ(w) =

{
w, åñëè w=x1w

′

0, èíà÷å . Ïî ëèíåéíîñòè ϕ ïðîäîëæà-

åòñÿ äî ãîìîìîðôèçìà èç HOMT (T+, T ), ïðè÷�åì ϕ(I)⊆I=(W ), è ϕ ïðî-
äîëæàåòñÿ äî ìîðôèçìà èç HOMT (A+, A)0, òåì íå ìåíåå îí íå ÿâëÿåòñÿ
óìíîæåíèåì íà ñêàëÿð (íàïðèìåð, â êîìïîíåíòå A1). Ñëåäîâàòåëüíî,
k∼=A0 6∼= HOMA(A+, A)0 è A 6∼= HOMA(A+, A).

28



2. Â ðàáîòå [11] èçó÷àëèñü àëãåáðû, îáëàäàþùèå õîðîøèìè ëîêàëèçàòî-
ðàìè. Â ÷àñòíîñòè, ïîêàçàíî: åñëè S îäíîðîäíîå ïîäìíîæåñòâî A+ áåç
äåëèòåëåé íóëÿ, ÿâëÿþùååñÿ ïðàâûì ìíîæåñòâîì Îðå â A, òîãäà

H0
A(A)∼={q ∈ AS−1 | ∃n=n(q)(q·A≥n ⊆ A)}=:Â

ïîñêîëüêó t(A)∼=t(AS−1)∼=0; H0
A(AS−1)∼= lim

−→
HOMA(A≥n, AS−1)∼=AS−1 è

H0
A(A)∼= Ker(AS−1∼= HOMA(A, AS−1) −→ lim

−→
HOMA(A≥n, AS−1/A))∼=Â

Òàêèì îáðàçîì, â ðàññìàòðèâàåìîì ñëó÷àå ìîðôèçì Ãåëüôàíäà åñòü
ñòàíäàðòíîå âëîæåíèå A

→−ג Â ⊂ AS−1. Èçîìîðôíîñòü A∼=Â ëåãêî ïî-
ëó÷àåòñÿ äëÿ öåëîãî êëàññà àëãåáð ðàññìîòðåííûõ Ò. Ãàòåâîé-Èâàíîâîé
â [15]. Óòâåðæäåíèå [2, III, 5.1a, ñòð. 291] îòñþäà ñëåäóåò â îäèí õîä ([11]
åñòü ïåðåíîñ äîêàçàòåëüñòâà ýòîé òåîðåìû â íåêîììóòàòèâíûé ñëó÷àé).

Âûðàæàåì ñâîþ áëàãîäàðíîñòü Ñ.Í. Òðîíèíó çà óòî÷íåíèå áèáëèîãðà-
ôèè.
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