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��������� ¤ ç  ª¢ â®¢ ¨ï áãé¥áâ¢¥® ¥«¨¥©ëå ¯®«¥¢ëå ¬®¤¥«¥© ¯à¨¢«¥-ª ¥â ¢¨¬ ¨¥ ¢ â¥ç¥¨¥ ã¦¥ ¤®áâ â®ç® ¤«¨â¥«ì®£® ¢à¥¬¥¨. �à¨ª¢ â®¢ ¨¨ ¢¡«¨§¨ ¥âà¨¢¨ «ì®£® ª« áá¨ç¥áª®£® à¥è¥¨ï ®¤®© ¨§âàã¤®áâ¥© ï¢«ï¥âáï ï¢ë© ãç�¥â § ª®®¢ á®åà ¥¨ï ¨ ¢®ááâ ®¢«¥¨¥á¨¬¬¥âà¨©, ãâà ç¨¢ ¥¬ëå ¯à¨ ¥¯®áà¥¤áâ¢¥®¬ ¢ë¤¥«¥¨¨ ª« áá¨ç¥-áª®© á®áâ ¢«ïîé¥©. � àãè¥¨¥ ¥âà¨¢¨ «ìë¬ ª« áá¨ç¥áª¨¬ à¥è¥¨-¥¬ ¨áå®¤ëå á¨¬¬¥âà¨© ¯®«¥¢®© ¬®¤¥«¨ ¯à¨¢®¤¨â ª ¯®ï¢«¥¨î ¢ á¯¥ª-âà¥ ¢®§¬ãé¥¨© ã«¥¢ëå ¬®¤, çâ® ¤¥« ¥â ¥ª®àà¥ªâ®© áâ ¤ àâãîâ¥®à¨î ¢®§¬ãé¥¨©.� áá¬®âà¨¬,  ¯à¨¬¥à, (1 + 1){¬¥àãî â¥®à¨î á ¬®¤¥©áâ¢ãîé¥£®¤¥©áâ¢¨â¥«ì®£® áª «ïà®£® ¯®«ï, ®¯¨áë¢ ¥¬ãî « £à ¦¥¢®© ¯«®â®-áâìî: L(') = 12g��';�';� �G2V  'G! : (0:1)� áá¬ âà¨¢ ï ¯®«¥ ' ª ª áã¬¬ã ª« áá¨ç¥áª®© ¨ ª¢ â®¢®© á®áâ ¢«ï-îé¨å: '(t; x) = G'cl(t; x) + u(t; x); G� 1;à §«®¦¨¬ ãà ¢¥¨¥ � £à ¦ {�©«¥à  ¢ àï¤ ¯® G�1. �à¥¥¡à¥£ ï ç«¥- ¬¨ ¯®àï¤ª  O(G�1), ¯®«ãç ¥¬:1) 'cl(t; x) | à¥è¥¨¥ ãà ¢¥¨ï@2'cl@x2 � @2'cl@t2 � V 0('cl) = 0; (0:2)2) u(t; x) | à¥è¥¨¥ á«¥¤ãîé¥£® «¨¥©®£® ãà ¢¥¨ï:@2u(t; x)@x2 � @2u(t; x)@t2 � V 00('cl) � u(t; x) = 0: (0:3)3



�«ï â®£®, çâ®¡ë ¤ ®¥ à §«®¦¥¨¥ ¡ë«® á¯à ¢¥¤«¨¢® ¢® ¢á�¥¬ ¯à®-áâà áâ¢¥-¢à¥¬¥¨, ª¢ â®¢ ï á®áâ ¢«ïîé ï u(t; x) ¤®«¦  ¡ëâì ®£à -¨ç¥®© äãªæ¨¥©.�ãáâì ãà ¢¥¨¥ (0:1) ®¡« ¤ ¥â á®«¨â®®¯®¤®¡ë¬ áâ â¨ç¥áª¨¬ à¥-è¥¨¥¬ 'cl(t; x) = �(x). �à¨ ª¢ â®¢ ¨¨ ¢¡«¨§¨ ¯®¤®¡®£® à¥è¥¨ï àãè ¥âáï âà á«ïæ¨® ï á¨¬¬¥âà¨ï, ¢á«¥¤áâ¢¨¥ íâ®£® ¢®§¨ª ¥âã«¥¢ ï ¬®¤ , á®®â¢¥âáâ¢ãîé ï ¯à®áâà áâ¢¥ë¬ á¤¢¨£ ¬ á®«¨â® .�¥©áâ¢¨â¥«ì®, à §¤¥«ïï ¯¥à¥¬¥ë¥ ¢ ãà ¢¥¨¨ (0:3):u(t; x) = T (t)X(x);¯®«ãç ¥¬ á¨áâ¥¬ã:8>><>>: d2X(x)dx2 = (V 00('cl(x)) � !2)X(x);d2T (t)dt2 = �!2T (t); (0:4)£¤¥ !2 { ¯à®¨§¢®«ì ï ª®áâ â . �à¥¡ãï, çâ®¡ë äãªæ¨ï X(x) ¡ë« ¡ë ®à¬¨àã¥¬®©,  å®¤¨¬ á¯¥ªâà ¤®¯ãáâ¨¬ëå § ç¥¨© ¯ à ¬¥âà  !.� íâ®â á¯¥ªâà ¢å®¤¨â !0 = 0, á®®â¢¥âáâ¢ãîé ï ¥© á®¡áâ¢¥ ï äãª-æ¨ï | ¯à®áâà áâ¢¥ ï ¯à®¨§¢®¤ ï ª« áá¨ç¥áª®£® à¥è¥¨ï �;x(x) |ï¢«ï¥âáï ®à¬¨àã¥¬®© äãªæ¨¥©. � ª¨¬ ®¡à §®¬, ¢ ª¢ â®¢®¬ ¯®«¥¯®ï¢«ï¥âáï á« £ ¥¬®¥ u0(t; x) = C�;x(x)t;¥®£à ¨ç¥® à áâãé¥¥ á â¥ç¥¨¥¬ ¢à¥¬¥¨ (C | ª®áâ â , ®¯à¥-¤¥«ï¥¬ ï  ç «ìë¬ § ç¥¨¥¬ ¨¬¯ã«ìá  ª¢ â®¢®£® ¯®«ï). �®¤®¡-ë¥ (¥®£à ¨ç¥ë¥) ç«¥ë à §«®¦¥¨ï  §ë¢ îâáï ¢¥ª®¢ë¬¨ (¨«¨á¥ªã«ïàë¬¨). � ª¨¬ ®¡à §®¬, ¯®«ãç¥®¥ à §«®¦¥¨¥ á®¤¥à¦¨â á¥ªã-«ïàë¥ ç«¥ë ¨, á«¥¤®¢ â¥«ì®, ¥ ï¢«ï¥âáï à ¢®¬¥àë¬ (à ¢®¬¥à®¯à¨£®¤ë¬). � áá¬®âà¥¨¥ ¤ ®© ¬®¤ë ¢ ®¤®¬ àï¤ã á ¥ã«¥¢ë¬¨¬®¤ ¬¨ ¯à¨¢®¤¨â ª ¢®§¨ª®¢¥¨î à áå®¤¨¬®áâ¥© ¢ ¢ëáè¨å ¯®àï¤ª åâ¥®à¨¨ ¢®§¬ãé¥¨©. � ¤àã£®© áâ®à®ë, ¬¥å ¨ç¥áª®¥ ¢ëç�¥àª¨¢ ¨¥íâ®© ¬®¤ë ¯à¨¢®¤¨â ª ¨§¬¥¥¨î ¨áå®¤®£® ç¨á«  áâ¥¯¥¥© á¢®¡®¤ë.�à®¡«¥¬   å®¦¤¥¨ï à ¢®¬¥à® ¯à¨£®¤ëå à §«®¦¥¨© ¢®§¨ª ¥â¨ ¯à¨ ¯®áâà®¥¨¨  á¨¬¯â®â¨ç¥áª®£® à¥è¥¨ï ª¢ §¨«¨¥©®£® ¤¨ää¥-à¥æ¨ «ì®£® ãà ¢¥¨ï ¢ â¥®à¨¨ ¥«¨¥©ëå ª®«¥¡ ¨©. �«ï ¯®áâà®-¥¨ï ¯®¤®¡ëå à §«®¦¥¨© à¥è¥¨© ®¡ëª®¢¥ëå ¤¨ää¥à¥æ¨ «ìëå4



ãà ¢¥¨© ¡ë«¨ à §à ¡®â ë  á¨¬¯â®â¨ç¥áª¨¥ ¬¥â®¤ë,  ¯à¨¬¥à, ¬¥-â®¤ �ã ª à¥ [1] ¨ ¬¥â®¤ �àë«®¢ {�®£®«î¡®¢  [2, 3]. � ë¥ ¬¥â®¤ë«¥£ª® ®¡®¡é îâáï ¨   á«ãç © ãà ¢¥¨ï ¢ ç áâëå ¯à®¨§¢®¤ëå, ®¤ -ª®, ¢ íâ®¬ á«ãç ¥ ¯à®¡«¥¬ã ¯®áâà®¥¨ï à ¢®¬¥àëå à §«®¦¥¨© ¥«ì§ïáç¨â âì ¯®«®áâìî à¥è�¥®© (á¬. £« ¢ã 3 ¤¨áá¥àâ æ¨¨).�®àà¥ªâë© ¬¥â®¤ ª¢ â®¢ ¨ï âà á«ïæ¨®®-¨¢ à¨ â®© á¨áâ¥-¬ë ¡ë« ¯à¥¤«®¦¥ �.�. �®£®«î¡®¢ë¬ ¢ à ¡®â¥ "�¡ ®¤®© ®¢®© ä®à¬¥ ¤¨ ¡ â¨ç¥áª®© â¥®à¨¨ ¢®§¬ãé¥¨© ¢ § ¤ ç¥ ® ¢§ ¨¬®¤¥©áâ¢¨¨ ç áâ¨-æë á ª¢ â®¢ë¬ ¯®«¥¬" [4] ¨, ä ªâ¨ç¥áª¨, ï¢«ï¥âáï ª¢ â®¢®© ¢¥àá¨¥©ª« áá¨ç¥áª®£® ¬¥â®¤  �àë«®¢ {�®£®«î¡®¢ . � áâ âì¥ ¡ë«  à áá¬®-âà¥  á¨áâ¥¬  á  ¤¨ ¡ â¨ç¥áª®© á¢ï§ìî, â.¥. á¨áâ¥¬ , ¢ £ ¬¨«ìâ®¨ ª®â®à®© ª¨¥â¨ç¥áª ï í¥à£¨ï ª¢ â®¢®£® ¯®«ï ¢å®¤¨â á ¬ «ë¬ ¯ à ¬¥-âà®¬. � á¢ï§¨ á  «¨ç¨¥¬ âà á«ïæ¨®®£® ¢ëà®¦¤¥¨ï ¤ ®© á¨áâ¥-¬ë áâ ¤ àâë¥ ¬¥â®¤ë â¥®à¨¨ ¢®§¬ãé¥¨© ®ª § «¨áì ¥¯à¨¬¥¨¬ë.�.�. �®£®«î¡®¢ë¬ ¡ë«  à §à ¡®â   ®¢ ï ä®à¬  â¥®à¨¨ ¢®§¬ãé¥¨©,®á®¢  ï   ï¢®¬ ãç¥â¥ âà á«ïæ¨®®© ¨¢ à¨ â®áâ¨ á¨áâ¥¬ë,®áãé¥áâ¢«ï¥¬®¬ á«¥¤ãîé¨¬ ®¡à §®¬. � ç «  ¯à®¢®¤¨âáï ¯à¥®¡à §®-¢ ¨¥ ¯¥à¥¬¥ëå, ®â ª®â®àëå § ¢¨á¨â ¢®«®¢ ï äãªæ¨ï, çâ® ¯®§¢®«ï-¥â ¢ë¤¥«¨âì ¯¥à¥¬¥ë¥, ª®â®àë¥ ¯®¤ ¤¥©áâ¢¨¥¬ âà á«ïæ¨© ¯®¤¢¥à-£ îâáï ¯à®áâ®¬ã á¤¢¨£ã, ¯à¨ íâ®¬ ®áâ «ìë¥ ¯¥à¥¬¥ë¥ ¢ë¡¨à îâáïâà á«ïæ¨®® ¨¢ à¨ âë¬¨. �®«®¢ ï äãªæ¨ï, ¢ëà ¦¥ ï ¢ â¥à-¬¨ å ®¢ëå ¯¥à¥¬¥ëå, ¨¬¥¥â ¯à®áâë¥ âà áä®à¬ æ¨®ë¥ á¢®©áâ¢ ®â®á¨â¥«ì® ¯à¥®¡à §®¢ ¨© £àã¯¯ë âà á«ïæ¨©, çâ® ¯®§¢®«ï¥â «¥£ª®áâà®¨âì á®áâ®ï¨ï, ï¢«ïîé¨¥áï á®¡áâ¢¥ë¬¨ ¤«ï ®¯¥à â®à  ¯®«®£®¨¬¯ã«ìá  á¨áâ¥¬ë.�ãâì ¬¥â®¤  £àã¯¯®¢ëå ¯¥à¥¬¥ëå �®£®«î¡®¢  § ª«îç ¥âáï ¢ ¯à¥-®¡à §®¢ ¨ïå, ¢¢®¤ïé¨å ¢ ª ç¥áâ¢¥ ¤¨ ¬¨ç¥áª¨å ¯¥à¥¬¥ëå ¯ à ¬¥-âàë £àã¯¯ë á¨¬¬¥âà¨¨ ¢§ ¨¬®¤¥©áâ¢ãîé¥© á¨áâ¥¬ë. �®ïá¨¬ ¤ ë¥à ááã¦¤¥¨ï   ¯à¨¬¥à¥ áâ â¨ç¥áª®£® ª« áá¨ç¥áª®£® à¥è¥¨ï,  àãè -îé¥£® âà á«ïæ¨®ãî á¨¬¬¥âà¨î. � à¥§ã«ìâ â¥ ¯à¥®¡à §®¢ ¨ï �®-£®«î¡®¢  ¤ ®¥ à¥è¥¨¥ �(x) ¯à¥¢à é ¥âáï ¢ ®¯¥à â®à �(x�â), £¤¥  ¯à¥®¡à §®¢ ¨¥ âà á«ïæ¨© à¥ £¨àã¥â «¨èì ¯¥à¥¬¥ ï â | äãªæ¨®- « ®¯¥à â®à®¢ ¯®«ï. �à á«ïæ¨®ãî ¨¢ à¨ â®áâì ¯®«®© â¥®à¨¨®¡¥á¯¥ç¨¢ ¥â â® ®¡áâ®ïâ¥«ìáâ¢®, çâ® â ï¢«ï¥âáï ®¯¥à â®à®¬, ª ®¨-ç¥áª¨ á®¯àï¦�¥ë¬ ®¯¥à â®àã ¯®«®£® ¨¬¯ã«ìá . �« áá¨ç¥áª ï á®áâ -5



¢«ïîé ï ¢ ä®à¬ «¨§¬¥ �®£®«î¡®¢  ¥ ï¢«ï¥âáï ç¨á«®¢®© äãªæ¨¥©,¯®áª®«ìªã á®¤¥à¦¨â ¢ á¢®�¥¬  à£ã¬¥â¥ ®¯¥à â®à â.� §¢¨â¨¥ ¬¥â®¤  ¡ë«® ¯à¥¤«®¦¥® �.�. �ï¡«¨ª®¢ë¬ ¢ à ¡®â¥ "�¤¨ -¡ â¨ç¥áª ï ä®à¬  â¥®à¨¨ ¢®§¬ãé¥¨© ¢ § ¤ ç¥ ® ¢§ ¨¬®¤¥©áâ¢¨¨ ç -áâ¨æë á ª¢ â®¢ë¬ ¯®«¥¬" [5] ¨ �.�. �®áª «¥ª® ¢ à ¡®â¥ "� â¥®à¨¨â¥¯«®¢®£® ¢®§¡ã¦¤¥¨ï ¯®«ïà® " [6].� 1972-73 £®¤ å �.�. �®«®¤®¢¨ª®¢ , �.�. � ¢å¥«¨¤§¥ ¨ �.�. �àã-áâ «�¥¢ ¢ á¥à¨¨ à ¡®â à §¢¨«¨ ¨ ®¡®¡é¨«¨ ¬¥â®¤ £àã¯¯®¢ëå ¯¥à¥¬¥-ëå �®£®«î¡®¢ . � à ¡®â¥ [7]  ¢â®àë ¯®ª § «¨, çâ® ¬¥â®¤ ¯à¨¬¥¨¬ª § ¤ ç¥ ® ¢§ ¨¬®¤¥©áâ¢¨¨ ¥à¥«ïâ¨¢¨áâáª®© ç áâ¨æë á ª¢ â®¢ë¬ ¯®-«¥¬. � à ¡®â¥ [8] ¬¥â®¤ ¡ë« ®¡®¡é�¥   á«ãç ©, ª®£¤  ¯à¥®¡à §®¢ ¨ï£àã¯¯ë á¨¬¬¥âà¨¨ ¢ ª¢ â®¢®© â¥®à¨¨ ¯®«ï à¥ «¨§ãîâáï ¢ ¢¨¤¥ ¯à®-¨§¢®«ì®© £àã¯¯ë �¨. � ª« áá¨ç¥áª®¬ ¯à¥¤¥«¥ â ª¨¥ ¯à¥®¡à §®¢ ¨ïá¨¬¬¥âà¨¨ ¯¥à¥å®¤ïâ ¢ â®ç¥çë¥ ª ®¨ç¥áª¨¥ ¯à¥®¡à §®¢ ¨ï á®®â-¢¥âáâ¢ãîé¥© ª« áá¨ç¥áª®© £ ¬¨«ìâ®®¢®© á¨áâ¥¬ë. � à ¡®â¥ [9] ¯à®-¢¥¤¥® ¯à¥®¡à §®¢ ¨¥ ¯¥à¥¬¥ëå, ¢ à¥§ã«ìâ â¥ ª®â®à®£® ¢ë¤¥«¥ë¯¥à¥¬¥ë¥, ¯à¨¨¬ îé¨¥ ®¯à¥¤¥«�¥ë¥ § ç¥¨ï   á®®â¢¥âáâ¢ãî-é¥© £àã¯¯¥ �¨. �à¨ ¯à¥®¡à §®¢ ¨ïå á¨¬¬¥âà¨¨ ¤ ë¥ ¯¥à¥¬¥ë¥¯®¤¢¥à£ îâáï á¤¢¨£ã ¢ £àã¯¯®¢®¬ ¯à®áâà áâ¢¥. �áâ «ìë¥ ¯¥à¥¬¥-ë¥ ¢ë¡¨à îâáï ¨¢ à¨ âë¬¨ ®â®á¨â¥«ì® ¯à¥®¡à §®¢ ¨© £àã¯¯ëá¨¬¬¥âà¨¨ á¨áâ¥¬ë.� 1974 £®¤ã á ¯®¬®éìî ¯à¥®¡à §®¢ ¨ï �®£®«î¡®¢  à áá¬ âà¨¢ «¨áì§ ¤ ç¨ ¤¢ãå [10] ¨ âà�¥å [11] â¥« ¢ á«ãç ïå  ¤¨ ¡ â¨ç¥áª®£® ¨ á¨«ì®£®¢§ ¨¬®¤¥©áâ¢¨©.�¥â®¤ �®£®«î¡®¢  ¨á¯®«ì§®¢ «áï ¢ â¥®à¨¨ á¨«ì®© á¢ï§¨: ¢ ¥à¥«ï-â¨¢¨áâáª®© ¬®¤¥«¨ ¢§ ¨¬®¤¥©áâ¢¨ï áª «ïà®© ç áâ¨æë á ª¢ â®¢ ë¬¯®«¥¬ [12, 13]; ¯à¨   «¨§¥ ¢§ ¨¬®¤¥©áâ¢¨ï ¥à¥«ïâ¨¢¨áâáª®£® ãª«® á �{¬¥§®ë¬ ¯®«¥¬ [14] ¨ à áá¥ï¨ï ¢ á¨¬¬¥âà¨ç®© áª «ïà®© â¥®-à¨¨ [15]; ¯à¨ ¨áá«¥¤®¢ ¨¨ ãáâ®©ç¨¢®áâ¨ ª« áá¨ç¥áª¨å à¥è¥¨© ãà ¢-¥¨© �£ -�¨««á  á ¨áâ®ç¨ª®¬ [16]; ¢ à ¡®â¥ [17]   ®á®¢¥ ¬¥â®¤ �®£®«î¡®¢  à áá¬ âà¨¢ «®áì ¢§ ¨¬®¤¥©áâ¢¨¥ á¨¬¬¥âà¨ç®£® ¨áâ®ç¨-ª  á® áª «ïàë¬ ¨ ¯á¥¢¤®áª «ïàë¬ ¯®«ï¬¨; ¢ à ¡®â¥ [18] ¨§ãç « áìá¨áâ¥¬ , á®áâ®ïé ï ¨§ ¤¢ãå ¨áâ®ç¨ª®¢, ¢§ ¨¬®¤¥©áâ¢ãîé¨å á® áª «ïà-ë¬ § àï¦¥ë¬ ¯®«¥¬. � à ¡®â¥ [19] à áá¬ âà¨¢ «®áì ¢§ ¨¬®¤¥©áâ¢¨¥¥à¥«ïâ¨¢¨áâáª®© ç áâ¨æë á® áª «ïàë¬ ª¢ â®¢ë¬ ¯®«¥¬ ¢ ®¤®¬¥à-6



®¬ ¯à®áâà áâ¢¥, ¯à¨ íâ®¬ ¡ë«¨ ¯®«ãç¥ë í¥à£¥â¨ç¥áª¨© á¯¥ªâà ¨ ¬¯«¨âã¤  à áá¥ï¨ï á â®ç®áâìî ¤® ã«¥¢®£® ¯®àï¤ª  ¯® ®¡à âë¬áâ¥¯¥ï¬ ª®áâ âë á¢ï§¨.� à¥«ïâ¨¢¨áâáª®© â¥®à¨¨ £à ¢¨â æ¨¨ (���) á ¯®¬®éìî £àã¯¯®¢ëå¯¥à¥¬¥ëå �®£®«î¡®¢  ¡ë«® ¯à®¢¥¤¥® ª¢ â®¢ ¨¥ ¢ ®ªà¥áâ®áâ¨áä¥à¨ç¥áª¨-á¨¬¬¥âà¨ç®£® à¥è¥¨ï (�¢ àæè¨«ì¤ ) [20].�¥â®¤ �®£®«î¡®¢  ¯®¤  §¢ ¨¥¬ ¬¥â®¤  ª®««¥ªâ¨¢ëå ª®®à¤¨ â¡ë« ¥§ ¢¨á¨¬® áä®à¬ã«¨à®¢  ¢ á¥à¥¤¨¥ á¥¬¨¤¥áïâëå £®¤®¢ ¢ à ¡®â å§ àã¡¥¦ëå  ¢â®à®¢ [21{26]. �à¨ íâ®¬ ¢®§¨ª«® âà¨ ¢ à¨ â  ¬¥â®¤ .� ¯®¬¨¬, çâ® ¬¥â®¤ �®£®«î¡®¢  § ª«îç ¥âáï ¢ § ¬¥¥ ¯¥à¥¬¥ëåá¯¥æ¨ «ì®£® ¢¨¤ . � ®¤®¬ ¨§ ¢ à¨ â®¢ ¬¥â®¤  ª®««¥ªâ¨¢ëå ª®®à-¤¨ â â ª ï § ¬¥  ¯¥à¥¬¥ëå ¯à®¨§¢®¤¨âáï ¢ ª®â¨ã «ì®¬ ¨â¥-£à «¥ [21{23]. �® ¢â®à®¬ ¢ à¨ â¥ [24, 25] ¨á¯®«ì§ã¥âáï ®¯¥à â®àë©ä®à¬ «¨§¬. �â®â ¢ à¨ â ¬¥â®¤  ª®««¥ªâ¨¢ëå ª®®à¤¨ â ¯®«®áâìîíª¢¨¢ «¥â¥ ¬¥â®¤ã �®£®«î¡®¢ . �,  ª®¥æ, ¢ âà¥âì¥¬ ¢ à¨ â¥ [26]¯¥à¥¬¥ë¥ á ¯à®áâë¬¨ âà áä®à¬ æ¨®ë¬¨ á¢®©áâ¢ ¬¨ ®â®á¨â¥«ì-® ¯à¥®¡à §®¢ ¨© á¨¬¬¥âà¨¨ ¢¢®¤ïâáï   ª« áá¨ç¥áª®¬ ãà®¢¥ ª ª ¤®-¯®«¨â¥«ìë¥ ¯¥à¥¬¥ë¥. � £à ¦¨  á¨áâ¥¬ë ¬®¤¨ä¨æ¨àã¥âáï, ¯®-á«¥ ç¥£® ¢®§¨ª ¥â ª «¨¡à®¢®ç®{¨¢ à¨ â ï ª¢ â®¢®¬¥å ¨ç¥áª ïá¨áâ¥¬ . � « £ ï   íâã á¨áâ¥¬ë à §«¨çë¥ ª «¨¡à®¢®çë¥ ãá«®¢¨ï,¬®¦® ¤®ª § âì ¥¥ íª¢¨¢ «¥â®áâì ¨áå®¤®© á¨áâ¥¬¥ ¨ ¢¢¥áâ¨ ¯¥à¥-¬¥ë¥ á ã¦ë¬¨ á¢®©áâ¢ ¬¨. � ªâ¨ç¥áª¨ â ª®© ¯®¤å®¤ ¢¥¤¥â á¢®¥ ç «® ®â à ¡®âë [27]. � à §¢¨¢ «áï â ª¦¥ �.�. �ãà£ ï [28, 29]. �â-¬¥â¨¬, çâ® ¢á¥ âà¨ ¢ à¨ â  ¬¥â®¤  ª®««¥ªâ¨¢ëå ª®®à¤¨ â ¯à¨¢®¤ïâª á®¢¯ ¤ îé¨¬ à¥§ã«ìâ â ¬.�¥â®¤ �®£®«î¡®¢  ¯®«ãç¨« á¢®¥ à §¢¨â¨¥ ¨ ®¢ë¥ ®¡« áâ¨ ¯à¨¬¥¥-¨ï ¢ à ¡®â å �.�. �¨¬®ä¥¥¢áª®© ¨ �.�. �®àïª®¢  [30{36]. � ç áâ®-áâ¨, ¯à¥®¡à §®¢ ¨¥ �®£®«î¡®¢  ¯à¨¬¥ï«®áì ¤«ï á¨áâ¥¬, á®¤¥à¦ é¨åä¥à¬¨®ë [33], ¨ ¢ ¬®¤¥«¨ �¨ [35, 36]. �.�. �¨¬®ä¥¥¢áª®© à áá¬®âà¥ à¥ «¨§ æ¨ï ¯à¥®¡à §®¢ ¨ï �®£®«î¡®¢  ¥¯®áà¥¤áâ¢¥®   ®¯¥à â®à åà®¦¤¥¨ï ¨ ã¨çâ®¦¥¨ï [34].� à ¡®â å �.�. �¢¥è¨ª®¢  [37, 38]   ®á®¢¥ ¯à¥®¡à §®¢ ¨ï �®-£®«î¡®¢  ¡ë«  à §¢¨â  áå¥¬  ª ®¨ç¥áª®£® ª¢ â®¢ ¨ï, á®áâ®ïé ï¢ ï¢®© à¥ «¨§ æ¨¨ £àã¯¯ë �ã ª à¥ ¥¯®áà¥¤áâ¢¥®   ª¢ â®¢ëå¯¥à¥¬¥ëå ¨ ¢¢¥¤¥¨¨ ¤®¯®«¨â¥«ì®©  «£¥¡àë ®¯¥à â®à®¢. �®®â¢¥â-7



áâ¢ãîé¨¥ ª ®¨ç¥áª¨¥ ¯à¥®¡à §®¢ ¨ï ª« áá¨ç¥áª®© £ ¬¨«ìâ®®¢®©á¨áâ¥¬ë ¢ íâ®¬ á«ãç ¥ ¥ ï¢«ïîâáï â®ç¥çë¬¨ ¯à¥®¡à §®¢ ¨ï¬¨.�¥à¢® ç «ìë© ¬¥â®¤ �®£®«î¡®¢  ¯à¨¬¥¨¬ â®«ìª® ¢ â®¬ á«ãç ¥,ª®£¤  ¯à¥®¡à §®¢ ¨ï á¨¬¬¥âà¨¨ à¥ «¨§ãîâáï ¢ ¢¨¤¥ £àã¯¯ë �¨ â®ç¥ç-ëå ª ®¨ç¥áª¨å ¯à¥®¡à §®¢ ¨©. � à ¡®â å �.�. � §ã¬®¢ , �.�. � -à ®¢ , �.�. �àãáâ «�¥¢  [39{45] ¯à¥®¡à §®¢ ¨¥ �®£®«î¡®¢  ¡ë«® ®¡®¡-é¥®   á«ãç © ¯à®¨§¢®«ì®© £àã¯¯ë �¨ ª ®¨ç¥áª¨å ¯à¥®¡à §®¢ ¨©.�à¥¤«®¦¥ë© ¬¥â®¤ à áªàë¢ ¥â £¥®¬¥âà¨ç¥áª¨© á¬ëá« ¯à¥®¡à §®¢ -¨ï �®£®«î¡®¢ . � ãª § ëå à ¡®â å à áá¬ âà¨¢ ¥âáï ª¢ â®¢ ¨¥¯®«¥© á® á¢ï§ï¬¨.�à¥®¡à §®¢ ¨¥ �®£®«î¡®¢  ¨   «®£¨çë¥ ¯à¥®¡à §®¢ ¨ï â¥®à¨¨ª®««¥ªâ¨¢ëå ª®®à¤¨ â ¯à¨¬¥ï«¨áì ¯à¨ ª¢ â®¢ ¨¨ áãé¥áâ¢¥®-¥«¨¥©ëå á¨áâ¥¬ ¢ (1 + 1){¬¥à®¬ ¯à®áâà áâ¢¥{¢à¥¬¥¨ á æ¥«ìîà¥è¥¨ï ¯à®¡«¥¬ë ã«¥¢ëå ¬®¤ [46{49]. �à¨ íâ®¬ ª¢ â®¢ ¨¥ ¯à®¢®-¤¨«®áì ¢ ®ªà¥áâ®áâ¨ á®«¨â®®-¯®¤®¡ëå à¥è¥¨©,  ¯à¨¬¥à, â¥®à¨¨'4 [26] ¨«¨ sine{Gordon [50, 51] (á¬. â ª¦¥ [52, 53]). �®¤®¡ë¥ à¥è¥¨ï¢ë¡®à®¬ á¨áâ¥¬ë ª®®à¤¨ â ¬®¦® ¯à¥¢à â¨âì ¢ áâ â¨ç¥áª¨¥.�áá«¥¤®¢ ¨¥ á¨áâ¥¬ á ¥áâ æ¨® à®© ª« áá¨ç¥áª®© ª®¬¯®¥â®©ï¢«ï¥âáï ¡®«¥¥ âàã¤®© § ¤ ç¥©, â ª ª ª ï¢ ï áâàãªâãà  £ ¬¨«ìâ®-¨   ª ª £¥¥à â®à  ¢à¥¬¥ëå âà á«ïæ¨© áâ ®¢¨âáï ïá®© â®«ìª®¯®á«¥ à¥è¥¨ï ãà ¢¥¨© ¤¢¨¦¥¨ï ¨ ®¯à¥¤¥«¥¨ï £àã¯¯®¢ëå ¯¥à¥¬¥-ëå. � íâ®© á¨âã æ¨¨ ¯à¥¤áâ ¢«ï¥âáï ¥áâ¥áâ¢¥ë¬ ®¯à¥¤¥«¥¨¥ £àã¯-¯®¢ëå ¯¥à¥¬¥ëå ¯® ¥ª®â®à®© áå¥¬¥ â¥®à¨¨ ¢®§¬ãé¥¨©, ãâ®çï¥¬®©¢¬¥áâ¥ á ¢ëç¨á«¥¨¥¬ ¨â¥£à «®¢ ¤¢¨¦¥¨ï.�¥â®¤, ¯®§¢®«ïîé¨© ¯à®¢®¤¨âì ª¢ â®¢ ¨¥ ¢ ®ªà¥áâ®áâ¨ ¥áâ æ¨-® àëå ª« áá¨ç¥áª¨å à¥è¥¨© á ¯®¬®éìî «®ª «ì®£® ¯à¥®¡à §®¢ ¨ï�®£®«î¡®¢ , ¡ë« ¯à¥¤«®¦¥ ¢ à ¡®â¥ [54]. �« áá¨ç¥áª®¥ à¥è¥¨¥ ¢ë¡¨-à «®áì ¢ ¢¨¤¥ (1+1){¬¥à®£® ¤¥©áâ¢¨â¥«ì®£® áª «ïà®£® ¯®«ï F (t; x),ã¤®¢«¥â¢®àïîé¥£® á«¥¤ãîé¨¬ ãá«®¢¨ï¬: áãé¥áâ¢ã¥â ¯à®áâà áâ¢¥-®¯®¤®¡ ï ¯àï¬ ï C,   ª®â®à®© ®à¬ «ì ï ¯à®¨§¢®¤ ï Fn(t; x) = 0,  ¢â®à ï ¯à®¨§¢®¤ ï ¯à®¯®àæ¨® «ì  á ¬®© äãªæ¨¨:Fnn(t; x) = �
2F (t; x):�®, çâ® ¤«ï ¬®£¨å ¤¢ ¦¤ë ¯¥à¨®¤¨ç¥áª¨å ¯®«¥© (â.¥. ¯¥à¨®¤¨ç¥-8



áª¨å ª ª ¯® ¢à¥¬¥®©, â ª ¨ ¯® ¯à®áâà áâ¢¥®© ª®®à¤¨ â¥),  -¯à¨¬¥à, ¤«ï ¯®«¥© ¢ ¢¨¤¥ áâ®ïç¥© ¢®«ë, íâ¨ ãá«®¢¨ï ®ª §ë¢ îâáï¥á®¢¬¥áâë¬¨, ï¢«ï¥âáï ¥áãé¥áâ¢¥ë¬, â ª ª ª ¤ ãî ¯à®æ¥¤ã-àã ª¢ â®¢ ¨ï «¥£ª® ¬®¦® ¯¥à¥ä®à¬ã«¨à®¢ âì â ª, çâ® ¢ëè¥¯¥à¥-ç¨á«¥ë¥ ãá«®¢¨ï § ¬¥ïîâáï   ¥¤¨áâ¢¥®¥ ãá«®¢¨¥: áãé¥áâ¢ã¥â¯à®áâà áâ¢¥®¯®¤®¡ ï ¯àï¬ ï C,   ª®â®à®© F (t; x) = 0. . �®¢á¥¬¥¤ ¢® ¤ ë© ¬¥â®¤ ¡ë« ¯à¨¬¥�¥ ¤«ï ª¢ â®¢ ¨ï áª «ïà®£® ¯®«ï,¨¬¥îé¥£® ¥ã«¥¢ãî ª« áá¨ç¥áªãî ª®¬¯®¥âã ¨ ¢§ ¨¬®¤¥©áâ¢ãîé¥£®á § àï¦¥ë¬ áª «ïàë¬ ¯®«¥¬ [55].�¨áá¥àâ æ¨ï ®¯¨áë¢ ¥â áå¥¬ã ª¢ â®¢ ¨ï ¢¡«¨§¨ áª «ïàëå ª« á-á¨ç¥áª¨å ¯®«¥© F (x), ï¢«ïîé¨åáï à¥è¥¨¥¬ ãà ¢¥¨ï � £à ¦ -�©-«¥à  ¤«ï K{¬¥à®© �ã ª à¥-¨¢ à¨ â®© â¥®à¨¨:Ftt(x) � 0@K�1Xk=1 Fxkxk(x)1A + V 0(F ) = 0; (0:5)£¤¥ V 0(F ) { ¤¨ää¥à¥æ¨àã¥¬ ï äãªæ¨ï, â ª ï çâ® V 0(0) = 0. �à¨ íâ®¬äãªæ¨ï F (x) ¤®«¦  ã¤®¢«¥â¢®àïâì á«¥¤ãîé¥¬ã ãá«®¢¨î: áãé¥áâ¢ã-¥â ¯à®áâà áâ¢¥®¯®¤®¡ ï £¨¯¥à¯«®áª®áâì C â ª ï, çâ® ¯à¨ x 2 C¢ë¯®«ï¥âáï: F (x) = 0.�ää¥ªâ¨¢®áâì ¯à¨¬¥¥¨ï ¬¥â®¤  �®£®«î¡®¢  ¢® ¬®£®¬ § ¢¨á¨â®â ¢ë¡®à  ª« áá¨ç¥áª®£® à¥è¥¨ï. � íâ®© á¢ï§¨  ªâã «¥ ¢®¯à®á ¯à -¢¨«ì®£® ¢ë¡®à  ¯à¨¡«¨¦¥¨ï ¥¨§¢¥áâëå ª« áá¨ç¥áª¨å à¥è¥¨© ¨¯®áâà®¥¨ï à ¢®¬¥à® ¯à¨£®¤®£®, â.¥. ¥ á®¤¥à¦ é¥£® ¥®£à ¨ç¥-ëå ç«¥®¢, à §«®¦¥¨ï. B ¤¨áá¥àâ æ¨¨ ¨áá«¥¤®¢ « áì ¢®§¬®¦®áâì¯®áâà®¥¨ï ¯à¨¡«¨¦�¥ëå à¥è¥¨© ª¢ §¨«¨¥©ëå ãà ¢¥¨© ¢ ¢¨¤¥ á¨¬¯â®â¨ç¥áª®£® àï¤  ¯® ¯¥à¨®¤¨ç¥áª¨¬ äãªæ¨ï¬ ¨ ¡ë«® ¢¯¥à¢ë¥¯®áâà®¥® ¯®¤®¡®¥ à §«®¦¥¨¥ ¤«ï (1 + 1){¬¥à®© ¡¥§¬ áá®¢®© â¥®à¨¨'4. � ®¥ à §«®¦¥¨¥, ¥áâ¥áâ¢¥®, ï¢«ï¥âáï à ¢®¬¥à® ¯à¨£®¤ë¬.�¥è¨¢ ¯à®¡«¥¬ã ¢®§¨ª®¢¥¨ï à¥§® á , ã¤ «®áì ¯®áâà®¨âì à §«®¦¥-¨¥ ¯® äãªæ¨ï¬ ¢ ¢¨¤¥ áâ®ïç¥© ¢®«ë ¨ ¢ ¯¥à¢®¬, ¨ ¢® ¢â®à®¬ ¯®-àï¤ª¥ ¯® ¯ à ¬¥âàã ¬ «®áâ¨. �á®¡¥®áâìî ¤ ®£® à §«®¦¥¨ï ï¢«ï-¥âáï â®, çâ® ¢ ª ç¥áâ¢¥ ã«¥¢®£® ¯®àï¤ª  à §«®¦¥¨ï (â.¥. à¥è¥¨ïá®®â¢¥âáâ¢ãîé¥£® «¨¥©®£® ãà ¢¥¨ï) ¨á¯®«ì§ã¥âáï ¯¥à¨®¤¨ç¥áª ïäãªæ¨ï, ®¡« ¤ îé ï ¡¥áª®¥çë¬ àï¤®¬ �ãàì¥.�¨áá¥àâ æ¨ï á®áâ®¨â ¨§ ¢¢¥¤¥¨ï, âà�¥å £« ¢ ®á®¢®£® â¥ªáâ , § -9



ª«îç¥¨ï ¨ ¢®áì¬¨ ¯à¨«®¦¥¨©.� ¯¥à¢®© £« ¢¥ ¤«ï á¨áâ¥¬ë, ¨¢ à¨ â®© ®â®á¨â¥«ì®© L ¯ à -¬¥âà¨ç¥áª®© £àã¯¯ë �¨, ¢¢®¤ïâáï £àã¯¯®¢ë¥ ¯¥à¥¬¥ë¥ �®£®«î¡®¢ ,ª®â®àë¥ á¢ï§ë¢ îâáï á ¨áå®¤ë¬¨ ¯®«¥¢ë¬¨ ¯¥à¥¬¥ë¬¨ á ¯®¬®éìî¤®¯®«¨â¥«ìëå ãá«®¢¨©.�® ¢â®à®© £« ¢¥ à §¢¨â  à¥£ã«ïà ï â¥®à¨ï ¢®§¬ãé¥¨© ¤«ï (3+1){¬¥à®© â¥®à¨¨ áª «ïà®£® á ¬®¤¥©áâ¢ãîé¥£® ¤¥©áâ¢¨â¥«ì®£® ¯®«ï.�áâ ®¢«¥® ¥®¡å®¤¨¬®¥ ãá«®¢¨¥ ¢®§¬®¦®áâ¨ ¯®áâà®¥¨ï â¥®à¨¨ ¢®§-¬ãé¥¨©: ª« áá¨ç¥áª ï á®áâ ¢«ïîé ï ¤®«¦  ¡ëâì à¥è¥¨¥¬ ¢®«®¢®-£® ãà ¢¥¨ï. � â®ç®áâìî ¤® ã«¥¢®£® ¯®àï¤ª  ¯® ®¡à âë¬ áâ¥¯¥ï¬ª®áâ âë á¢ï§¨1  ©¤¥ë ¢ëà ¦¥¨ï ¤«ï ¨â¥£à «®¢ ¤¢¨¦¥¨ï ¨ ®¯¥-à â®à  ¯®«ï, â¥¬ á ¬ë¬ ¤ ® ¯®«®áâìî à¥«ïâ¨¢¨áâáª¨ ¨¢ à¨ â®¥®¯¨á ¨¥ ª¢ â®¢®© á¨áâ¥¬ë á ¥ã«¥¢®© ª« áá¨ç¥áª®© ª®¬¯®¥â®©.�¯¨á ë ®á®¡¥®áâ¨ ª¢ â®¢ ¨ï ¢ â¥à¬¨ å £àã¯¯®¢ëå ¯¥à¥¬¥ëå�®£®«î¡®¢ , ¯à®¢®¤¨¬®£® ¢ ®ªà¥áâ®áâ¨ ¯¥à¨®¤¨ç¥áª¨å à¥è¥¨© (3+1)-¬¥àëå ¨ (1 + 1)-¬¥àëå áª «ïàëå â¥®à¨©. �« áá¨ç¥áª¨¥ à¥è¥¨ï¢ë¡¨à îâáï ¢ ¢¨¤¥ áâ®ïç¨å ¢®«.� ¤¨áá¥àâ æ¨¨ â ª¦¥ à áá¬ âà¨¢ ¥âáï ¢®¯à®á ®  å®¦¤¥¨¨ ¯®¤®¡-ëå ª« áá¨ç¥áª¨å à¥è¥¨©. �« áá ¤¢ ¦¤ë ¯¥à¨®¤¨ç¥áª¨å à¥è¥¨©ï¢«ï¥âáï ¢ ¥ª®â®à®¬ á¬ëá«¥ á ¬ë¬ ¯à®áâë¬ ª« áá®¬ ¥áâ æ¨® àëåà¥è¥¨© ¯®«¥¢®© ¬®¤¥«¨. �¤ ª® ®âëáª ¨¥ ¤¢ ¦¤ë ¯¥à¨®¤¨ç¥áª¨åà¥è¥¨© ¤ ¦¥ ¢ á«ãç ¥ ¤¢ã¬¥àëå â¥®à¨©, §  ¨áª«îç¥¨¥¬, ¯®¦ «ã©,â®«ìª® â¥®à¨¨ sine{Gordon, ¢ ª®â®à®© ¨§¢¥áâë ï¢ë¥   «¨â¨ç¥áª¨¥¢ëà ¦¥¨ï ¯®¤®¡ëå à¥è¥¨© [54{57], ï¢«ï¥âáï ¥ ¯®«®áâìî à¥è�¥®©§ ¤ ç¥©.� á¥¬¨¤¥áïâë¥ ¨ ¢®áì¬¨¤¥áïâë¥ £®¤ë ¤«ï è¨à®ª®£® ª« áá  ¥¯à¥-àë¢ëå äãªæ¨© g(') ¡ë«¨ ¤®ª § ë â¥®à¥¬ë áãé¥áâ¢®¢ ¨ï (¨«¨ ®â-áãâáâ¢¨ï) ¯¥à¨®¤¨ç¥áª¨å à¥è¥¨© ¥«¨¥©ëå ¢®«®¢ëå ãà ¢¥¨©. �ç áâ®áâ¨, ¥ áãé¥áâ¢ã¥â à¥è¥¨© ¡¥§¬ áá®¢®© â¥®à¨¨ '4, ¯¥à¨®¤¨ç¥-áª¨å ¯® ¢à¥¬¥¨ ¨ áâà¥¬ïé¨åáï ª ã«î   ¯à®áâà áâ¢¥®© ¡¥áª®¥ç-®áâ¨. � â® ¦¥ ¢à¥¬ï ¢ ¤ ®© â¥®à¨¨ ¬®£ãâ áãé¥áâ¢®¢ âì ¤¢ ¦¤ë¯¥à¨®¤¨ç¥áª¨¥ à¥è¥¨ï ãà ¢¥¨ï � £à ¦ {�©«¥à :1� ¯®¬¨¬, çâ® ª« áá¨ç¥áª ï á®áâ ¢«ïîé ï ¯®« £ ¥âáï ¯à®¯®àæ¨® «ì®© ¯¥à¢®© áâ¥¯¥¨ ª®áâ -âë á¢ï§¨. 10



@2'(t; x)@x2 � @2'(t; x)@t2 �M 2'(t; x)� "'3(t; x) = 0; (0:6)¢ ¢¨¤¥ áâ®ïç¥© ¢®«ë:'(t; x) � 1Xn=1 1Xj=1 Cnj sin(n(x � x0)) sin(j �!(t� t0)); (0:7)£¤¥ x0 ¨ t0 ®¯à¥¤¥«ïîâáï ¨§  ç «ìëå ¨ £à ¨çëå ãá«®¢¨©.�«ï â¥®à¨¨ '4 (¥ ®¡ï§ â¥«ì® ¡¥§¬ áá®¢®©) ¨§¢¥áâë à¥è¥¨ï ¢ ¢¨-¤¥ ¡¥£ãé¨å ¢®«. �¬¨ ï¢«ïîâáï í««¨¯â¨ç¥áª¨¥ äãªæ¨¨ �ª®¡¨ ®â  à-£ã¬¥â  �x + �t, £¤¥ � ¨ � | ¥ª®â®àë¥ ¤¥©áâ¢¨â¥«ìë¥ ª®áâ âë.�¥à¨®¤¨ç¥áª¨¥ à¥è¥¨ï ¢ ¢¨¤¥ ¡¥£ãé¨å ¢®« ¥ ï¢«ïîâáï ¨áâ¨® ¤¢ -¦¤ë ¯¥à¨®¤¨ç¥áª¨¬¨ à¥è¥¨ï¬¨, ¯®áª®«ìªã á ¯®¬®éìî ¯à¥®¡à §®¢ ¨ï�ã ª à¥ ¬®¦® ¯¥à¥©â¨ ¢ á¨áâ¥¬ã ª®®à¤¨ â, ¢ ª®â®à®© ¯¥à¨®¤ ¯®¤®¡-®£® à¥è¥¨ï «¨¡® ¯® ¢à¥¬¥¨, «¨¡® ¯® ¯à®áâà áâ¢¥®© ª®®à¤¨ â¥¡ã¤¥â à ¢¥ ¡¥áª®¥ç®áâ¨.�àã£®© ª« áá ¤¢ ¦¤ë ¯¥à¨®¤¨ç¥áª¨å à¥è¥¨© ®¡à §ãîâ à¥è¥¨ï ¢¢¨¤¥ áâ®ïç¥© ¢®«ë. � å®¦¤¥¨¥ ¯¥à¨®¤¨ç¥áª¨å à¥è¥¨© ¢ ä®à¬¥ áâ®-ïç¥© ¢®«ë | § ¤ ç  £®à §¤® ¡®«¥¥ á«®¦ ï, ç¥¬ ®âëáª ¨¥ ¡¥£ãé¨å¢®«®¢ëå ¯®«¥©, ¯®áª®«ìªã ¢ íâ®¬ á«ãç ¥ ãà ¢¥¨¥ ¢ ç áâëå ¯à®¨§-¢®¤ëå ¥ á¢®¤¨âáï ª ®¡ëª®¢¥®¬ã ¤¨ää¥à¥æ¨ «ì®¬ã ãà ¢¥¨î.� «¨â¨ç¥áª ï ä®à¬  ¯®¤®¡ëå à¥è¥¨© ¯®ª  ¥  ©¤¥ .�®¤áâ ®¢ª®© ¢ ãà ¢¥¨¥ (0:6) äãªæ¨¨ '(t; x) ¢ ä®à¬¥ (0:7), ¬®¦®á¢¥áâ¨ ¤ ®¥ ãà ¢¥¨¥ ª ¡¥áª®¥ç®© á¨áâ¥¬¥ ¥«¨¥©ëå  «£¥¡à -¨ç¥áª¨å ãà ¢¥¨©   ª®íää¨æ¨¥âë Cnj ¨ ç áâ®âã !. �  ï á¨áâ¥-¬  ¬®¦¥â ¡ëâì à¥è¥  ç¨á«¥® á ¯®¬®éìî ¬¥â®¤  � «�¥àª¨ , â. ¥.¯®áà¥¤áâ¢®¬ ®¡à¥§ ¨ï àï¤  �ãàì¥ ¯® ®¡®¨¬ ¨¤¥ªá ¬: 8n; j > N :Cnj = 0. �«ãç © M = 1 ¨ " = 1 ¡ë« ¨áá«¥¤®¢  ¯à¨ à §«¨çëå § -ç¥¨ïå N . � ª ®ª § «®áì [60], à¥§ã«ìâ âë ¢ëç¨á«¥¨© ¯à ªâ¨ç¥áª¨ ¥®â«¨ç îâáï ¤àã£ ®â ¤àã£ , çâ® á¢¨¤¥â¥«ìáâ¢ã¥â ® á ¬®á®£« á®¢ ®-áâ¨ ¯®¤å®¤ . �à¨ íâ®¬  ¢â®àë á¯à ¢¥¤«¨¢® ®â¬¥ç îâ, çâ® ¢ à ¬ª åç¨á«¥®£® à¥è¥¨ï ®áâ �¥âáï ®âªàëâë¬ ¢®¯à®á ® ª®àà¥ªâ®áâ¨ ®¡à¥-§ ¨ï ¨ áå®¤¨¬®áâ¨ ¯®á«¥¤®¢ â¥«ì®áâ¨ ¯®«ãç¥ëå à¥è¥¨© ¯à¨ N ,áâà¥¬ïé¥¬áï ª ¡¥áª®¥ç®áâ¨.� âà¥âì¥© £« ¢¥ ¤¨áá¥àâ æ¨¨ ¤«ï à¥è¥¨ï ãà ¢¥¨ï (0:6) ¢ á«ã-11



ç ¥ ã«¥¢®© ¬ ááë â ª¦¥ ¯à¨¬¥ï¥âáï ¯®¤áâ ®¢ª  äãªæ¨¨ '(t; x) ¢ä®à¬¥ (0:7). �à¨ íâ®¬ ¤«ï ã¯à®é¥¨ï á¨áâ¥¬ë ¨á¯®«ì§ã¥âáï ¥ ®¡à¥-§ ¨¥,   ãá«®¢¨¥ ¬ «®áâ¨ ". � à¥§ã«ìâ â¥ ¯®«ãç ¥âáï  á¨¬¯â®â¨ç¥áª®¥à §«®¦¥¨¥, á®¤¥à¦ é¥¥ ã¦¥ ¢ ã«¥¢®¬ ¯®àï¤ª¥ ¡¥áª®¥ç®¥ ç¨á«® £ à-¬®¨ª. �ª §ë¢ ¥âáï, çâ® ¤«ï à¥è¥¨ï ¯à®¡«¥¬ë £« ¢®£® à¥§® á ¨ ¯®áâà®¥¨ï à ¢®¬¥à® ¯à¨£®¤®£® à §«®¦¥¨ï ª ª ¢ ¯¥à¢®¬, â ª ¨¢® ¢â®à®¬ ¯®àï¤ª¥ ¯® ", ¥®¡å®¤¨¬® ¨á¯®«ì§®¢ âì ¢ ª ç¥áâ¢¥ ã«¥¢®£®¯à¨¡«¨¦¥¨ï äãªæ¨î í««¨¯â¨ç¥áª®£® ª®á¨ãá .� § ª«îç¥¨¨ ¯¥à¥ç¨á«¥ë ®á®¢ë¥ à¥§ã«ìâ âë à ¡®âë.� ¯à¨«®¦¥¨ïå 1{4 ¤ ë ¯®¤à®¡®áâ¨ ¢ëç¨á«¥¨©, ¯à®¢®¤¨¬ëå ¯à¨ª¢ â®¢ ¨¨ ¢ â¥à¬¨ å £àã¯¯®¢ëå ¯¥à¥¬¥ëå �®£®«î¡®¢ . � ¯à¨-«®¦¥¨¨ 5 ¤ ë ¯à¨¬¥àë â®çëå à¥è¥¨© (1 + 1)-¬¥à®© â¥®à¨¨ '4 ¢¢¨¤¥ ¡¥£ãé¨å ¢®«. � ¯à¨«®¦¥¨¨ 6   «¨§¨àã¥âáï áâ ¡¨«ì®áâì áâ -â¨ç¥áª®£® à¥è¥¨ï â¥®à¨¨ '4, ¯¥à¨®¤¨ç¥áª®£® ¯® ¯à®áâà áâ¢¥®© ª®-®à¤¨ â¥. �à¨«®¦¥¨ï 7 ¨ 8 ®â®áïâáï ª âà¥âì¥© £« ¢¥. �â¨ ¯à¨«®¦¥-¨ï ¤¥¬®áâà¨àãîâ ç¨á«¥ë¥ ¬¥â®¤ë, á¯®á®¡áâ¢®¢ ¢è¨¥ ¯®«ãç¥¨îà¥§ã«ìâ â  ¢   «¨â¨ç¥áª®¬ ¢¨¤¥.

12



�« ¢  1����������� � ������������������ ����������1.1. �à¥®¡à §®¢ ¨¥ �®£®«î¡®¢ �ãáâì D | K{¬¥à®¥ ¯á¥¢¤®¥¢ª«¨¤®¢® ¯à®áâà áâ¢® á¨£ âãàë(1;K � 1) 1,   G | L{¯ à ¬¥âà¨ç¥áª ï £àã¯¯  �¨.�¡®§ ç¨¬ ¯ à ¬¥âàë £àã¯¯ë G ç¥à¥§ ~� � (� 0; � 1; : : : ; �L�1) ¨ ¯à¥¤¯®-«®¦¨¬, çâ® ª ¦¤®¬ã í«¥¬¥âã g(~� ) 2 G á®®â¢¥âáâ¢ã¥â ¯à¥®¡à §®¢ ¨¥¯à®áâà áâ¢  D.�áå®¤ë¥ ª®®à¤¨ âë   D ®¡®§ ç¨¬ ç¥à¥§ x = (x0; x1; : : : ; xK�1),  ª®®à¤¨ âë ¯à¥®¡à §®¢ ëå â®ç¥ª ç¥à¥§ x0. �ãªæ¨ï �X(x0; ~�), á¢ï§ë-¢ îé ï x ¨ x0: x0 = �X(x0; ~� ) � x0(x; ~� ); (1:1)ï¢«ï¥âáï £« ¤ª®© äãªæ¨¥© ¢á¥å á¢®¨å  à£ã¬¥â®¢. �ãé¥áâ¢ã¥â ®¡à â-®¥ ¯à¥®¡à §®¢ ¨¥ x = x(x0; ~� 0).�¯à¥¤¥«¨¬ ¯à¥®¡à §®¢ ¨¥ �®£®«î¡®¢  á«¥¤ãîé¨¬ ®¡à §®¬: ¯ãáâìf | äãªæ¨ï ¯®«ï, á®¤¥à¦ é ï ä¨ªá¨à®¢ ãî ª« áá¨ç¥áªãî á®áâ -¢«ïîéãî v ¨ ª¢ â®¢ãî á®áâ ¢«ïîéãî u:f(x0) = G�v(x(x0; ~� ))+u(x(x0; ~�)) � G�v(x0; ~� )+u(x0; ~� ); G� 1; (1:2)1�à®áâà áâ¢® �¨ª®¢áª®£® ï¢«ï¥âáï ç¥âëà�¥å¬¥àë¬ ¯á¥¢¤®¥¢ª«¨¤®¢ë¬ ¯à®áâà áâ¢®¬ á¨£ âã-àë (1; 3) � (+ � � �). 13



¨ ¡ã¤¥¬ à áá¬ âà¨¢ âì äãªæ¨¨ v ¨ u ª ª äãªæ¨¨ K + L ¥§ ¢¨á¨-¬ëå ¯¥à¥¬¥ëå fx0; ~�g. �â¬¥â¨¬, çâ® ¢á¥ äãªæ¨¨ ®â x0, ~� ï¢«ïîâáïá«®¦ë¬¨ äãªæ¨ï¬¨  à£ã¬¥â  x(x0; ~�).�¢¥¤¥¨¥ L ®¢ëå ¯¥à¥¬¥ëå � a ®¡ãá«®¢«¥® âà¥¡®¢ ¨¥¬ ãç�¥â  ¨-¢ à¨ â®áâ¨ ®â®á¨â¥«ì® £àã¯¯ë �¨. �à¨ íâ®¬ ã¤ �¥âáï à §¤¥«¨âìª®®à¤¨ âë   ¤¢¥ ç áâ¨. �¥à¢ãî ç áâì á®áâ ¢«ïîâ ®¡®¡é�¥ë¥ ª®®à-¤¨ âë, ¨¬¥îé¨¥ á¬ëá« ¯ à ¬¥âà®¢ £àã¯¯ë G (¢  è¥¬ á«ãç ¥ íâ® � a),¢â®àãî ç áâì á®áâ ¢«ïîâ ª®®à¤¨ âë x0, ¨¢ à¨ âë¥ ®â®á¨â¥«ì®¤¥©áâ¢¨ï £àã¯¯ë G.�à¨§ ¨¥ ¯ à ¬¥âà®¢ ¯à¥®¡à §®¢ ¨ï � b ¢ ª ç¥áâ¢¥ ®¢ëå ¥§ ¢¨-á¨¬ëå ¯¥à¥¬¥ëå ¯à¨¢¥«® ª ¯®ï¢«¥¨î L «¨è¨å áâ¥¯¥¥© á¢®¡®¤ë,¯®íâ®¬ã á«¥¤ã¥â  «®¦¨âì L ¥§ ¢¨á¨¬ëå ¤®¯®«¨â¥«ìëå ãá«®¢¨©.� ¤ ¤¨¬ á ¯®¬®éìî ãà ¢¥¨ï ¢ ª®®à¤¨ â å x0 ¯à®áâà áâ¢¥®-¯®¤®¡ãî £¨¯¥à¯«®áª®áâì C à §¬¥à®áâ¨ K � 1. �ãáâì n | ¥¤¨¨ç ï¢¥èïï ®à¬ «ì ª C, ®¯à¥¤¥«¨¬ ¤«ï ¯à®¨§¢®«ìëå ¤¨ää¥à¥æ¨àã¥-¬ëå äãªæ¨© g1 ¨ g2 ¡¨«¨¥©ë© äãªæ¨® «!(g1; g2) � ZC (g1n(x(�0; ~� ))g2(x(�0; ~�)) � g1(x(�0; ~� ))g2n(x(�0; ~� ))) dS; (1:3)£¤¥ @@n � n0� @@x0� | ®à¬ «ì ï ¯à®¨§¢®¤ ï   C,   dS � d�01 : : : d�0K�1| í«¥¬¥â ¯«®é ¤¨ C. �¯¥à â®à @@n ï¢«ï¥âáï ¨¢ à¨ â®¬ ¯® ®â®-è¥¨î ª ¯à¥®¡à §®¢ ¨ï¬ £àã¯¯ë G. �ãªæ¨¨ g(x(x0; ~� )) ¯à¨ x0 2 Cg(x(�0; ~�)) ¡ã¤¥¬ ®¡®§ ç âì g(�0). �®«ìª® äãªæ¨ï f(�0) ¨ ¥�¥ ¯à®¨§¢®¤-ë¥ ¥ § ¢¨áïâ ®â ¯¥à¥¬¥ëå ~� , ¢á¥ ®áâ «ìë¥ äãªæ¨¨, à áá¬ âà¨-¢ ¥¬ë¥ ¢ íâ®© ¨ á«¥¤ãîé¥© £« ¢ å, § ¢¨áïâ ®â £àã¯¯®¢ëå ¯¥à¥¬¥ëå~� . � ¯®¬®éìî äãªæ¨® «  ! áä®à¬ã«¨àã¥¬ ¤®¯®«¨â¥«ìë¥ ãá«®¢¨ï  äãªæ¨î u. �ãáâì ¯à¨ ¢á¥å ¤®¯ãáâ¨¬ëå § ç¥¨ïå ¯¥à¥¬¥ëå � a8a = 0::L� 1 : !(N a; u) = 0; (1:4)£¤¥ N a(x0; ~�) | ¤¨ää¥à¥æ¨àã¥¬ë¥ äãªæ¨¨, â ª¨¥, çâ® ¢ë¯®«ïîâáïá®®â®è¥¨ï: 8a; b = 0::L� 1 : !(N a; N b) = 0: (1:5)14



�ë ¯¥à¥è«¨ ®â ¯¥à¥¬¥ëå ff;x0g ª ¯¥à¥¬¥ë¬ fu;x0; ~�g ¨ ¢¢¥«¨¤®¯®«¨â¥«ìë¥ ãá«®¢¨ï, á®åà ïîé¨¥ ®¡é¥¥ ç¨á«® ¥§ ¢¨á¨¬ëå ¯¥à¥-¬¥ëå, â¥¬ á ¬ë¬ ¬ë ¯à®¢¥«¨ ¯à¥®¡à §®¢ ¨¥ �®£®«î¡®¢ .� à¨ æ¨ï v(x0; ~� ) ¢ëà ¦ ¥âáï ç¥à¥§ ¡¥áª®¥ç® ¬ «ë¥ «¨¥©® ¥§ -¢¨á¨¬ë¥ ¯ à ¬¥âàë ¯à¥®¡à §®¢ ¨ï �� a á«¥¤ãîé¥© ä®à¬ã«®©2:�v(x0; ~� ) � �v(x(x0; ~� )) = @v@x� @x�@� c �� c � �Mc(x0; ~�)�� c; (1:6)á«¥¤®¢ â¥«ì®, ¢ à¨ æ¨ï äãªæ¨¨ f(x0) ¡ã¤¥â à ¢ :�f(x0) = G�v + �u = �GMb(x0; ~�)�� b + ��u(x0; ~� ) + @u@x0� @x0�@� b � �� b; (1:7)£¤¥ ��u(x0; ~� ) | ¢ à¨ æ¨ï ä®à¬ë äãªæ¨¨.�ãáâì äãªæ¨¨ N a(x0; ~� ) â ª¨¥, çâ®detjj!(N a;Mb)jj � detjjDab jj 6= 0;â®£¤  ¤«ï äãªæ¨© ~N a(x0; ~�) � D�1ab N b(x0; ~�)¡ã¤ãâ ¢ë¯®«ïâìáï á®®â®è¥¨ï!( ~N a;Mb) = �ab ; (1:8)!( ~N a; ~N b) = 0: (1:9)� á¨«ã «¨¥©®áâ¨ äãªæ¨® «  ! ãá«®¢¨ï (1:4) ¡ã¤ãâ à ¢®á¨«ìëá«¥¤ãîé¨¬: 8a = 0::L� 1 : !( ~N a; u) = 0; (1:40)�¥£ª® ¯®ª § âì, çâ® äãªæ¨î u, ã¤®¢«¥â¢®àïîéãî ãá«®¢¨ï¬ (1:40),¬®¦® ¯®áâà®¨âì ¨§ ¯à®¨§¢®«ì®© ¤¨ää¥à¥æ¨àã¥¬®© äãªæ¨¨ y á«¥-¤ãîé¨¬ ®¡à §®¬:u(x0; ~� ) = K̂y(x0; ~� ) � y(x0; ~� )�Ma(x0; ~�) � !( ~N a; y); (1:10)2�¤¥ªá � ¯à®¡¥£ ¥â § ç¥¨ï ®â 0 ¤® K � 1,   ¨¤¥ªá c | ®â 0 ¤® L� 1.15



¯à¨ íâ®¬ ®¯¥à â®à K̂ ®ª §ë¢ ¥âáï ¯à®¥ªâ®à®¬: K̂2 = K̂. �«¥¤®¢ â¥«ì-®, ãá«®¢¨ï (1:40) ¢ë¤¥«ïîâ   ¯à®áâà áâ¢¥ ¤¨ää¥à¥æ¨àã¥¬ëå äãª-æ¨© ¯®¤¯à®áâà áâ¢® äãªæ¨© u, ï¢«ïîé¨åáï à¥è¥¨ï¬¨ ãà ¢¥¨ïu = K̂u: (1:11)�à ¢¥¨¥ (1:11) á¢ï§ë¢ ¥â ¢ à¨ æ¨¨ �u(�0) ¨ �un(�0). � ª ¯®ª § ®¢ �à¨«®¦¥¨¨ 1, äãªæ¨® «ìë¥ ¯à®¨§¢®¤ë¥ ��u(�0) ¨ ��un(�0) á¢ï§ ëá«¥¤ãîé¨¬¨ á®®â®è¥¨ï¬¨:ZC 0@Ma(�0) ��u(�0) +Man(�0) ��un(�0)1A dS = 0: (1:12)1.2. �¥à¥¬¥ë¥ �®£®«î¡®¢  ª ª äãªæ¨® «ë ¨á-å®¤ëå ¯¥à¥¬¥ëå�®¤áâ ¢«ïï ¢ á®®â®è¥¨ï (1:40) ¢ëà ¦¥¨¥u(x(�0; ~� )) = f(�0) �Gv(x(�0; ~�));¯®«ãç ¥¬, çâ® á«¥¤áâ¢¨¥¬ ¨¢ à¨ â®áâ¨ ¤®¯®«¨â¥«ìëå ãá«®¢¨©(1:40) ®â®á¨â¥«ì® ¨§¬¥¥¨ï ¯ à ¬¥âà®¢ � a ï¢«ïîâáï ãà ¢¥¨ï3:ZC  ~N a(�0)�fn(�0)� ~N an(�0)�f(�0)! dS � Rab�� b �G�� a = 0; (1:13)£¤¥ Rab � ZC ( ~N abn(�0)u(�0)� ~N ab (�0)un(�0)) dS;� ~N a(x0; ~�) � ~N ab (x0; ~�)�� b:�§ á®®â®è¥¨ï (1:13) á«¥¤ã¥â, çâ®�� a�f(�0) = � 1GQab ~N bn(x(�0; ~�));3�¤¥áì ¨ ¤ «¥¥ äãªæ¨¨ f(�0) ¨ fn(�0) áç¨â îâáï ¥§ ¢¨á¨¬ë¬¨.16



�� a�fn(�0) = 1GQab ~N b(x(�0; ~�)); (1:130)£¤¥ ¢¥«¨ç¨ë Qab | à¥è¥¨ï á¨áâ¥¬ë ãà ¢¥¨©:Qab = �ab � 1GRacQcb: (1:14:a)�¥£ª® ¯®ª § âì, çâ® à¥è¥¨ï ¤ ®© á¨áâ¥¬ë ¨¬¥îâ á«¥¤ãîé¨© ¢¨¤:Qab = �ba � 1GRab + 1G2RacRcb +O(G�3): (1:14:b)�á¯®«ì§ãï ¯®«ãç¥ë¥ ¢ëà ¦¥¨ï ¤«ï ��a�f(x) ¨ ��a�fn(x0),   â ª¦¥ ä®à¬ã-«ë (1:7) ¨ (1:12), ¨¬¥¥¬4:��f(�0) = ��u(�0) + �� a�f(�0) @@� a + Ŝa!; (1:15:a)��fn(�0) = ��un(�0) + �� a�fn(�0) @@� a + Ŝa!; (1:15:b)®¯¥à â®à Ŝa ®¯à¥¤¥«�¥ á«¥¤ãîé¨¬ ®¡à §®¬:Ŝa = ZC 0@ua(�0) ��u(�0) + uan(�0) ��un(�0)1A dS;ua(�0) � @u(�0)@� a ; uan(�0) � @un(�0)@� a :1.3. �¯¥à â®àë ª®®à¤¨ âë ¨ ¨¬¯ã«ìá �«ï ãç�¥â  § ª®®¢ á®åà ¥¨ï ¯à®¢¥¤�¥¬ ª¢ â®¢ ¨¥ ¢¡«¨§¨ ¥âà¨¢¨- «ì®£® ª« áá¨ç¥áª®£® áª «ïà®£® ¯®«ï ¢ â¥à¬¨ å ®¯¥à â®à®¢ �®£®-«î¡®¢ .�¯¥à â®àë q̂(�0) = 1p2 0@f(�0) + i ��fn(�0)1A4�®¤à®¡ë¥ ¢ëç¨á«¥¨ï ¤ ë ¢ �à¨«®¦¥¨¨ 1.17



¨ p̂(�0) = 1p2 0@fn(�0)� i ��f(�0)1A ;¤¥©áâ¢ãîé¨¥   ¯à®áâà áâ¢¥ äãªæ¨® «®¢ �[f; fn] á® áª «ïàë¬ ¯à®-¨§¢¥¤¥¨¥¬ < �1j�2 >= Z DfDfn��1[f; fn]�2[f; fn];á ¬®á®¯àï¦¥ë ¨ ã¤®¢«¥â¢®àïîâ ª®¬¬ãâ æ¨®®¬ã á®®â®è¥¨î8�0; �0 2 C : [q̂(�0); p̂(�0)] = i�(�0 � �0): (1:16)�â® á®®â®è¥¨¥ ¯®§¢®«ï¥â â®«ª®¢ âì q̂(�0) ¨ p̂(�0) ª ª ®¯¥à â®àëª®®à¤¨ âë ¨ ¨¬¯ã«ìá  á®®â¢¥âáâ¢¥® ¨ à §¢¨âì áå¥¬ã ¢â®à¨ç®£®ª¢ â®¢ ¨ï. �¤ ª® ¨á¯®«ì§®¢ ¨¥ ¯¥à¥¬¥ëå f(�0) ¨ fn(�0) ª ª ¥-§ ¢¨á¨¬ëå ¯à¨¢®¤¨â ª ã¤¢®¥¨î ç¨á«  á®áâ®ï¨© ¯®«ï. �â® á¢ï§ ® ááãé¥áâ¢®¢ ¨¥¬ á ¬®á®¯àï¦�¥ëå ®¯¥à â®à®¢~q(�0) = 1p2 0@fn(�0) + i ��f(�0)1A ¨ ~p(�0) = 1p2 0@f(�0) � i ��fn(�0)1A ;ã¤®¢«¥â¢®àïîé¨å ¯¥à¥áâ ®¢®ç®¬ã á®®â®è¥¨î (2:1) ¨ ª®¬¬ãâ¨àã-îé¨å á q̂ ¨ p̂. �¥¤ãªæ¨ï ç¨á«  á®áâ®ï¨© ¬®¦¥â ¡ëâì ®áãé¥áâ¢«¥  á¯®¬®éìî,  ¯à¨¬¥à, £®«®¬®àä®£® ¯à¥¤áâ ¢«¥¨ï, íâ  ¯à®æ¥¤ãà  ¯®-¤à®¡® ®¯¨á   ¢ [34, 54].� ª ¯®ª § ® ¢ [34], ¯à®áâà áâ¢® á®áâ®ï¨© ã¦®© à §¬¥à®áâ¨®ª §ë¢ ¥âáï ¯®¤¯à®áâà áâ¢®¬ äãªæ¨® «®¢ �[f; fn]. �¤ ª® ¢ë¤¥«¥-¨¥ ¨§ ®¯¥à â®à®¢ ª« áá¨ç¥áª¨å á®áâ ¢«ïîé¨å ¨ ã¤®¢«¥â¢®à¥¨¥ ¤®-¯®«¨â¥«ìëå ãá«®¢¨©, ¢®§¨ªè¨å ¯à¨ ¯¥à¥å®¤¥ ª ¯à¥¤áâ ¢«¥¨î �®-£®«î¡®¢ ,   ¤ ®¬ ¯®¤¯à®áâà áâ¢¥ § âàã¤¨â¥«ì®. �®íâ®¬ã, ¥®£à ¨ç¨¢ ï ¢¥ªâ®à á®áâ®ï¨ï ª®ªà¥âë¬ ¯®¤¯à®áâà áâ¢®¬, á ç « ¢ë¤¥«¨¬ ª« áá¨ç¥áªãî á®áâ ¢«ïîéãî ¨ ¯®áâà®¨¬ à¥£ã«ïàãî â¥®à¨î¢®§¬ãé¥¨ï. �®«ìª® ¯®á«¥ íâ®£® áâ ¥â ¢®§¬®¦ë¬ ¯à®¢¥¤¥¨¥ à¥¤ãª-æ¨¨ ç¨á«  á®áâ®ï¨© ¨ ä¨ªá æ¨ï   «¨â¨ç¥áª®© áâàãªâãàë ¢¥ªâ®à®¢á®áâ®ï¨ï.�¯¥à â®àë q̂ ¨ p̂, ¢ëà ¦¥ë¥ ç¥à¥§ v(�0) ¨ u(�0), ¨¬¥îâ á«¥¤ãîé¨©¢¨¤: 18



q̂(�0) = 1p2 0@G v(�0) + u(�0) + i ��un(�0) + 1GB̂(�0)1A ; (1:17:a)p̂(�0) = 1p2 0@G vn(�0) + un(�0) � i ��u(�0) + 1GB̂n(�0)1A ; (1:17:b)£¤¥ B̂(�0) = ~N b(�0)  iŜb + i @@� b! :�¥®¡å®¤¨¬®áâì ¢ª«îç¥¨ï ¢ ¤ ®¥ ¢ëà ¦¥¨¥ ¢¥«¨ç¨, ¯à®¯®àæ¨®- «ìëå 1G, ®¡êïáï¥âáï â¥¬, çâ® ®¯¥à â®à @@�a ¥ ª®¬¬ãâ¨àã¥â á äãª-æ¨¥© v(�0), â ª ª ª ¯®á«¥¤ïï § ¢¨á¨â ®â � a. �®íâ®¬ã ¢¥«¨ç¨ë B̂(�0)¤ îâ ¢ª« ¤ ¢ ª®¬¬ãâ â®à ã¦¥ ¢ ã«¥¢®¬ ¯®àï¤ª¥.�â®¡ë ã¡¥¤¨âìáï ¢ íâ®¬, ¯à®¢¥à¨¬ ¯à ¢¨«ì®áâì ª®¬¬ãâ æ¨®®£®á®®â®è¥¨ï (1:16): [q̂(�0); p̂(�00)] == 12([v(�0); Bn(�00)] + i[ ��un(�0); un(�00)] + i[ ��u(�00); u(�0)] + [B(�0); vn(�00)]):�¥£ª® ¯®«ãç¨âì á®®â®è¥¨ï ª®¬¬ãâ æ¨¨ ¬¥¦¤ã íâ¨¬¨ ®¯¥à â®à -¬¨: [v(�0); Bn(�00)] = i[v(�0); ~N bn(�00) @@� b ] = i ~N bn(�00)Mb(�00):[vn(�00); B(�0)] = i[vn(�00); ~N b(�0) @@� b ] = i ~N b(�0)Mbn(�00);[ ��un(�0); un(�00)] = �un(�00)�un(�0) = �(�0 � �00) +Man(�00) ~N a(�0):[ ��u(�00); u(�0)] = �u(�0)�u(�00) = �(�0 � �00) �Ma(�0) ~N an(�00):�ã¬¬¨àãï ¤ ë¥ á®®â®è¥¨ï, ¯®«ãç ¥¬ ä®à¬ã«ã (1:16).19



�« ¢  2���������� ���������������� ����������2.1. �à¥®¡à §®¢ ¨¥ ¢¥ªâ®à®¢ á®áâ®ï¨©�¥à¢ë¬ è £®¬ ¯®áâà®¥¨ï à¥£ã«ïà®© â¥®à¨¨ ¢®§¬ãé¥¨© ï¢«ï¥âáï¯à®¢¥¤¥¨¥ ¯à¥®¡à §®¢ ¨ï ¢¥ªâ®à®¢ á®áâ®ï¨© ¤«ï ¯®¢ëè¥¨ï ¯®àï¤ª ®¯¥à â®à®¢ @@�a : �[u; un] �! eiG2J(~� )�[u; un]: (2:1)�®®â¢¥âáâ¢ãîé¥¥ ¯à¥®¡à §®¢ ¨¥ ®¯¥à â®à®¢ ¢ë£«ï¤¨â â ª:i @@� a �! �G2Ja + i @@� a ; Ja � @J(~� )@� a : (2:2)�¥¯¥àì ®¯¥à â®àë q̂(�0) ¨ p̂(�0) ¨¬¥îâ á«¥¤ãîé¨© ¢¨¤:q̂(�0) = G F (�0) + Q̂(�0) + 1GÂ(�0); (2:3:a)p̂(�0) = G Fn(�0) + P̂ (�0) + 1GÂn(�0); (2:3:b)£¤¥ F (�0) = 1p2(v(�0) � Ja ~N a(�0)); (2:4)Q̂(�0) = 1p2 0@u(�0) + i ��un(�0) + ~N a(�0)ra1A ;20



P̂ (�0) = 1p2 0@un(�0)� i ��u(�0) + ~N an(�0)ra1A ;Â(�0) = 1p2 ~N b(�0)  iŜb + i @@� b + Rabra! ;ra � RcaJc:2.2. �àã¯¯  �ã ª à¥� áá¬®âà¨¬ ¢ ª ç¥áâ¢¥ £àã¯¯ë G £àã¯¯ã �ã ª à¥. �®áâà®¨¬ â¥®à¨î¢®§¬ãé¥¨© ¤«ï (3+1){¬¥à®© â¥®à¨¨ áª «ïà®£® ¤¥©áâ¢¨â¥«ì®£® ¯®-«ï, ®¯¨áë¢ ¥¬®£® � £à ¦¥¢®© ¯«®â®áâìî:L = 12g��f;�(x)f;�(x) �G2V  fG! ; (2:5)£¤¥x = (x0; x1; x2; x3) � (t; x) ; f;� � @f@x� ; g�� = diag(1;�1;�1;�1):�ã ª à¥-¨¢ à¨ â®áâì ãà ¢¥¨ï � £à ¦ {�©«¥à :g�� @2f(x)@x�@x� +GdV (f=G)df = 0 (2:6)¯à¨¢®¤¨â, ª ª ¨§¢¥áâ®, ª ¤¢ã¬ á«¥¤áâ¢¨ï¬. �®-¯¥à¢ëå, ¥á«¨ ~f(x) ¥áâìà¥è¥¨¥ ãà ¢¥¨ï (2:6), â® ¨ äãªæ¨ï ~f (x0), £¤¥x0� = L��(� 4; : : : ; � 9)x� + � �; (2:7)L�� | ¬ âà¨æ  ¯à¥®¡à §®¢ ¨ï �®à¥æ ,   ¯ à ¬¥âàë � � ®¯à¥¤¥«ïîâá¬¥é¥¨¥  ç «  ª®®à¤¨ â, ï¢«ï¥âáï à¥è¥¨¥¬ ãà ¢¥¨ï (2:6).�®-¢â®àëå, ª ¦¤®¥ à¥è¥¨¥ ãà ¢¥¨ï (2:6) ¯®à®¦¤ ¥â «¨¥©®¥¯à®áâà áâ¢® à¥è¥¨© á«¥¤ãîé¥£® ãà ¢¥¨ï:g�� @2 (x)@x�@x� + d2V (f=G)df2 �  (x) = 0: (2:8)21



�¥©áâ¢¨â¥«ì®, ¥á«¨ äãªæ¨ï ~f (x) | à¥è¥¨¥ ãà ¢¥¨ï (2:6), â®«¨¥©ë¥ ª®¬¡¨ æ¨¨ äãªæ¨©1~f;0(x); ~f;k(x); xk ~f;0(x) + t ~f;k(x) ¨ xk ~f;j(x) � xj ~f;k(x)ï¢«ïîâáï à¥è¥¨ï¬¨ ãà ¢¥¨ï (2:8).2.3. �¥®à¨ï ¢®§¬ãé¥¨© ¨ ¨â¥£à «ë ¤¢¨¦¥¨ï�«¥¤ãîé¨¬ è £®¬ ¯®áâà®¥¨ï â¥®à¨¨ ¢®§¬ãé¥¨© ï¢«ï¥âáï  å®¦¤¥-¨¥ ¨â¥£à «®¢ ¤¢¨¦¥¨ï (¤¨ ¬¨ç¥áª¨å ¨¢ à¨ â®¢), á®®â¢¥âáâ¢ãî-é¨å, á®£« á® â¥®à¥¬¥ ��¥â¥à, ¥¯à¥àë¢ë¬ ¯à¥®¡à §®¢ ¨ï¬ á¨¬¬¥-âà¨¨ « £à ¦¨  . � ª ç¥áâ¢¥ 10 «¨¥©® ¥§ ¢¨á¨¬ëå ¨â¥£à «®¢¤¢¨¦¥¨ï ¬®¦® ¢ë¡à âì á«¥¤ãîé¨¥ (� < �):P� = Z �0� dx1dx2dx3; M�� = Z (�0�x� ��0�x�) dx1dx2dx3;£¤¥ ��� = @L@f;� @f@x� � g��L:�«¥¤ã¥â ®â¬¥â¨âì, çâ® ¨â¥£à «ë M�� ¥ ï¢«ïîâáï âà á«ïæ¨®®-¨¢ à¨ âë¬¨. �à¨ á¬¥é¥¨¨  ç «  ª®®à¤¨ â   �� ¢¥«¨ç¨  M��¬¥ï¥âáï   � �P� � ��P�.�ãáâì � | ¯à®áâà áâ¢¥®¯®¤®¡ ï £¨¯¥à¯«®áª®áâì, § ¤  ï ¥-ª®â®àë¬ ãà ¢¥¨¥¬ ¢ ª®®à¤¨ â å x0. � ¯®¬®éìî ¯à¥®¡à §®¢ ¨ï �ã- ª à¥ (2:7) ¬®¦® ¯¥à¥©â¨ ¢ á¨áâ¥¬ã ª®®à¤¨ â x00, ¢ ª®â®à®© ¯®¢¥àå-®áâì � ¡ã¤¥â ®¯à¥¤¥«ïâìáï ãà ¢¥¨¥¬ t00 = 0, ¯®íâ®¬ã, à §ã¬¥¥âáï, ¥®£à ¨ç¨¢ ï ®¡é®áâ¨, ¬®¦® ¢ë¡à âì ¢ ª ç¥áâ¢¥ ¯®¢¥àå®áâ¨ C £¨-¯¥à¯«®áª®áâì t0 = 0,   ¢ ª ç¥áâ¢¥ ª®®à¤¨ â   C �0k = x0k, k = 1; 2; 3.�à¨ â ª®¬ ¢ë¡®à¥ ®à¬ «ì ï ¯à®¨§¢®¤ ï @@n = @@t0 .�à®¢¥¤�¥¬ ª¢ â®¢ ¨¥, § ¬¥ïï f(�0) ¨ f;�(�0)   ®¯¥à â®àë:f(�0) �! q̂(x(�0; ~�)) � q(�0); f;k(�0) �! q̂;k(�0); f;0(�0) �! p̂(�0):�¥¯¥àì ¨â¥£à «ë ¤¢¨¦¥¨ï ï¢«ïîâáï àï¤ ¬¨ ¯® 1G:1�à¥ç¥áª¨¥ ¨¤¥ªáë ¯à®¡¥£ îâ § ç¥¨ï ®â 0 ¤® 3, ¨¤¥ªáë k ¨ j | ®â 1 ¤® 3.22



Oa = G2Oa�2 +GOa�1 + Oa0 + : : : a = 1; 2; : : : ; 10:�ë¯¨è¥¬ ï¢® ¯¥à¢ë¥ á« £ ¥¬ë¥ à §«®¦¥¨ï £ ¬¨«ìâ®¨  :P0 � H = G2H�2 +GH�1 +H0 + : : : ;£¤¥2H�2 = ZC  12(F 2;0 + F 2;1 + F 2;2 + F 2;3) + V (F )! d3S;H�1 = ZC  12(F;0P̂ + F;1Q̂;1 + F;2Q̂;2 + F;3Q̂;3) + V 0(F )Q̂! d3S;H0 = ZC 0@12P̂ 2 + F;0Â;0 + 3Xk=1  12Q̂2;k + F;kÂ;k! + V 0(F )Â + 12V 00(F )Q̂21A d3S:� ª ª ª F (x0; ~�) ï¢«ï¥âáï ç¨á«®¢®© äãªæ¨¥©,   ¥ ®¯¥à â®à®¬, â®¨â¥£à «ë Oa�2 á¢®¤ïâáï ª ç¨á« ¬,   ¨â¥£à «ë Oa�1 ®ª §ë¢ îâáï «¨-¥©ë¬¨ ¯® ®¯¥à â®à ¬ u, un, ��u ¨ ��un . �®áª®«ìªã ¥ áãé¥áâ¢ã¥â ®à-¬¨à®¢ ëå á®¡áâ¢¥ëå ¢¥ªâ®à®¢ íâ¨å ®¯¥à â®à®¢, â® ¤«ï ¯®áâà®¥¨ïà¥£ã«ïà®© â¥®à¨¨ ¢®§¬ãé¥¨© ¥®¡å®¤¨¬® ®¡à â¨âì ¢á¥ Oa�1 ¢ ã«ì.�ãáâì   ¯®¢¥àå®áâ¨ C ¢ë¯®«ïîâáï á®®â®è¥¨ïF;�(0; x0) = cv;�(0; x0); F;�0(0; x0) = cv;�0(0; x0); (2:9)£¤¥ c | ¯à®¨§¢®«ì ï ª®áâ â , ¨ £à ¨çë¥ ãá«®¢¨ïF;�Q̂j@C = 0; x0�F;�Q̂j@C = 0:� �à¨«®¦¥¨¨ 2 ¯®ª § ®, çâ®, ¥á«¨ äãªæ¨ï F (x0; ~�) | à¥è¥¨¥á«¥¤ãîé¥£® ãà ¢¥¨ï:g�� @2F (x0; ~� )@x0�@x0� + V 0(F ) = 0; (2:60)â® ¢® ¢á¥å ¨â¥£à « å Oa�1 áã¬¬ë «¨¥©ëå ¯® ��u ¨ ��un ç«¥®¢ ®ª §ë¢ -îâáï ¯à®¯®àæ¨® «ìë¬¨ «¥¢ë¬ ç áâï¬ ä®à¬ã« (1:12) ¨, á«¥¤®¢ â¥«ì-®, à ¢ë¬¨ ã«î.2�à®¨§¢®¤ë¥ ¡¥àãâáï ¯® x0: F;� � @F@x0� , Q;� � @Q@x0� ¨ A;� � @A@x0� .23



�¥¯¥àì ¢á¥ ®¯¥à â®àë Oa�1 ¬®£ãâ ¡ëâì ¯à¥¤áâ ¢«¥ë ¢ ¢¨¤¥:Oa�1 = c ZC (Ma �un(�0) + ~N an(�0)ra��Man �u(�0) + ~N a(�0)ra� ) d3S; (2:10)¯à¨ íâ®¬ ¨¤¥ªá a ã¬¥àã¥â ¨â¥£à «ë ¤¢¨¦¥¨ï ¢ á«¥¤ãîé¥¬ ¯®àï¤-ª¥: a = 0 á®®â¢¥âáâ¢ã¥â H, ¤ «¥¥ á«¥¤ãîâ Pk, M0j ¨ Mkj. � ä®à¬ã-«¥ (2:10), ¢ ¢ëà ¦¥¨ïå ¤«ï M���1, ¥ ¢ë¯¨á ë ç«¥ë ��P��1 � � �P��1,â ª ª ª ®¨ ®¡à é îâáï ¢ ã«ì  ¢â®¬ â¨ç¥áª¨, ¥á«¨ ¢á¥ P��1 = 0.�â¥£à «ë ra � RbaJb ï¢«ïîâáï «¨¥©ë¬¨ äãªæ¨® « ¬¨ ®â u ¨un. �®¤áâ ¢«ïï ï¢ë© ¢¨¤ äãªæ¨® «®¢ Rba, «¥£ª® ¯®«ãç¨âì, çâ® ¢ä®à¬ã«¥ (2:10) «¨¥©ë¥ ¯® u ¨ un ç«¥ë ®¡à âïâáï ¢ ã«ì ¯à¨v(0; x0) = � ~N a(0; x0)Ja:�®£¤  ¨§ ä®à¬ã«ë (2:4) á«¥¤ã¥â, çâ® c = p2. � ª¨¬ ®¡à §®¬,v(0; x0) = � ~N a(0; x0)Ja = 1p2F (0; x0) =) F (0; x0) = �p2 ~N a(0; x0)Ja:(2:11)� ë¥ á®®â®è¥¨ï ®¯à¥¤¥«ïîâ § ç¥¨ï ¯ à ¬¥âà®¢ Ja:Ja = � 1p2!(F;Ma): (2:12)�® á¨å ¯®à  è¥ à áá¬®âà¥¨¥ ª á «®áì â®«ìª® ¯®¢¥àå®áâ¨ C. �¥-¯¥àì à á¯à®áâà ¨¬ ¥£®   ¢á�¥ ¯à®áâà áâ¢®. �®®â®è¥¨¥v(0; x0) = 1p2F (0; x0)¤®«¦® ¢ë¯®«ïâìáï ¯à¨ ¢á¥å § ç¥¨ïå ~� , ¨ë¬¨ á«®¢ ¬¨,v(x(0; x0; ~�)) = 1p2F (x(0; x0; ~� )):� ª¨¬ ®¡à §®¬, ¨§ ¯à®¯®àæ¨® «ì®áâ¨ äãªæ¨© v ¨ F   ¯®¢¥àå-®áâ¨ á«¥¤ã¥â ¨å ¯à®¯®àæ¨® «ì®áâì ¢® ¢á�¥¬ ¯à®áâà áâ¢e, â ª ª ªá ¯®¬®éìî ¯à¥®¡à §®¢ ¨ï �ã ª à¥ ¨§ â®çª¨ ¯®¢¥àå®áâ¨ C ¬®¦®24



¯®«ãç¨âì «î¡ãî â®çªã ¯à®áâà áâ¢ . �«¥¤®¢ â¥«ì®, v(x0; ~� ) | äãª-æ¨ï, ¯à®¯®àæ¨® «ì ï à¥è¥¨î ãà ¢¥¨ï (2:60),   Ma(x0; ~� ) ï¢«ïîâáïà¥è¥¨ï¬¨ «¨¥©®£® ãà ¢¥¨ï:g��@2Ma(x0; ~�)@x0�@x0� + V 00(F ) �Ma(x0; ~�) � L̂Ma(x0; ~� ) = 0: (2:80)2.4. �¯à¥¤¥«¥¨¥ äãªæ¨© ~N a�®  áâ®ïé¥£® ¬®¬¥â  § ç¥¨ï äãªæ¨© ~N a(x0; ~� ) ¥ ®¯à¥¤¥«¥ë. �®-ª ¦¥¬, çâ® ¥á«¨ ~N a ï¢«ïîâáï à¥è¥¨ï¬¨ ãà ¢¥¨ï (2:80) ¨ ã¤®¢«¥â¢®-àïîâ ®¯à¥¤¥«�¥ë¬ £à ¨çë¬ ãá«®¢¨ï¬   ¡¥áª®¥ç®áâ¨ âà�¥å¬¥à®£®¯à®áâà áâ¢ ,  ¯à¨¬¥à, ®¡à é îâáï ¢ ã«ì ¢¬¥áâ¥ á® ¢á¥¬¨ á¢®¨¬¨¯à®¨§¢®¤ë¬¨ ¯¥à¢®£® ¯®àï¤ª , â® ãá«®¢¨ï, ä¨ªá¨àãîé¨¥ ï¢ë© ¢¨¤¯à¥®¡à §®¢ ¨ï �®£®«î¡®¢ , ¥ § ¢¨áïâ ®â ¢ë¡®à  ¯®¢¥àå®áâ¨ ¨â¥-£à¨à®¢ ¨ï.�¥©áâ¢¨â¥«ì®, ¯ãáâì ~C | ¯à®áâà áâ¢¥®¯®¤®¡ ï £¨¯¥à¯«®áª®áâì.�¡« áâì ¯à®áâà áâ¢ -¢à¥¬¥¨ S, ®£à ¨ç¥ ï £¨¯¥à¯«®áª®áâï¬¨ C ¨~C, ®¡« ¤ ¥â £à ¨æ¥© @S = C + ~C + @ ~S:¯à¨ íâ®¬ ¯®¢¥àå®áâì @ ~S  å®¤¨âáï, ®ç¥¢¨¤®,   ¡¥áª®¥ç®áâ¨ âà¥å-¬¥à®£® ¯à®áâà áâ¢ . � «®¦¨¬   äãªæ¨¨ ~N a ¨ Mb â ª¨¥ £à ¨çë¥ãá«®¢¨ï, çâ®¡ë Z@ ~S ( ~N aMbn �Mb ~N an) dS = 0:�ãªæ¨¨ Mb | à¥è¥¨ï (2:80), ¥á«¨ ~N a â ª¦¥ ï¢«ïîâáï à¥è¥¨ï-¬¨ ¤ ®£® ãà ¢¥¨ï, â®, ¨á¯®«ì§ãï ä®à¬ã«ã �à¨ , ¯®«ãç ¥¬, çâ®¨â¥£à « ¯® £à ¨æ¥ ®¡« áâ¨ S à ¢¥ ã«î:I@S ( ~N aMbn �Mb ~N an) d3S = ZS ( ~N aL̂Mb �MbL̂ ~N a) d4S = 0; (2:13)¨ ãá«®¢¨ï (1:8) ¥ § ¢¨áïâ ®â ¢ë¡®à  ¯®¢¥àå®áâ¨ ¨â¥£à¨à®¢ ¨ï:25



~!( ~N a;Mb) � Z~C ( ~N a(~�0)Mbn(~�0)� ~N an(~�0)Mb(~�0)) d3~S = �ab :Aa«®£¨çë¬ ®¡à §®¬ ¤®ª §ë¢ ¥âáï ¥§ ¢¨á¨¬®áâì ®â ¢ë¡®à  ¯®-¢¥àå®áâ¨ ¨â¥£à¨à®¢ ¨ï ãá«®¢¨© (8).�®âà¥¡ã¥¬, çâ®¡ë äãªæ¨ï u(x0; ~� ) ï¢«ï« áì à¥è¥¨¥¬ «¨¥©®£®¢®«®¢®£® ãà ¢¥¨ï (2:80), â®£¤  § ¤ ¨¥¬ £à ¨çëå ãá«®¢¨©   ¡¥á-ª®¥ç®áâ¨ âà¥å¬¥à®£® ¯à®áâà áâ¢  ¬®¦® ¤®¡¨âìáï â®£®, çâ®¡ëãá«®¢¨ï (1:40) â ª¦¥ ¢ë¯®«ï«¨áì ¥§ ¢¨á¨¬® ®â ¢ë¡®à  C. � ª ª ª¯à®áâà áâ¢¥®¯®¤®¡ãî £¨¯¥à¯«®áª®áâì ¬®¦® ¯à®¢¥áâ¨ ¢ «î¡®© â®ç-ª¥ ¯à®áâà áâ¢ , â®  è¥ ª¢ â®¢ ¨¥ á¯à ¢¥¤«¨¢® ¢® ¢á�¥¬ ¯à®áâà -áâ¢¥. �ë¡®à ¯®¢¥àå®áâ¨ C ¢«¨ï¥â «¨èì   § ç¥¨ï ¯ à ¬¥âà®¢ Ja.�§¬¥¥¨¥ § ç¥¨© ¯ à ¬¥âà®¢ � a ¢  à£ã¬¥â å äãªæ¨©~N a(x(�0; ~�)), Ma(x(�0; ~� )) ¨ u(x(�0; ~� )) ä ªâ¨ç¥áª¨ ®§ ç ¥â ¯¥à¥å®¤ ®â¨â¥£à¨à®¢ ¨ï ¯® ®¤®© ¯à®áâà áâ¢¥®¯®¤®¡®© £¨¯¥à¯«®áª®áâ¨ ª¨â¥£à¨à®¢ ¨î ¯® ¤àã£®©, ¢®§¬®¦®, á®¢¯ ¤ îé¥© á ¨áå®¤®©. �«¥-¤®¢ â¥«ì®, ¥á«¨ ãá«®¢¨ï (7){(9) ¢ë¯®«ïîâáï ¯à¨ å®âï ¡ë ®¤®¬ § -ç¥¨¥ ¯ à ¬¥âà®¢ � a, â® ®¨ ¢ë¯®«ïîâáï ¯à¨ ¢á¥å § ç¥¨ïå � a.�ãªæ¨ï F (x) ®¡à é ¥âáï ¢ ã«ì   ¥ª®â®à®© ¯à®áâà áâ¢¥®¯®-¤®¡®© £¨¯¥à¯«®áª®áâ¨. �ë¡¥à¥¬ £àã¯¯®¢ë¥ ¯¥à¥¬¥ë¥ � a â ª, çâ®¡ëF (x(0; x0; ~� )) = 0.� ª ª ª F (0; x0) = 0, â® F;k(0; x0) = 0 ¨ F;kk(0; x0) = 0 (k = 1; 2; 3). �§ãà ¢¥¨ï (2:60) ¨ ãá«®¢¨ï V 0(0) = 0 á«¥¤ã¥â, çâ® F;00(0; x0) = 0.
26



�ãªæ¨¨ Ma(0; x0) ®¯à¥¤¥«ïîâáï á«¥¤ãîé¨¬ ®¡à §®¬:M0(0; x0) = 1p2F;0 ; M0n(0; x0) = 0 ;M1(0; x0) = 0 ; M1n(0; x0) = 1p2F;01 ;M2(0; x0) = 0 ; M2n(0; x0) = 1p2F;02 ;M3(0; x0) = 0 ; M3n(0; x0) = 1p2F;03 ;M4(0; x0) = 1p2x01F;0 ; M4n(0; x0) = 0 ;M5(0; x0) = 1p2x02F;0 ; M5n(0; x0) = 0 ;M6(0; x0) = 1p2x03F;0 ; M6n(0; x0) = 0 ;M7(0; x0) = 0 ; M7n(0; x0) = 1p2(x01F;02 � x02F;01) ;M8(0; x0) = 0 ; M8n(0; x0) = 1p2(x03F;01 � x01F;03) ;M9(0; x0) = 0 ; M9n(0; x0) = 1p2(x02F;03 � x03F;02) :�ãáâì äãªæ¨ï F (0; x0) ï¢«ï¥âáï «¨¡® ç�¥â®©, «¨¡® ¥ç�¥â®©, â®£¤ Z F;0F;0j d3S = 0; j = 1; 2; 3;Z x0kF;0F;0j d3S = 0; j = 1; 2; 3; k = 1; 2; 3; k 6= j;Z x0kx0iF;0F;0j d3S = 0; j = 1; 2; 3; k = 1; 2; 3; i = 1; 2; 3:�®¤áâ ¢«ïï Ma ¢ ä®à¬ã«ã (2:12), ¯®«ãç ¥¬, çâ® Jk = 0 ¯à¨ k 6= 0,á«¥¤®¢ â¥«ì®, á®£« á® ä®à¬ã«¥ (2:11):~N 0(0; x0) = p2RC F 2;0 d3SF (0; x0) = 0 ¨ ~N 0n(0; x0) = p2R F 2;0 d3SF;0(0; x0):� ª ª ª ~N a(x0; ~�) ï¢«ïîâáï à¥è¥¨ï¬¨ ãà ¢¥¨ï (2:80), â® ¤«ï ¨å
27



®¯à¥¤¥«¥¨ï ¤®áâ â®ç® § ¤ âì § ç¥¨ï ~N a ¨ ~N an   ¯®¢¥àå®áâ¨ C:~N 0(0; x0) = 0 ; ~N 0n(0; x0) = B0F;0 ;~N 1(0; x0) = �B1F;01 ; ~N 1n(0; x0) = 0 ;~N 2(0; x0) = �B2F;02 ; ~N 2n(0; x0) = 0 ;~N 3(0; x0) = �B3F;03 ; ~N 3n(0; x0) = 0 ;~N 4(0; x0) = 0 ; ~N 4n(0; x0) = B4(x01F;0 �D1F;01) ;~N 5(0; x0) = 0 ; ~N 5n(0; x0) = B5(x02F;0 �D2F;02) ;~N 6(0; x0) = 0 ; ~N 6n(0; x0) = B6(x03F;0 �D3F;03) ;~N 7(0; x0) = B7(x02F;01 � x01F;02) ; ~N 7n(0; x0) = 0 ;~N 8(0; x0) = B8(x01F;03 � x03F;01) ; ~N 8n(0; x0) = 0 ;~N 9(0; x0) = B9(x03F;02 � x02F;03) ; ~N 9n(0; x0) = 0 ;£¤¥ Dk = R x0kF;0F;0k d3SR F 2;0k d3S ,B0 = p2R F 2;0 d3S B2 = p2R F 2;02 d3SB1 = p2R F 2;01 d3S B3 = p2R F 2;03 d3SB4 = p2R F 2;01 d3SR (x01F;0)2 d3S R F 2;01 d3S�(R x01F;0F;01 d3S)2 B7 = p2R (x02F;01�x01F;02)2 d3SB5 = p2R F 2;02 d3SR (x02F;0)2 d3S R F 2;02 d3S�(R x02F;0F;02 d3S)2 B8 = p2R (x01F;03�x03F;01)2 d3SB6 = p2R F 2;03 d3SR (x03F;0)2 d3S R F 2;03 d3S�(R x03F;0F;03 d3S)2 B9 = p2R (x03F;02�x02F;03)2 d3S� ª «¥£ª® ¯à®¢¥à¨âì, á®®â®è¥¨ï (1:8) ¨ (1:9) ¢ë¯®«¥ë.2.5. �¥¤ãªæ¨ï ç¨á«  á®áâ®ï¨©� áá¬®âà¨¬ ¯à¥®¡à §®¢ ¨ï ¯à®áâà áâ¢   ¬¯«¨âã¤ á®áâ®ï¨© ¯®«ï ¨¤¥©áâ¢ãîé¨å   �¥¬ ®¯¥à â®à®¢. �¥à¢® ç «ì® ¬ë ¯¥à¥è«¨ ®â äãª-æ¨¨ ª®®à¤¨ âë x f(x0) ª á«®¦®© äãªæ¨¨ ª®®à¤¨ â x0 ¨ � f(x(x0; ~�))28



¨ ¢ë¤¥«¨«¨ ¨§ ¥�¥ ª« áá¨ç¥áªãî Gv(x(x0; ~� )) ¨ ª¢ â®¢ãî u(x(x0; ~�))á®áâ ¢«ïîé¨¥. �¢¥¤¥¨¥ ¤®¯®«¨â¥«ìëå ¯¥à¥¬¥ëå ¡ë«® ª®¬¯¥-á¨à®¢ ®  «®¦¥¨¥¬ ãá«®¢¨©   äãªæ¨¨ u(x(x0; ~�)). �à¨ ¯®«ãç¥¨¨¢ëà ¦¥¨ï (1:13) ¤«ï ¯¥à¥¬¥ëå �®£®«î¡®¢ , ª ª äãªæ¨® «®¢ ¨á-å®¤ëå ¯®«¥¢ëå ¯¥à¥¬¥ëå, ¬ë à áá¬ âà¨¢ «¨ äãªæ¨¨ f(x0) ¨ fn(x0)ª ª ¥§ ¢¨á¨¬ë¥, â¥¬ á ¬ë¬ ã¤¢®¨¢ ç¨á«® á®áâ®ï¨© ¯®«ï. �¤¢®¥¨¥ç¨á«  á®áâ®ï¨© ¯®«ï ã¤¢®¨«® ¨ ç¨á«® ¢á¥å ¥§ ¢¨á¨¬ëå ¯¥à¥¬¥ëå,¢ª«îç ï ¨ ¯¥à¥¬¥ë¥ �®£®«î¡®¢ , ¯®íâ®¬ã ¤«ï ¯à¨¢¥¤¥¨ï ª®«¨ç¥-áâ¢  á®áâ®ï¨© ¯®«ï ª ¨áå®¤®¬ã à¥¤ãªæ¨î ç¨á«  á®áâ®ï¨© ¥®¡å®¤¨¬®¯à®¢®¤¨âì   äãªæ¨ïå, ã¤®¢«¥â¢®àïîé¨å ¥ 10,   20 ¤®¯®«¨â¥«ìë¬ãá«®¢¨ï¬.�ãªæ¨¨ ~N a ¢ë¡à ë â ª, çâ® 8a «¨¡® ~N a(0; x0), «¨¡® ~N an(0; x0) â®-¦¤¥áâ¢¥® à ¢ë ã«î. � ª¨¬ ®¡à §®¬, ®¤  ç áâì ãá«®¢¨© (1:40)®£à ¨ç¨¢ ¥â ¯®¢¥¤¥¨¥ u,   ¤àã£ ï | un. �¥£ª® ¢¨¤¥âì, çâ® u ¨ un¤®«¦ë ã¤®¢«¥â¢®àïâì à §«¨çë¬ ãá«®¢¨ï¬, çâ® § âàã¤ï¥â à¥¤ãªæ¨îç¨á«  á®áâ®ï¨©. �®¯®«¨â¥«ìë¥ 10 ãá«®¢¨© ã¤®¡® ¢ë¡à âì á«¥¤ãî-é¨¬ ®¡à §®¬: à áá¬®âà¨¬ äãªæ¨¨ w(x0; ~�) â ª¨¥, çâ®8a = 0::L� 1 : !(Ma; w) = 0; !( ~N a; w) = 0: (1:400)�ãªæ¨ï w(0; x0) ¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥w = y + ~N a �!(Ma; y)�Ma �!( ~N a; y)� ~N a �!(Ma;Mb)!( ~N b; y): (1:100:a)�âáî¤  á«¥¤ã¥â, çâ®wn = yn+ ~N an �!(Ma; y)�Man �!( ~N a; y)� ~N an �!(Ma;Mb)!( ~N b; y): (1:100:b)�ãé¥áâ¢ãîâ ª®áâ âë Ca, Cab , ~Ca, ~Cab â ª¨¥, çâ® ¯à¨ t0 = 0 ¢ë¯®«-ïîâáï á®®â®è¥¨ï3:~N a = CaMan + Cab ~N bn; ~N an = ~CaMa + ~Cab ~N b; (2:14)á«¥¤®¢ â¥«ì®, ãá«®¢¨ï (1:400) ¬®¦® ¯¥à¥¯¨á âì ¢ á«¥¤ãîé¥¬ ¢¨¤¥3�ã¬¬¨à®¢ ¨¥ ¢ ä®à¬ã« å (2:14) ¢¥¤�¥âáï â®«ìª® ¯® ¨¤¥ªáã b.29



Z ~N a(0; x0)w(0; x0) d3S = 0; Z ~N a(0; x0)wn(0; x0) d3S = 0;Z ~N an(0; x0)w(0; x0) d3S = 0; Z ~N an(0; x0)wn(0; x0) d3S = 0;Z Ma(0; x0)w(0; x0) d3S = 0; Z Ma(0; x0)wn(0; x0) d3S = 0;Z Man(0; x0)w(0; x0) d3S = 0; Z Man(0; x0)wn(0; x0) d3S = 0:� ª¨¬ ®¡à §®¬, äãªæ¨¨ w(0; x0) ¨ wn(0; x0) ¬®£ãâ ¡ëâì ¢ë¡à ë ¥-§ ¢¨á¨¬®. �â¨ äãªæ¨¨ ¯®¤ç¨ïîâáï ®¤¨¬ ¨ â¥¬ ¦¥ ¤®¯®«¨â¥«ìë¬ãá«®¢¨ï¬, á«¥¤®¢ â¥«ì®, ®¨ ï¢«ïîâáï à¥§ã«ìâ â®¬ ¤¥©áâ¢¨ï ®¤®£® ¨â®£® ¦¥ ®¯¥à â®à  ¯à®¥ªâ¨à®¢ ¨ï   äãªæ¨¨ y ¨ yn á®®â¢¥âáâ¢¥®.�¥©áâ¢¨â¥«ì®, ¯®¤áâ ¢«ïï § ç¥¨ï Ma(0; x0) ¨ ~N a(0; x0) ¢ ä®à¬ã«ë(100:a) ¨ (100:b), ¨¬¥¥¬:w = y � 1p2B0 ~N 0n(0; x0) ZC ~N 0ny d3S � 3Xk=1 1p2Bk ~N k(0; x0) ZC ~N ky d3S�� 6Xj=4 1p2Bj ~N jn(0; x0) Z ~N jny d3S � 9Xi=7 1p2Bi ~N i(0; x0) ZC ~N iy d3S;wn = yn � 1p2B0 ~N 0n(0; x0) ZC ~N 0nyn d3S � 3Xk=1 1p2Bk ~N k(0; x0) ZC ~N kyn d3S�� 6Xj=4 1p2Bj ~N jn(0; x0) Z ~N jnyn d3S � 9Xi=7 1p2Bi ~N i(0; x0) ZC ~N iyn d3S:� ª ª ª ra � RbaJb = Jb!( ~N ba; u) = �!(Ma; u);â® äãªæ¨¨, ã¤®¢«¥â¢®àïîé¨¥ á®®â®è¥¨ï¬ (1:400), ¬®¦® ¯®«ãç¨âì¯® ä®à¬ã« ¬w(0; x0) = u(0; x0) � ~N a(0; x0)ra; wn(0; x0) = un(0; x0) � ~N an(0; x0)ra;¢ ®áâ «ìëå â®çª å ¯à®áâà áâ¢  äãªæ¨ï w ®¯à¥¤¥«ï¥âáï ª ª à¥è¥¨¥ãà ¢¥¨ï (2:8). 30



�â®¡ë ª®¬¯¥á¨à®¢ âì ¯®ï¢«¥¨¥ ®¢ëå ãá«®¢¨©, ®£à ¨ç¨¢ îé¨å¯®¢¥¤¥¨¥ äãªæ¨© w(x0; ~�) ¨ wn(x0; ~� ), ¡ã¤¥¬ áç¨â âì ra ¥§ ¢¨á¨¬ë-¬¨ ¯¥à¥¬¥ë¬¨. �¥à¥¬¥ë¥ ra ¥ ¨¬¥îâ ä¨§¨ç¥áª®£® á¬ëá« . �å¯à®¨áå®¦¤¥¨¥ á¢ï§ ® á à¥¤ãªæ¨¥© ¯à®áâà áâ¢  á®áâ®ï¨© ¢ â¥à¬¨- å ¯¥à¥¬¥ëå �®£®«î¡®¢ . �à¨ à áá¬®âà¥¨¨ ¨â¥£à «®¢ ¤¢¨¦¥¨ï¢ ã«¥¢®¬ ¯®àï¤ª¥ íâ¨ ¨§¡ëâ®çë¥ ¯¥à¥¬¥ë¥ ¡ã¤ãâ ã¤ «¥ë á®®â¢¥â-áâ¢ãîé¨¬ ¢ë¡®à®¬ ¢¥ªâ®à®¢ á®áâ®ï¨ï.�à®¨§¢®¤ë¥ ¯® w(�0) ¨ wn(�0) á¢ï§ ë á®®â®è¥¨ï¬¨:ZC 0@Ma(�0) ��w(�0) +Man(�0) ��wn(�0)1A d3S = 0;ZC 0@ ~N a(�0) ��w(�0) + ~N an(�0) ��wn(�0)1A d3S = 0:� â¥à¬¨ å ®¢ëå ¯¥à¥¬¥ëå ¢ à¨ æ¨®ë¥ ¯à®¨§¢®¤ë¥ ¯® u(�0)¨ un(�0) ¨¬¥îâ ¢¨¤ (á¬. �à¨«®¦¥¨¥ 3):��u(�0) = ��w(�0) + �ra�u(�0) @@ra ;��un(�0) = ��wn(�0) + �ra�un(�0) @@ra ;£¤¥ �ra�u(�0) = �Man(�0) + !(Ma;Mb) ~N bn(�0);�ra�un(�0) = Ma(�0) � !(Ma;Mb) ~N b(�0):�¥®¡å®¤¨¬ãî à¥¤ãªæ¨î ç¨á«  á®áâ®ï¨© ®áãé¥áâ¢¨¬ ¢ë¡®à®¬ ¢¥ª-â®à®¢ á®áâ®ï¨ï ¢ ä®à¬¥�[w;wn] = exp(�i Z wnw d3S)��[w];â¥¯¥àì ��w(�0) �! ��w(�0) � iwn(�0); ��wn(�0) �! �iw(�0); (2:15)31



¨ ¤«ï ®¯¥à â®à®¢ P̂ ¨ Q̂ ¯®«ãç ¥¬ ¢ëà ¦¥¨ï:P̂ = �P + �p; Q̂ = �Q + �q; (2:16)£¤¥ �P (�0) = � ip2 ��w(�0) ; �p = � ip2 �ra�u(�0) @@ra ;�Q = p2w(�0); �q = ip2 �ra�un(�0) @@ra :2.6. �ã«¥¢®© ¯®àï¤®ª ¯® G2.6.1. �â¥£à «ë ¤¢¨¦¥¨ï� áá¬®âà¨¬ ¨â¥£à «ë ¤¢¨¦¥¨ï ¢ ã«¥¢®¬ ¯®àï¤ª¥. � ¯à¥¤ë¤ãé¥¬¨§«®¦¥¨¨ ¬ë à áá¬ âà¨¢ «¨ ª¢ â®¢ãî ¯®¯à ¢ªã u ª ª ¢¥«¨ç¨ã ã-«¥¢®£® ¯®àï¤ª  ¯®G,   á ¬®¬ ¤¥«¥ u ¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥ àï¤  ¯® ®¡à â-ë¬ áâ¥¯¥ï¬ G: u = u0 + 1Gu1 +O(G�2): (2:17)� ¨â¥£à «ë ¤¢¨¦¥¨ï, ¯à®¯®àæ¨® «ìë¥ G ¨ G2, ¢®áïâ ¢ª« ¤â®«ìª® ª« áá¨ç¥áª ï á®áâ ¢«ïîé ï ¯®«ï F ¨ u0. �ëïá¨¬, ç¥¬ã à ¢¥¢ª« ¤ u1 ¢ ¨â¥£à «ë ¤¢¨¦¥¨ï ¢ ã«¥¢®¬ ¯®àï¤ª¥.�®-¯¥à¢ëå ®â¬¥â¨¬, çâ®, â ª ª ª!( ~N a; u) = !( ~N a; u0) + 1G!( ~N a; u1) +O(G�2);â® ¤®¯®«¨â¥«ìë¥ ãá«®¢¨ï (1:40) ®¤¨ ª®¢ë ¤«ï äãªæ¨© u0 ¨ u1:!( ~N a; u0) = 0;!( ~N a; u1) = 0:�« £ ¥¬ë¥ ¢ ¨â¥£à « å ¤¢¨¦¥¨ï ã«¥¢®£® ¯®àï¤ª , ¯à®¯®àæ¨® «ì-ë¥ u1, u1n ¨ ¯à®¨§¢®¤ë¬ ¯® íâ¨¬ äãªæ¨ï¬, ¬®¦® ¯®«ãç¨âì § ¬¥®©¢ á®®â¢¥âáâ¢ãîé¨å ¨â¥£à « å Oa�1 u   u1. �ç¥¢¨¤®, çâ® ¢á¥ íâ¨¨â¥£à «ë à ¢ë ã«î, ¯®íâ®¬ã ¨ ¯à¨   «¨§¥ ¨â¥£à «®¢ ¤¢¨¦¥¨ï ¢32



ã«¥¢®¬ ¯®àï¤ª¥ ¬®¦® ¥ ¨á¯®«ì§®¢ âì ä®à¬ã«ã (2:17) ¨ ®¡®§ ç âìª¢ â®¢ãî ¯®¯à ¢ªã, ¯à®¯®àæ¨® «ìãî G0 ç¥à¥§ u.� ª ¯®ª § ® ¢ �à¨«®¦¥¨¨ 4, ¨â¥£à «ë ¤¢¨¦¥¨ï ¢ ã«¥¢®¬ ¯®-àï¤ª¥ ¬®¦® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥:H0 = i @@� 0 +H01 +H02 +H03;Pk0 = �i @@� k + Pk01 + Pk02 + Pk03;M0k0 = i @@� 3+k + � 0Pk0 � � kH0 +M0k01 +M0k02 +M0k03;Mkj0 = i @@� 4+k+j � � kPj0 + � jPk0 +Mkj01 +Mkj02 +Mkj03:�¯¥à â®àë Oa01, Oa02 ¨ Oa03 ¤¥©áâ¢ãîâ ¢ ¯à®áâà áâ¢¥ äãªæ¨® «®¢¢¨¤  �[w;wn]~�[r], ¯à¨ç�¥¬ Oa01 ¨ Oa02 ¤¥©áâ¢ãîâ ¢ ¯à®áâà áâ¢¥ �[w;wn],â®£¤  ª ª Oa03 | ¢ ®àâ®£® «ì®¬ ¥¬ã ¯à®áâà áâ¢¥ ~�[r].�ë¯¨è¥¬ ¢ ï¢®¬ ¢¨¤¥ ¨â¥£à «ë H0k:H01 = 12 Z ( �P 2 + 3Xk=1 �Q2�k + V 00(F ) �Q2) d3S;H02 = i Z 0@wn ��w(�0) + wnn ��wn(�0)1A d3S;H03 = 12 Z (�p2 + 3Xk=1 �q2�k + V 00(F )�q2) d3S++ira @@rb Z 0@ ~N an �rb�u(�0) � ~N ann �rb�un(�0)1A d3S + rarb Z ( ~N an ~N bn � ~N ann ~N b) d3S:�¯¥à â®àë H01 ¨ H02 ï¢«ïîâáï ®¯¥à â®à ¬¨ á¬¥é¥¨ï ¢¤®«ì ®à-¬ «¨ ª C. �§ â®£® ä ªâ , çâ® äãªæ¨î w(t0; x0) ¬®¦® ¯à¥¤áâ ¢¨âì ¢á«¥¤ãîé¥¬ ¢¨¤¥: w(t0; x0) = 1Xs=0's(x0)�s(t0) +O(t02)á«¥¤ã¥â (á¬. �à¨«®¦¥¨¨ 4), çâ® ®¯¥à â®à�P = p2wt0jt0=0:33



�à ¢¨¢ ï íâ® à ¢¥áâ¢® á ä®à¬ã«®© (2:16), ¯®«ãç ¥¬:wt0(x0; ~� )jt0=0 = � i2 ��w(x0; ~�): (2:18)�®¤áâ ¢«ïï ¤ ®¥ á®®â®è¥¨¥ ¢ H0, «¥£ª® ¯®«ãç¨âì, çâ® áã¬¬ ¨â¥£à «®¢ H01 ¨ H02 ®¡à é ¥âáï ¢ ã«ì. � «®£¨çë¥ ¢ëç¨á«¥¨ï,¯à®¢¥¤�¥ë¥ ¤«ï ¤àã£¨å ¨â¥£à «®¢ ¤¢¨¦¥¨ï, ¯®ª §ë¢ îâ, çâ® áã¬¬ Oa01 ¨ Oa02 à ¢ï¥âáï ã«î. �¯¥à â®àë Oa03, á®¤¥à¦ é¨¥ â®«ìª® ¨§¡ë-â®çë¥ ¯¥à¥¬¥ë¥ ra ¨ @@ra , ¬®£ãâ ¡ëâì ã¤ «¥ë á®®â¢¥âáâ¢ãîé¨¬¢ë¡®à®¬ ¢¥ªâ®à®¢ á®áâ®ï¨© [54].�®á«¥ ã¤ «¥¨ï ¨§¡ëâ®çëå ¯¥à¥¬¥ëå ¨â¥£à «ë ¤¢¨¦¥¨ï ¢ ã-«¥¢®¬ ¯®àï¤ª¥ ¨¬¥îâ á«¥¤ãîé¨© ¢¨¤:H0 = i @@� 0 ;Pk0 = �i @@� k ;M0k0 = i  @@� 3+k � � 0 @@� k � � k @@� 0! ;Mkj0 = i  @@� 4+k+j + � k @@� j � � j @@� k! ;á«¥¤®¢ â¥«ì®, ®¨ ã¤®¢«¥â¢®àïîâ ª®¬¬ãâ æ¨®ë¬ á®®â®è¥¨ï¬ ¤«ï£¥¥à â®à®¢ £àã¯¯ë �ã ª à¥ ¨ ¯®à®¦¤ îâ  «£¥¡àã �¨ ¤ ®© £àã¯¯ë.2.6.2. �¯¥à â®à ¯®«ï�¥è¥¨ï¬¨ ãà ¢¥¨© �¥©§¥¡¥à£ @ (x0)@x0� = i[P�;  (x0)](x00 @@x0k + x0k @@x00 ) (x0) = i[M 0k;  (x0)](x0j @@x0k � x0k @@x00 ) (x0) = i[M jk;  (x0)]34



ï¢«ïîâáï äãªæ¨¨ ¢¨¤   (L��[� 4; : : : ; � 9](x0� � � �)), â.¥. äãªæ¨¨  à£ã-¬¥â  x.�¯¥à â®à ¯®«ï '(x0) ¨¬¥¥â ¢¨¤:'(x0) = GF (x0; ~� ) +  ̂(x0; ~� ) + �ra�un @@ra + 1GÂ(x0; ~�); (2:19)£¤¥ x ¨ x0 á¢ï§ ë á®®â®è¥¨¥¬ (2:7),    ̂(x0; ~� ) | à¥è¥¨¥ á«¥¤ãîé¥©§ ¤ ç¨ �®è¨: g��@2 ̂(x0; ~� )@x0�@x0� + V 00(F ) ̂(x0; ~� ) = 0; ̂(x0; ~�)jC = �Q(�0) = p2w(�0); ̂t0(x0; ~�)jC = �P (�0) = p2wt0(�0):�à¨¬¥¥¨¥ ¯à¥®¡à §®¢ ¨ï �®£®«î¡®¢  ¯®§¢®«¨«®  ¬ ¨á¯®«ì§®-¢ âì ¢ ª ç¥áâ¢¥ ¥§ ¢¨á¨¬ëå ¯¥à¥¬¥ëå ¯ à ¬¥âàë £àã¯¯ë �ã ª à¥.� ¯®¬®éìî ¤ ëå ¯¥à¥¬¥ëå (£àã¯¯®¢ëå ¯¥à¥¬¥ëå �®£®«î¡®¢ )ã¤ «®áì ¯®áâà®¨âì â¥®à¨î ¢®§¬ãé¥¨©, ¥  àãè ï ¯à¨ íâ®¬ § ª®®¢á®åà ¥¨ï. �®ï¢¨¢è¨¥áï ¢ ¯à®æ¥áá¥ ¯®áâà®¥¨ï â¥®à¨¨ ¢®§¬ãé¥¨©¨§¡ëâ®çë¥ á®áâ®ï¨ï ¯®«ï ¡ë«¨ á®ªà é¥ë. �®áâà®¥®¥ ¯à®áâà -áâ¢® á®áâ®ï¨© ®¡« ¤ ¥â ã¦ë¬ ç¨á«®¬ áâ¥¯¥¥© á¢®¡®¤ë. � â®ç-®áâìî ¤® ã«¥¢®£® ¯®àï¤ª  ¯® ®¡à âë¬ áâ¥¯¥ï¬ ª®áâ âë á¢ï§¨ ©¤¥ë § ç¥¨ï ¤«ï ¨â¥£à «®¢ ¤¢¨¦¥¨ï ¨ ®¯¥à â®à  ¯®«ï.� ª¨¬ ®¡à §®¬, ¤ ® ¯®«®áâìî à¥«ïâ¨¢¨áâáª¨ ¨¢ à¨ â®¥ ®¯¨-á ¨¥ (3 + 1){¬¥à®© ª¢ â®¢®© á¨áâ¥¬ë á ¥ã«¥¢®© ª« áá¨ç¥áª®© ª®¬-¯®¥â®©. �  ï áå¥¬  ¬®¦¥â ¡ëâì ¯à¨¬¥¥  ¯à¨ ª¢ â®¢ ¨¨ ®ª®«®ª« áá¨ç¥áª¨å à¥è¥¨©, ¯¥à¨®¤¨ç¥áª¨å ¯® ¢à¥¬¥¨,  ¯à¨¬¥à, ¤¢®©ëå(¯ã«ìá¨àãîé¨å) á®«¨â®®¢ ¨«¨ áâ®ïç¨å ¢®«.
35



�« ¢  3����������������������������������� ����� ������ ������� �����3.1. �¥®à¥¬ë áãé¥áâ¢®¢ ¨ï ¯¥à¨®¤¨ç¥áª¨å à¥è¥-¨©� á¥¬¨¤¥áïâë¥ ¨ ¢®áì¬¨¤¥áïâë¥ £®¤ë ¤«ï è¨à®ª®£® ª« áá  ¥¯à¥àë¢-ëå äãªæ¨© g(') ¡ë«¨ ¤®ª § ë â¥®à¥¬ë áãé¥áâ¢®¢ ¨ï (¨«¨ ®âáãâ-áâ¢¨ï) ¯¥à¨®¤¨ç¥áª¨å à¥è¥¨© ¥«¨¥©ëå ¢®«®¢ëå ãà ¢¥¨©:@2'(t; x)@x2 � @2'(t; x)@t2 � g(') = 0; (3:1)á ®¯à¥¤¥«�¥ë¬¨ £à ¨çë¬¨ ãá«®¢¨ï¬¨ ¯® x.�. �. �®à® [61] ¤®ª § «, çâ® á«¥¤ãîé ï ªà ¥¢ ï § ¤ ç :8>>>>>>><>>>>>>>: @2'(t; x)@x2 � @2'(t; x)@t2 � g(') = 0; x; t 2 IR; g(0) = 0;limjxj!1'(t; x) = 0; x; t 2 IR;'(x; t+ T ) = '(t; x); x; t; T 2 IR; (3:2)¨¬¥¥â à¥è¥¨¥ á ¯¥à¨®¤®¬ T , â®«ìª® ¥á«¨g0(0) >  2�T !2 :36



�àï¬ë¬ á«¥¤áâ¢¨¥¬ íâ®© â¥®à¥¬ë ï¢«ï¥âáï ®âáãâáâ¢¨¥ ¥âà¨¢¨ «ì-ëå à¥è¥¨© § ¤ ç¨ (3:2) ¢ á«ãç ¥ ¡¥§¬ áá®¢®© â¥®à¨¨ '4, â. ¥. ¯à¨g(') = '3. � ë© à¥§ã«ìâ â ¥ ®§ ç ¥â, à §ã¬¥¥âáï, ¯®«®£® ®âáãâ-áâ¢¨ï ¯¥à¨®¤¨ç¥áª¨å à¥è¥¨© ¢ íâ®© â¥®à¨¨.�§¬¥ïï £à ¨çë¥ ãá«®¢¨ï ¯® x, ¯®«ãç ¥¬ á«¥¤ãîéãî § ¤ çã:8>>>>>>><>>>>>>>: @2'(t; x)@x2 � @2'(t; x)@t2 � g(') = 0; x; t 2 IR; g(0) = 0;'(0; t) = '(�; t) = 0; t 2 IR;'(x; t+ T ) = '(t; x); x; t; T 2 IR; (3:20)�«ï ¥¯à¥àë¢ëå ¥ã¡ë¢ îé¨å äãªæ¨© g(') â ª¨å, çâ®limj'j!1 g(')' = 1;áãé¥áâ¢®¢ ¨¥ á« ¡ëå T -¯¥à¨®¤¨ç¥áª¨å à¥è¥¨© § ¤ ç¨ (3:20) ¡ë«® ¤®-ª § ® ¯à¨ ãá«®¢¨¨, çâ®9 �; � > 0 â ª¨¥, çâ® 8' 2 IR : 12'�g(') � 'Z0 g(t) dt > �jg(')j � �:�®¤ á« ¡ë¬ à¥è¥¨¥¬ § ¤ ç¨ (3:20) ¯®¤à §ã¬¥¢ ¥âáï äãªæ¨ï ' â -ª ï, çâ® TZ0 �Z0 ('(vtt � vxx) + g(')v) dt dx = 0 (3:3)¤«ï ¢á¥å T -¯¥à¨®¤¨ç¥áª¨å äãªæ¨© v 2 C2([0; �]�IR), ã¤®¢«¥â¢®àïîé¨å£à ¨çë¬ ãá«®¢¨ï¬.�. �à¥§¨á, �. �. �®à® ¨ �. �¨à¥¡¥à£ [62] ¤®ª § «¨ ¤ ®¥ ãâ¢¥à-¦¤¥¨¥, ®¡®¡é¨¢ ¤®ª § â¥«ìáâ¢® �. � ¡¨®¢¨ç  [63], á¤¥« ®¥ ¤«ï ¡®-«¥¥ ã§ª®£® ª« áá  äãªæ¨© g('). �¯à®é�¥®¥ ¤®ª § â¥«ìáâ¢® ¤«ï á«ã-ç ï g(') = j'jn�', £¤¥ n > 0 ¤ ® ¢ [64].37



3.2. �¢  â¨¯  ¤¢ ¦¤ë ¯¥à¨®¤¨ç¥áª¨å à¥è¥¨©3.2.1. �¥£ãé¨¥ ¢®«ë� è¥ ¨áá«¥¤®¢ ¨¥ ¯®á¢ïé¥® ¨§ãç¥¨î (1 + 1)-¬¥à®© ¬®¤¥«¨ áª «ïà-®© â¥®à¨¨ '4, ®¯¨áë¢ ¥¬®© « £à ¦¥¢®© ¯«®â®áâìîL(') = 12  '2;t(t; x)� '2;x(t; x)�M 2'2(t; x)� "2'4(t; x)! : (3:4)� áá¬®âà¨¬ ãà ¢¥¨¥ � £à ¦ {�©«¥à  íâ®© ¬®¤¥«¨:@2'(t; x)@x2 � @2'(t; x)@t2 �M 2'(t; x)� "'3(t; x) = 0 (3:5)á æ¥«ìî  ©â¨ ¥£® à¥è¥¨ï, ¯¥à¨®¤¨ç¥áª¨¥ ª ª ¯® ¯à®áâà áâ¢¥®©ª®®à¤¨ â¥ x, â ª ¨ ¯® ¢à¥¬¥®© t. �à¨ íâ®¬ ¯¥à¨®¤ ¯® x ¢ë¡¥à¥¬à ¢ë¬ 2� ¨ ¡ã¤¥¬ ¨áª âì ¯¥à¨®¤ ¯® t.�ãé¥áâ¢ãîâ ¤¢  ª« áá  ¤¢ ¦¤ë ¯¥à¨®¤¨ç¥áª¨å à¥è¥¨©. �á«¨ ¨á-ª âì à¥è¥¨ï ¢ ¢¨¤¥ ¡¥£ãé¨å ¢®«:'(t; x) = '(x � vt); (3:6)£¤¥ v | áª®à®áâì ¢®«ë, â® ãà ¢¥¨¥ (3:5) «¥£ª® á¢®¤¨âáï ª ®¡ëª®-¢¥®¬ã ¤¨ää¥à¥æ¨ «ì®¬ã ãà ¢¥¨î �îää¨£  [65]:d2f(z; k)dz2 = a1(k)f3(z; k) + a2(k)f(z; k); (3:7)£¤¥ ï¢ë© ¢¨¤ ª®íää¨æ¨¥â®¢ a1 ¨ a2 § ¢¨á¨â ®â ¢¨¤  äãªæ¨¨ f(z). �¥-à¨®¤¨ç¥áª¨¬¨ à¥è¥¨ï¬¨ ¤ ®£® ãà ¢¥¨ï ï¢«ïîâáï í««¨¯â¨ç¥áª¨¥äãªæ¨¨ �ª®¡¨ [66].� ¯à¨¬¥à, äãªæ¨ï cn(z; k) | ¯¥à¨®¤¨ç¥áª®¥ à¥è¥¨¥ á«¥¤ãîé¥£®ãà ¢¥¨ï: d2 cn(z; k)dz2 = (2k2 � 1) cn(z; k)� 2k2 cn3(z; k): (3:8)�®¤áâ ¢«ïï ' � A cn(z; k) á z � �x+�t ¢ ãà ¢¥¨¥ (2), ¯®«ãç ¥¬:A(�2 � �2)d2 cn(z; k)dz2 �m2 cn(z; k)� � cn3(z; k) = 0: (3:9)38



�à ¢¨¢ ï ¤¢  ¯®á«¥¤¨å ãà ¢¥¨ï, ¯®«ãç ¥¬ á¨áâ¥¬ã:8<: 2k2(�2 � �2) + A2� = 0;(2k2 � 1)(�2 � �2) = m2:� ç¥¨ï k2 ¨ A2 ®¯à¥¤¥«ïîâáï ¤«ï ¢á¥å § ç¥¨© m2 > 0 ¨ � > 0:8>>>><>>>>: k2 = 12 �1 + m2�2��2� ;A2 = �2��2�m2� :�á«¨ �2 > �2 + m2, â® 0 < A2 , 0 < k2 < 12 ¨ ¬ë ¯®«ãç ¥¬ ¤¥©áâ¢¨-â¥«ì®¥ à¥è¥¨¥ (¤«ï x; t 2 IR). �àã£¨¥ à¥è¥¨ï ¢ ¢¨¤¥ ¡¥£ãé¥© ¢®«ë¯à¥¤áâ ¢«¥ë ¢ �à¨«®¦¥¨¨ 5, ¯à¨¬¥à ª¢ â®¢ ¨ï ¢¡«¨§¨ ¯®¤®¡®£®à¥è¥¨ï ¤  ¢ �à¨«®¦¥¨¨ 6. �®¤®¡ë¥ ¯®«ï å®à®è® ¨§ãç¥ë ª ª ¤«ï¤¢ã¬¥à®© [67, 68], â ª ¨ ¤«ï ç¥âëà�¥å¬¥à®© [69] áª «ïà®© â¥®à¨¨ '4.�¥à¨®¤¨ç¥áª¨¥ à¥è¥¨ï ¢ ¢¨¤¥ ¡¥£ãé¨å ¢®« ¥ ï¢«ïîâáï ¨áâ¨®¤¢ ¦¤ë ¯¥à¨®¤¨ç¥áª¨¬¨ à¥è¥¨ï¬¨, ¯®áª®«ìªã á ¯®¬®éìî ¯à¥®¡à §®-¢ ¨ï �ã ª à¥ ¬®¦® ¯¥à¥©â¨ ¢ á¨áâ¥¬ã ª®®à¤¨ â, ¢ ª®â®à®© ¯¥à¨®¤¯®¤®¡®£® à¥è¥¨ï «¨¡® ¯® ¢à¥¬¥¨, «¨¡® ¯® ¯à®áâà áâ¢¥®© ª®®à-¤¨ â¥ ¡ã¤¥â à ¢¥ ¡¥áª®¥ç®áâ¨.3.2.2. �â®ïç¨¥ ¢®«ë�àã£®© ª« áá ¤¢ ¦¤ë ¯¥à¨®¤¨ç¥áª¨å à¥è¥¨© ®¡à §ãîâ à¥è¥¨ï ¢ ¢¨¤¥áâ®ïç¥© ¢®«ë:'(t; x) � 1Xn=1 1Xj=1 Cnj sin(n(x � x0)) sin(j �!(t� t0)); (3:10)£¤¥ x0 ¨ t0 ®¯à¥¤¥«ïîâáï ¨§  ç «ìëå ¨ £à ¨çëå ãá«®¢¨©. � á¨«ãâà á«ïæ¨®®© ¨¢ à¨ â®áâ¨ ãà ¢¥¨ï (3:5) ¬®¦®, ¥ ®£à ¨ç¨-¢ ï ®¡é®áâ¨, ¯®«®¦¨âì x0 = 0 ¨ t0 = 0. �ë¡®à x0 = 0 á®®â¢¥âáâ¢ã¥â£à ¨çë¬ ãá«®¢¨ï¬ § ¤ ç¨ (3:20).� å®¦¤¥¨¥ ¯¥à¨®¤¨ç¥áª¨å à¥è¥¨© ¢ ä®à¬¥ áâ®ïç¥© ¢®«ë | § -¤ ç  £®à §¤® ¡®«¥¥ á«®¦ ï, ç¥¬ ®âëáª ¨¥ ¡¥£ãé¨å ¢®«®¢ëå ¯®«¥©,¯®áª®«ìªã ¢ íâ®¬ á«ãç ¥ ãà ¢¥¨¥ ¢ ç áâëå ¯à®¨§¢®¤ëå ¥ á¢®¤¨â-áï ª ®¡ëª®¢¥®¬ã ¤¨ää¥à¥æ¨ «ì®¬ã ãà ¢¥¨î. � «¨â¨ç¥áª ï39



ä®à¬  ¯®¤®¡ëå à¥è¥¨© ¯®ª  ¥  ©¤¥ , ¡®«¥¥ â®£®, áãé¥áâ¢®¢ ¨¥¯¥à¨®¤¨ç¥áª¨å à¥è¥¨© ¢ ä®à¬¥ áâ®ïç¥© ¢®«ë ¯à¨ ¯à®¨§¢®«ìëå § -ç¥¨ïå ¯ à ¬¥âà®¢ ¥é�¥ ¥ ¤®ª § ®.3.3. � ¢®¬¥àë¥  á¨¬¯â®â¨ç¥áª¨¥ à §«®¦¥¨ï�ã¤¥¬ áç¨â âì, çâ® " | ¬ «ë© ¯®«®¦¨â¥«ìë© ¯ à ¬¥âà ¨ ¯®¯à®¡ã-¥¬  ©â¨ à¥è¥¨¥ ãà ¢¥¨ï (3:5) ¢ ¢¨¤¥ ä®à¬ «ì®£® áâ¥¯¥®£® àï-¤ . �àï¬ë¥, ¥¯®áà¥¤áâ¢¥ë¥ à §«®¦¥¨ï ¯® áâ¥¯¥ï¬ " ¨¬¥îâ ª®¥ç-ë¥ ®¡« áâ¨ ¯à¨¬¥¨¬®áâ¨ ¨§-§   «¨ç¨ï ¢¥ª®¢ëå, â. ¥. ¥®£à ¨ç¥-ëå, ç«¥®¢. � §«®¦¥¨ï, á®¤¥à¦ é¨¥ â®«ìª® ®£à ¨ç¥ë¥ äãªæ¨¨¨, á«¥¤®¢ â¥«ì®, ®¤¨ ª®¢® ¯à¨£®¤ë¥ ¢ «î¡®© â®çª¥ ¯à®áâà áâ¢ , §ë¢ îâáï à ¢®¬¥àë¬¨ (à ¢®¬¥à® ¯à¨£®¤ë¬¨). �«ï ¯à¨¢¥¤¥¨ïà §«®¦¥¨© ª à ¢®¬¥à® ¯à¨£®¤®¬ã ¢¨¤ã ¡ë«¨ à §à ¡®â ë  á¨¬-¯â®â¨ç¥áª¨¥ ¬¥â®¤ë. �¡§®à â ª¨å ¬¥â®¤®¢ (�ã ª à¥ [1], �àë«®¢ {�®£®«î¡®¢  [3] ¨ ¤àã£¨å) á®¤¥à¦¨âáï ¢ ª¨£¥ [70].�à®áâ®â   «£®à¨â¬  ¯®áâà®¥¨ï à ¢®¬¥à®£®  á¨¬¯â®â¨ç¥áª®£® àï-¤  á¨«ì® § ¢¨á¨â ®â § ç¥¨ï ¬ áá®¢®£® ç«¥ . � ¦¥ ¢ á«ãç ¥ ®¤®à®¤-®© ¬ ááë ®âáãâáâ¢¨¥ à¥§® á  ¢ ¦® ¥ â®«ìª® ¤«ï ¤®ª § â¥«ìáâ¢ áå®¤¨¬®áâ¨ à ¢®¬¥à®£®  á¨¬¯â®â¨ç¥áª®£® àï¤ , ® ¨ ¤«ï á ¬®£® ¥£®¯®áâà®¥¨ï. � §«¨ç îâ ¤¢  á«ãç ï.�¡®§ ç¨¬ ç¥à¥§ 
j ç áâ®âë ¯¥à¨®¤¨ç¥áª¨å à¥è¥¨© ãà ¢¥¨ï (3:5)¯à¨ " = 0: 
j = qj2 +M 2, £¤¥ j 2 IN.�á«¨ 8i;j2 IN 6 9 k;n2 IN â ª¨¥, çâ® 
i
j=kn ,â® íâ® ¥à¥§® áë© á«ãç ©.� ¥à¥§® á®¬ á«ãç ¥ á ¯®¬®éìî áâ ¤ àâëå  á¨¬¯â®â¨ç¥áª¨å¬¥â®¤®¢,  ¯à¨¬¥à, ¬¥â®¤  �ã ª à¥, ¬®¦® ¯®áâà®¨âì  á¨¬¯â®â¨ç¥-áª¨© àï¤ á «î¡®© áâ¥¯¥ìî â®ç®áâ¨. �à¨ íâ®¬ ¢á¥ ¢¥ª®¢ë¥ ç«¥ëã¨çâ®¦ îâáï ¯à ¢¨«ìë¬ ¢ë¡®à®¬ ç áâ®âë.�à®â¨¢®¯®«®¦ë© á«ãç ©, ª®£¤  áãé¥áâ¢ãîâ ¤¢¥ ç áâ®âë 
j, ®â®-è¥¨¥ ª®â®àëå ï¢«ï¥âáï à æ¨® «ìë¬ ç¨á«®¬,  §ë¢ ¥âáï à¥§® á-40



ë¬.� à¥§® á®¬ á«ãç ¥,  ¯à®â¨¢, ã¤ �¥âáï ¯®áâà®¨âì à ¢®¬¥à®¥à §«®¦¥¨¥ â®«ìª® ¢ ª®¥ç®¬ ç¨á«¥ ¯¥à¢ëå ¯®àï¤ª®¢ ¯® ". �à¨ íâ®¬ç¥¬ ¬¥ìè¥ ®¬¥à  i ¨ j à¥§®¨àãîé¨å ç áâ®â, â¥¬ ¬¥ìè¥ ¯¥à¨®¤¨ç¥-áª¨å ç«¥®¢  á¨¬¯â®â¨ç¥áª®£® àï¤  ã¤ �¥âáï ¯®áâà®¨âì. � á«ãç ¥ ã«¥-¢®© ¬ ááë, ª®£¤  
j = j ¨ ¢á¥ ç áâ®âë à¥§®¨àãîâ, ¢®§¨ª ¥â £« ¢ë©à¥§® á, â. ¥. à¥§® á ã¦¥ ¢ ¯¥à¢®¬ ¯®àï¤ª¥ ¯® ".�ë à áá¬ âà¨¢ ¥¬ ¡¥§¬ áá®¢ãî â¥®à¨î '4 ¨ ¨é¥¬  á¨¬¯â®â¨ç¥áª®¥à¥è¥¨¥ ¢ ¢¨¤¥ áâ®ïç¥© ¢®«ë. �¥«ìî ¤ ®© à ¡®âë ï¢«ï¥âáï ¯®áâà®-¥¨¥ ¯¥à¢ëå ç«¥®¢ à ¢®¬¥à®£®, ¡®«¥¥ â®£®, á®áâ®ïé¥£® ¨áª«îç¨-â¥«ì® ¨§ ¯¥à¨®¤¨ç¥áª¨å äãªæ¨©,  á¨¬¯â®â¨ç¥áª®£® à §«®¦¥¨ï à¥-è¥¨ï ª¢ §¨«¨¥©®£® ãà ¢¥¨ï �«¥© {�®à¤®  ¢ á«ãç ¥ £« ¢®£®à¥§® á . �ë ¯®ª §ë¢ ¥¬, ª ª á ¯®¬®éìî ¥âà¨¢¨ «ì®£® ¢ë¡®à  ã-«¥¢®£® ¯à¨¡«¨¦¥¨ï ¬®¦® ¯®«ãç¨âì ¨ ¯¥à¢®¥, ¨ ¢â®à®¥ ¯à¨¡«¨¦¥¨ï¢ ä®à¬¥ áâ®ïç¥© ¢®«ë.3.4. �®áâà®¥¨¥  á¨¬¯â®â¨ç¥áª®£® àï¤  ¢ á«ãç ¥¡¥§¬ áá®¢®© â¥®à¨¨ '43.4.1. �¥â®¤ �ã ª à¥� áá¬®âà¨¬ ãà ¢¥¨¥ (3:5) á M = 0:@2'(t; x)@x2 � @2'(t; x)@t2 � "'3(t; x) = 0: (3:50)�ã¤¥¬ áç¨â âì " � 1. �«ï ¯®áâà®¥¨ï  á¨¬¯â®â¨ç¥áª®£® à¥è¥¨ï¢®á¯®«ì§ã¥¬áï ¬¥â®¤®¬ �ã ª à¥. �¢¥¤�¥¬ ®¢®¥ ¢à¥¬ï ~t � !t ¨ ¡ã¤¥¬¨áª âì ¤¢ ¦¤ë ¯¥à¨®¤¨ç¥áª®¥ à¥è¥¨¥ ¤ ®£® ãà ¢¥¨ï '(x; ~t) ¨ç áâ®âã ! ¢ ä®à¬¥ à §«®¦¥¨© ¯® ":'(x; ~t; ") � 1Xn=0'n(x; ~t)"n;!(") � 1 + 1Xn=1!n"n:� §« £ ï â¥¯¥àì ãà ¢¥¨¥ (3:50) ¢ àï¤ ¯® áâ¥¯¥ï¬ ", ¯®«ãç ¥¬ ¯®á«¥-¤®¢ â¥«ì®áâì ãà ¢¥¨©. �ë¯¨è¥¬ ¯¥à¢ë¥ ¤¢ :41



1) � ã«¥¢®¬ ¯®àï¤ª¥ ¯® " ãà ¢¥¨¥ ¤«ï ®¯à¥¤¥«¥¨ï '0:@2'0(x; ~t)@x2 � @2'0(x; ~t)@~t2 = 0; (3:11)2) � ¯¥à¢®¬ ¯®àï¤ª¥ ¯® " ãà ¢¥¨¥ ¤«ï ®¯à¥¤¥«¥¨ï '0, '1 ¨ !1:@2'1(x; ~t)@x2 � @2'1(x; ~t)@~t2 = 2!1@2'0(x; ~t)@~t2 + '30(x; ~t): (3:12)�à ¢¥¨¥ (3:11) ¥ ¯®§¢®«ï¥â, à §ã¬¥¥âáï, ®¤®§ ç® ®¯à¥¤¥«¨âìäãªæ¨î '0(x; ~t). �á«¨ ¢ë¡à âì ¢ ª ç¥áâ¢¥ à¥è¥¨ï íâ®£® ãà ¢¥¨ï'0(x; ~t) = sin(x) sin(~t), â® ãà ¢¥¨¥ (3:12) ¥ ¡ã¤¥â ¨¬¥âì ¯¥à¨®¤¨ç¥-áª¨å à¥è¥¨©, â ª ª ª ç áâ®â  ¢¥è¥© á¨«ë sin(3x) sin(3~t) á®¢¯ ¤ ¥âá ç áâ®â®© á®¡áâ¢¥ëå ª®«¥¡ ¨©, çâ® ¯à¨¢®¤¨â ª à¥§® áã. �á®,çâ®, ¢ ®â«¨ç¨¥ ®â á«ãç ï ¥ã«¥¢®© ¬ ááë, ¨ª ª¨¬ ¢ë¡®à®¬ ç áâ®â-®© ¯®¯à ¢ª¨ !1 ¥«ì§ï ¯®«ãç¨âì à ¢®¬¥à® ¯à¨£®¤®¥ à §«®¦¥¨¥.�«ï ¯®«ãç¥¨ï â ª®£® à §«®¦¥¨ï ¥®¡å®¤¨¬® ®âëáª âì ¤àã£®¥ ¯¥à¨®-¤¨ç¥áª®¥ à¥è¥¨¥ ãà ¢¥¨ï (3:11), â. ¥. ¤àã£®¥ ã«¥¢®¥ ¯à¨¡«¨¦¥¨¥äãªæ¨¨ '(x; ~t). �¥£ª® ¯®ª § âì, çâ® âà¥¡ã¥¬®¥ ã«¥¢®¥ ¯à¨¡«¨¦¥¨¥¤®«¦® á®¤¥à¦ âì ¡¥áª®¥ç®¥ ç¨á«® £ à¬®¨ª.3.4.2. �á«®¢¨¥ áãé¥áâ¢®¢ ¨ï ¯¥à¨®¤¨ç¥áª®£® à¥è¥¨ï� áá¬®âà¨¬ ãà ¢¥¨ï (3:11) ¨ (3:12) ¥ ¯® ®â¤¥«ì®áâ¨,   ª ª á¨áâ¥¬ã,¨ ¯®¯ëâ ¥¬áï ¢ë¤¥«¨âì ¨§ ¬®¦¥áâ¢  ¯¥à¨®¤¨ç¥áª¨å à¥è¥¨© ãà ¢¥-¨ï (3:11) â ªãî äãªæ¨î '0(x; ~t), çâ® ãà ¢¥¨¥ (3:12) ¨¬¥¥â ¯¥à¨®¤¨-ç¥áª®¥ à¥è¥¨¥. � ª¨¬ ®¡à §®¬, ¤«ï  å®¦¤¥¨ï '0(x; ~t) ¨á¯®«ì§ã¥âáï¥ â®«ìª® ãà ¢¥¨¥ ã«¥¢®£® ¯®àï¤ª  ¯® ", â. ¥. (3:11), ® ¨ ãà ¢¥¨¥¯¥à¢®£® ¯®àï¤ª  ¯® ", â. ¥. (3:12).�¡é¥¥ à¥è¥¨¥ ãà ¢¥¨ï (3:11) ¢ ä®à¬¥ áâ®ïç¥© ¢®«ë (3:10) ¥áâì'0(x; ~t) = 1Xn=1 an sin(nx) sin(n~t);£¤¥ an | ¯à®¨§¢®«ìë¥ ¯®áâ®ïë¥.�ë ¨é¥¬ à¥è¥¨¥ ãà ¢¥¨ï (3:12) '1(t; x) ¢ ä®à¬¥ áâ®ïç¥© ¢®«ë:'1(x; ~t) � 1Xn=1 1Xj=1 bnj sin(nx) sin(j~t):42



�«ï ®¯à¥¤¥«¥¨ï ª®íää¨æ¨¥â®¢ �ãàì¥ äãªæ¨© '0(t; x) ¨ '1(t; x)à §«®¦¨¬ ãà ¢¥¨¥ (3:12) ¢ àï¤ �ãàì¥:R(x; ~t) � @2'1@x2 �@2'1@~t2 �2!1@2'0@~t2 �'30 � 1Xn=1 1Xj=1Rnj(a;b) sin(nx) sin(j~t) = 0:� ®¥ ãà ¢¥¨¥ à ¢®á¨«ì® á«¥¤ãîé¥© á¨áâ¥¬¥:8n; j 2 IN : Rnj(a;b) = 0: (3:120)�®«ãç¥ ï á¨áâ¥¬  á®¤¥à¦¨â ¯®¤á¨áâ¥¬ã, ®¯à¥¤¥«ïîéãî ª®íää¨-æ¨¥âë �ãàì¥ äãªæ¨¨ '0(x; ~t):8j 2 IN : Rjj(a) = 0; (3:13)£¤¥Rjj � 9a3j + 3a2ja3j + aj0BBB@6 1Xs=1s6=j (2a2s + asa2j+s) + 32j�1Xs=1s6=j asa2j�s � 32j2!11CCCA++ 3 1Xs=1s6=j 1Xp=1p6=j asapaj+s+p + 3 1Xs=1s6=j 1Xp=1p6=jp6=2j�sasapas+p�j + j�2Xs=1 j�2Xp=1 asapaj�s�p�ë ¯®«ãç¨«¨ ¥®¡å®¤¨¬®¥ ¨ ¤®áâ â®ç®¥ ãá«®¢¨¥ áãé¥áâ¢®¢ ¨ï ¯¥-à¨®¤¨ç¥áª®£® à¥è¥¨ï ãà ¢¥¨ï (3:12): ¯¥à¨®¤¨ç¥áª ï äãªæ¨ï'1(x; ~t), ã¤®¢«¥â¢®àïîé ï ãà ¢¥¨î (3:12), áãé¥áâ¢ã¥â â®£¤  ¨ â®«ìª®â®£¤ , ª®£¤  ¯®á«¥¤®¢ â¥«ì®áâì ª®íää¨æ¨¥â®¢ �ãàì¥ äãªæ¨¨ '0(x; ~t)ï¢«ï¥âáï à¥è¥¨¥¬ á¨áâ¥¬ë (3:13).�®íää¨æ¨¥â a1 ï¢«ï¥âáï ¯ à ¬¥âà®¬, § ¤ îé¨¬  ¬¯«¨âã¤ã ª®«¥-¡ ¨©. �¥©áâ¢¨â¥«ì®, ¥á«¨ aj = cja1 ¨ !1 = á!a21, â® ¢á¥ ¯®«¨®¬ë Rjj¯à®¯®àæ¨® «ìë a31: Rjj(a) = a31Rjj(c) ¨, á«¥¤®¢ â¥«ì®, ª®íää¨æ¨¥âa1 ¬®¦¥â ¡ëâì ¢ë¡à  ¯à®¨§¢®«ì®. �®áª®«ìªã  è¥© æ¥«ìî ï¢«ï¥âáï å®¦¤¥¨¥ ¤¥©áâ¢¨â¥«ì®© äãªæ¨¨ '0(x; ~t), â® ¬ë ¨é¥¬ cj 2 IR.3.5. �ã«¥¢®¥ ¯à¨¡«¨¦¥¨¥�¥ áãé¥áâ¢ã¥â ®¡é¨å ¬¥â®¤®¢ â®ç®£® à¥è¥¨ï á¨áâ¥¬, ¯®¤®¡ëå (3:13),¯®áª®«ìªã, ¢®-¯¥à¢ëå, á¨áâ¥¬  ¡¥áª®¥ç  ¨ ¢á¥ Rjj(c) áãâì ¡¥áª®¥ç-ë¥ áã¬¬ë,   ¢®-¢â®àëå, ¢á¥ ãà ¢¥¨ï ¥«¨¥©ë. �ë ®£à ¨ç¨¬áï43



¯®¨áª®¬ ç áâ®£® à¥è¥¨ï íâ®© á¨áâ¥¬ë. �ë ¨é¥¬ äãªæ¨î '0(x; ~t)â ªãî, çâ® ª®íää¨æ¨¥âë ¥�¥ àï¤  �ãàì¥ ã¤®¢«¥â¢®àïîâ ¤ ®© á¨-áâ¥¬¥. � ª ï äãªæ¨ï ¤®«¦  ®¡« ¤ âì ¡¥áª®¥çë¬ àï¤®¬ �ãàì¥, ¢â® ¦¥ ¢à¥¬ï ¢á¥ ¥�¥ ç�¥âë¥ £ à¬®¨ª¨ ¬®£ãâ ¡ëâì à ¢ë ã«î. �«ïã¯à®é¥¨ï ¢ëç¨á«¥¨© ¯à¥¤¯®«®¦¨¬, çâ® àï¤ �ãàì¥ äãªæ¨¨ '0(x; ~t)á®¤¥à¦¨â â®«ìª® ¥ç�¥âë¥ £ à¬®¨ª¨.� ¤ çã ¬®¦® ¯à¨¡«¨¦¥® à¥è¨âì ¬¥â®¤®¬ � «�¥àª¨ , â® ¥áâì ®¡-à¥§ ¨¥¬ ¢ëáè¨å ¤¨ £® «ìëå £ à¬®¨ª '0(x; ~t) ¨ ¯®¨áª®¬ à¥è¥¨ï ¢¢¨¤¥: '0(x; ~t) = a1 8<: NXj=1 c2j�1 sin((2j � 1)x) sin((2j � 1)~t)9=; :�ë ¯®«ãç ¥¬ ª®¥çãî á¨áâ¥¬ã ¥«¨¥©ëå ãà ¢¥¨©. �¥è¥¨ï íâ®©¥«¨¥©®© á¨áâ¥¬ë ¬®£ãâ ¡ëâì  ©¤¥ë â®«ìª® á ¯®¬®éìî ��� ¨ áª®¥ç®© â®ç®áâìî (�à®£à ¬¬ã,  ¯¨á ãî   ï§ëª¥ ª®¬¯ìîâ¥à®© «£¥¡àë REDUCE, á¬. ¢ �à¨«®¦¥¨¨ 7).�®«ãç¥ë¥ ¤«ï N = 10 § ç¥¨ï c2j�1 ¯à ªâ¨ç¥áª¨ á®¢¯ «¨ á í«¥-¬¥â ¬¨ á«¥¤ãîé¥© ª®¥ç®© ¯®á«¥¤®¢ â¥«ì®áâ¨:d = fd2j�1 = f2j�1f1 , £¤¥ f2j�1 � qj�1=21 + q2j�1 ; d2j = 0; 0 < j < 11g¯à¨ q = 0:0142142623201. �¥£ª® ¯à®¢¥à¨âì (á¬. �à¨«®¦¥¨¥ 8), çâ®¯®¤áâ ®¢ª  d ¢ á¨áâ¥¬ã (3:13) ¤ �¥â8j 2 IN : Rjj(d) < 10�12:�ë¬¨ á«®¢ ¬¨, ¤  ï ª®¥ç ï ¯®á«¥¤®¢ â¥«ì®áâì ï¢«ï¥âáï ¯à¨¡«¨-¦¥ë¬ à¥è¥¨¥¬ á¨áâ¥¬ë (3:13).�«ï ¯à®¨§¢®«ì®£® q ®¯à¥¤¥«¨¬ ¯®á«¥¤®¢ â¥«ì®áâì f :f def= f 8n 2 IN : f2n�1 = qn�1=21 + q2n�1 ; f2n = 0 g:�¥£ª® § ¬¥â¨âì, çâ® ç¨á« ¬ q ¨ q0 � 1q á®®â¢¥âáâ¢ãîâ ®¤¨ ª®¢ë¥§ ç¥¨ï fj. �â®¡ë ¯®«ãç¨âì ®¤®§ ç® § ¢¨áïéãî ®â q ¯®á«¥¤®¢ -â¥«ì®áâì f , áâà¥¬ïéãîáï ª ã«î, ® ¥ à ¢ãî ¥¬ã â®¦¤¥áâ¢¥®,®£à ¨ç¨¬ ®¡« áâì ¨§¬¥¥¨ï q ¨â¥à¢ «®¬ (0; 1).44



�«¥ë ¯®á«¥¤®¢ â¥«ì®áâ¨ f ¯à®¯®àæ¨® «ìë ª®íää¨æ¨¥â ¬ �ã-àì¥ äãªæ¨¨ í««¨¯â¨ç¥áª®£® ª®á¨ãá  cn(z; k) [66]:cn(z; k) = k 1Xn=1 f2n�1 cos (2n � 1)z4 ! , £¤¥  � 2�K : (3:14)�®ïá¨¬ ¢¢¥¤�¥ë¥ ®¡®§ ç¥¨ï ¨ ®â¬¥â¨¬ ¥ª®â®àë¥ á¢®©áâ¢  í«-«¨¯â¨ç¥áª®£® ª®á¨ãá :1) �á®¢ë¬¨ ¯¥à¨®¤ ¬¨ ¤¢®ïª®¯¥à¨®¤¨ç¥áª®© äãªæ¨¨ cn(z; k) ï¢«ï-îâáï 4K(k) ¨ 2K(k) + 2_{K 0(k), £¤¥ K(k) | ¯®«ë© í««¨¯â¨ç¥áª¨© ¨-â¥£à « ¯¥à¢®£® à®¤ , K 0(k) � K(k0), a k0 = p1� k2.2) � à ¬¥âà q ¢ à §«®¦¥¨¨ �ãàì¥ (ä®à¬ã«  (3:14)) ¢ëà ¦ ¥âáï ç¥à¥§í««¨¯â¨ç¥áª¨¥ ¨â¥£à «ë á«¥¤ãîé¨¬ ®¡à §®¬: q � e��K0K .3) � §«®¦¥¨¥ ¢ àï¤ �ãàì¥ äãªæ¨¨ cn(z; k) ¥ á®¤¥à¦¨â ç�¥âëå £ à-¬®¨ª. �â® à §«®¦¥¨¥ á¯à ¢¥¤«¨¢® ¢ ¯®«®á¥ ª®¬¯«¥ªá®© ¯«®áª®áâ¨,�K 0 < =m z < K 0, ¢ ç áâ®áâ¨, ¤«ï z 2 IR.4) �á«¨ k 2 (0; 1) ¨ z 2 IR, â® cn(z; k) 2 IR.5) �ãªæ¨ï cn(z; k) ï¢«ï¥âáï ¯¥à¨®¤¨ç¥áª¨¬ à¥è¥¨¥¬ ¤¨ää¥à¥æ¨ «ì-®£® ãà ¢¥¨ï (3:9)�®á«¥¤¥¥ á¢®©áâ¢® ®§ ç ¥â, çâ® ¯®á«¥¤®¢ â¥«ì®áâì ª®íää¨æ¨¥-â®¢ �ãàì¥ äãªæ¨¨ cn(z; k) ï¢«ï¥âáï à¥è¥¨¥¬ ¥ª®â®à®© ¡¥áª®¥ç®©á¨áâ¥¬ë ªã¡¨ç¥áª¨å ãà ¢¥¨©. � ©¤�¥¬ íâã á¨áâ¥¬ã.� ®¤®© áâ®à®ë, ¨§ ä®à¬ã«ë (3:14) «¥£ª® ¯®«ãç¨âì à §«®¦¥¨¥ ¢àï¤ �ãàì¥ ¤«ï äãªæ¨¨ cn3(z; k):cn3(z; k) = 34k3 1Xj=1F (3)j (f ) cos jz4 ! ;£¤¥ j = 1; 3; 5; : : : ;+1.F (3)j (f ) = 3f3j + 3f2j f3j + fj 0BBB@6 1Xs=1s6=j (f2s + fsf2j+s) + 32j�1Xs=1s6=j fsf2j�s1CCCA++ 3 1Xs=1s6=j 1Xp=1p6=j fsfpfj+s+p + 3 1Xs6=j 1Xp=1p6=jp6=2j�sfsfpfs+p�j + j�2Xs=1 j�2Xp=1 fsfpfj�s�p45



(¢® ¢á¥å áã¬¬ å áã¬¬¨à®¢ ¨¥ ¨¤�¥â â®«ìª® ¯® ¥ç�¥âë¬ ç¨á« ¬).� ¤àã£®© áâ®à®ë, ¨§ ¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï (3:9) á«¥¤ã¥â,çâ® F (3)j (f ) ¯à®¯®àæ¨® «ì® fj, ¯à¨ç�¥¬ ª®íää¨æ¨¥â ¯à®¯®àæ¨® «ì-®áâ¨ § ¢¨á¨â ®â j:8j : F (3)j (f ) = 0@2(2k2 � 1)2 + j28 1A fj: (3:15)�®á«¥¤®¢ â¥«ì®áâì f | ¥ã«¥¢®¥ à¥è¥¨¥ á¨áâ¥¬ë (3:15) ¯à¨ ¢á¥å§ ç¥¨ïå q 2 (0; 1). �«¥¤ãîé¥¥ ãâ¢¥à¦¤¥¨¥ ¤®ª §ë¢ ¥â áãé¥áâ¢®-¢ ¨¥ ¢ë¤¥«¥®£® § ç¥¨ï q.�â¢¥à¦¤¥¨¥�ãé¥áâ¢ã¥â â ª®¥ § ç¥¨¥ ¯ à ¬¥âà  q 2 (0; 1), çâ® ¯®á«¥¤®¢ -â¥«ì®áâì f ï¢«ï¥âáï ¤¥©áâ¢¨â¥«ìë¬ à¥è¥¨¥¬ á¨áâ¥¬ë (3:13), ¯à¨íâ®¬ § ç¥¨¥ !1 â®¦¥ ¤¥©áâ¢¨â¥«ì®.�®ª § â¥«ìáâ¢®�®¤áâ ¢«ïï ¢ á¨áâ¥¬ã (3:13) ¯®á«¥¤®¢ â¥«ì®áâì f : aj = fj ¨ ¨á¯®«ì-§ãï á¨áâ¥¬ã (3:15), ¯®«ãç ¥¬:Rjj(f ) = 8<:F (3)j (f ) + fj 0@6 1Xn=1 f2n � 32j2!11A9=; == fj 8<:6 1Xn=1 f2n + 2(2k2 � 1)2 + j2  18 � 32!1!9=; = 0:�¨áâ¥¬  (3:13) ¨¬¥¥â ¥ã«¥¢ë¥ à¥è¥¨ï â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 8>>>>><>>>>>: !1 = 1256;1Xn=1 f2n = (1 � 2k2)32 :�ë ¯®«ãç¨«¨ § ç¥¨¥ !1. �á¥ ¢¥«¨ç¨ë ¢® ¢â®à®¬ ãà ¢¥¨¨ á¨-áâ¥¬ë ¢ëà ¦ îâáï ç¥à¥§ ¯ à ¬¥âà q, ¯à¨ íâ®¬ ¯®«ãç ¥âáï á«¥¤ãîé¥¥ãà ¢¥¨¥:3 1Xn=10@ qn�1=21 + q2n�11A2 � 0@14 + 1Xn=1 qn1 + q2n1A2 + 20@ 1Xn=1 qn�1=21 + q2n�11A2 = 0: (3:16)46



�â® ãà ¢¥¨¥   ¨â¥à¢ «¥ (0; 1) ¨¬¥¥â á«¥¤ãîé¥¥ à¥è¥¨¥:q = 1:42142623201� 10�2 � 1� 10�13: (3:17)� ª¨¬ ®¡à §®¬,  è¥ ãâ¢¥à¦¤¥¨¥ ¤®ª § ®.�¥¯¥àì ¥á«®¦® áª®áâàã¨à®¢ âì âà¥¡ã¥¬®¥ ã«¥¢®¥ ¯à¨¡«¨¦¥¨¥äãªæ¨¨ '(x; ~t):'0(x; ~t) = Afcn(�(x � ~t); k)� cn(�(x + ~t); k)g: (3:18)�ãªæ¨ï '0(x; ~t) ¯à¨ ¢á¥å k 2 (0; 1) ï¢«ï¥âáï ¤¥©áâ¢¨â¥«ìë¬ à¥-è¥¨¥¬ ãà ¢¥¨ï (3:11). �á«¨ ¯®«®¦¨âì � = 2K� , â® ¯¥à¨®¤ë '0(x; ~t)¯® x ¨ ¯® ~t ¡ã¤ãâ à ¢ë 2�. �á¯®«ì§ãï â¥¯¥àì à §«®¦¥¨¥ �ãàì¥ ¤«ïäãªæ¨¨ cn(z; k) (ä®à¬ã«a (3:14)), ¯®«ãç ¥¬ á«¥¤ãîé¥¥ à §«®¦¥¨¥ ¤«ïäãªæ¨¨ '0(x; ~t):'0(x; ~t) = 2A 2�kK 1Xn=1 f2n�1 sin((2n� 1)x) sin((2n � 1)~t):� ª ¡ë«® ¤®ª § ®, ¯®á«¥¤®¢ â¥«ì®áâì f ï¢«ï¥âáï ¤¥©áâ¢¨â¥«ìë¬à¥è¥¨¥¬ á¨áâ¥¬ë (3:13) ¯à¨q = 1:42142623201� 10�2 � 1� 10�13:�à¥¤¥¬ã § ç¥¨î q á®®â¢¥âáâ¢ãîâk = 0:45107559881 ¨ � = 1:0576653982:�¢¨¤ã ®¤®à®¤®áâ¨ ¢á¥å ãà ¢¥¨© á¨áâ¥¬ë (3:13) ¯®á«¥¤®¢ â¥«ì®áâìª®íää¨æ¨¥â®¢ �ãàì¥ äãªæ¨¨ '0(x; ~t) ¯à¨ ¤ ®¬ § ç¥¨¨ ¯ à ¬¥-âà®¢ â ª¦¥ ¡ã¤¥â à¥è¥¨¥¬ á¨áâ¥¬ë (3:13), ¯à¨ íâ®¬!1 = 264k2A2 = 1:0983600974A2: (3:19)� ª¨¬ ®¡à §®¬ ¤®ª § ®, çâ® äãªæ¨ï'0(x; ~t) = Afcn(�(x � ~t); k)� cn(�(x + ~t); k)g;¯à¨ k = 0:45107559881 ¨ � = 1:0576653982 ï¢«ï¥âáï ¨áª®¬®© äãªæ¨¥©.47



3.6. �¥à¢®¥ ¯à¨¡«¨¦¥¨¥�¥¯¥àì ®áâ «®áì à¥è¨âì â®«ìª® «¨¥©ë¥ ãà ¢¥¨ï ¤«ï ¯®«ãç¥¨ï¢á¥å ¥¤¨ £® «ìëå ª®íää¨æ¨¥â®¢ '1(x; ~t). �¡®§ ç¨¬ ç¥à¥§ Dnj ª®-íää¨æ¨¥âë �ãàì¥ äãªæ¨¨ '30(x; ~t):'30(x; ~t) � 1Xn=1 1Xj=1Dnj sin(nx) sin(j~t):�§ ãà ¢¥¨ï (3:12) á«¥¤ã¥â, çâ®'1(x; ~t) = 1Xn=1 1Xj=1j 6=n Dnjj2 � n2 sin(nx) sin(j~t) + 1Xn=1 bnn sin(nx) sin(n~t):�â¬¥â¨¬, çâ® äãªæ¨ï '1(x; ~t) á ¯à®¨§¢®«ìë¬¨ ¤¨ £® «ìë¬¨ ª®-íää¨æ¨¥â ¬¨ bnn ï¢«ï¥âáï à¥è¥¨¥¬ ãà ¢¥¨ï (3:12), ¯à¨ íâ®¬ ¢á¥¥¤¨ £® «ìë¥ ª®íää¨æ¨¥âë '1(x; ~t) ¯à®¯®àæ¨® «ìë A3.3.7. �â®à®¥ ¯à¨¡«¨¦¥¨¥� áá¬®âà¨¬ ãà ¢¥¨¥ ¢â®à®£® ¯®àï¤ª  ¯® ":24 @2@x2 � @2@~t235'2 = 2!1@2'1@~t2 + (2!2 + !21)@2'0@~t2 + 3'1'20: (3:20)�ãáâì ¢á¥ ¤¨ £® «ìë¥ ª®íää¨æ¨¥âë �ãàì¥ äãªæ¨¨ '1(t; x) à ¢-ë ã«î: 8n : bnn = 0, â®£¤ 8n; j : bnj = �bjn;¢á«¥¤áâ¢¨¥ ç¥£® äãªæ¨ï '1(x; ~t)'20(x; ~t) ¥ ¨¬¥¥â ¤¨ £® «ìëå £ à¬®-¨ª. �®«®¦¨¢ !2 = �12!21; (3:21)¬ë ¯®«ãç ¥¬ ¯¥à¨®¤¨ç¥áª®¥ à¥è¥¨¥ ãà ¢¥¨ï ¢® ¢â®à®¬ ¯®àï¤ª¥ ¯®": '2(x; ~t) � 1Xn=1 1Xj=1j 6=n Hnjj2 � n2 sin(nx) sin(j~t) + 1Xn=1hnn sin(nx) sin(n~t); (3:22)48



£¤¥ Hnj | ª®íää¨æ¨¥âë �ãàì¥ äãªæ¨¨H(x; ~t) � 2!1@2'1(x; ~t)@~t2 � 3'1(x; ~t)'20(x; ~t) � 1Xn=1 1Xj=1Hnj sin(nx) sin(j~t):� ª¨¬ ®¡à §®¬, ¯®áâà®¥® à ¢®¬¥à®¥ à §«®¦¥¨¥ ¢® ¢â®à®¬ ¯®àï¤-ª¥ ¯® ". �¨ £® «ìë¥ ª®íää¨æ¨¥âë '2(x; ~t) hnn ¬®£ãâ ¡ëâì  ©¤¥ëâ®«ìª® ¨§ ãà ¢¥¨ï á«¥¤ãîé¥£® ¯®àï¤ª .
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�����������  áâ®ïé¥© à ¡®â¥ ¯à®¢¥¤¥® ª¢ â®¢ ¨¥ ¢¡«¨§¨ ª« áá¨ç¥áª®£® ¯®«ï,¥âà¨¢¨ «ì® § ¢¨áïé¥£® ®â ¢à¥¬¥¨. � ¯®¬®éìî £àã¯¯®¢ëå ¯¥à¥¬¥-ëå �®£®«î¡®¢  ã¤ «®áì ¯®áâà®¨âì â¥®à¨î ¢®§¬ãé¥¨©, ¥  àãè ï¯à¨ íâ®¬ § ª®®¢ á®åà ¥¨ï. �¥à¥ç¨á«¨¬ ®á®¢ë¥ à¥§ã«ìâ âë à ¡®-âë:1. �à®¢¥¤¥® ª¢ â®¢ ¨¥ (3 + 1){¬¥à®© �ã ª à¥-¨¢ à¨ â®© á¨-áâ¥¬ë ¢ â¥à¬¨ å ¯¥à¥¬¥ëå �®£®«î¡®¢ .2. �®ª § ®, çâ® â®â ä ªâ, çâ® ª« áá¨ç¥áª ï á®áâ ¢«ïîé ï ï¢«ï¥âáïà¥è¥¨¥¬ ¢®«®¢®£® ãà ¢¥¨ï, ¥áâì ¥®¡å®¤¨¬®¥ ãá«®¢¨¥ ¯à¨¬¥¨¬®-áâ¨ à¥£ã«ïà®© â¥®à¨¨ ¢®§¬ãé¥¨©3. � â®ç®áâìî ¤® ã«¥¢®£® ¯®àï¤ª  ¯® ®¡à âë¬ áâ¥¯¥ï¬ ª®áâ âëá¢ï§¨  ©¤¥ë § ç¥¨ï ¤«ï ¨â¥£à «®¢ ¤¢¨¦¥¨ï ¨ ®¯¥à â®à  ¯®«ï.�¥¬ á ¬ë¬ ¡ë«® ¤ ® ¯®«®áâìî à¥«ïâ¨¢¨áâáª¨ ¨¢ à¨ â®¥ ®¯¨á -¨¥ (3 + 1){¬¥à®© ª¢ â®¢®© á¨áâ¥¬ë á ¥ã«¥¢®© ª« áá¨ç¥áª®© ª®¬-¯®¥â®©.4. �«ï ¡¥§¬ áá®¢®© â¥®à¨¨ '4 à áá¬®âà¥® ¯®áâà®¥¨¥ à ¢®¬¥à®¯à¨£®¤®£® à §«®¦¥¨ï à¥è¥¨ï ª¢ §¨«¨¥©®£® ãà ¢¥¨ï �«¥© {�®à¤®  ¯® ¯¥à¨®¤¨ç¥áª¨¬ äãªæ¨ï¬ ¢ ¢¨¤¥ áâ®ïç¥© ¢®«ë. �®ª § ®,çâ® § ¤ ç  à¥è ¥âáï ¬¥â®¤®¬ �ã ª à¥, ¯à¨ íâ®¬ ¥®¡å®¤¨¬®  ¤«¥-¦ é¨¬ ®¡à §®¬ ¢ë¡à âì ã«¥¢®¥ ¯à¨¡«¨¦¥¨¥: ª®íää¨æ¨¥âë �ãàì¥¤ ®© äãªæ¨¨ ¤®«¦ë ¡ëâì à¥è¥¨¥¬ ¥«¨¥©®© ¡¥áª®¥ç®© á¨-áâ¥¬ë  «£¥¡à ¨ç¥áª¨å ãà ¢¥¨©.5. �  ï§ëª¥ ª®¬¯ìîâ¥à®©  «£¥¡àë REDUCE ¯®áâà®¥  ¯à®£à ¬¬  å®¦¤¥¨ï ¯à¨¡«¨¦�¥®£® à¥è¥¨ï ¤ ®© á¨áâ¥¬ë.6. �®ª § ®, çâ® ¢®§¨ª îé ï ¢ á«ãç ¥ ã«¥¢®© ¬ ááë ¯à®¡«¥¬  £« ¢-®£® à¥§® á  à¥è ¥âáï ¨á¯®«ì§®¢ ¨¥¬ ¢ ª ç¥áâ¢¥ ã«¥¢®£® ¯à¨¡«¨-¦¥¨ï í««¨¯â¨ç¥áª®© äãªæ¨¨ �ª®¡¨ á § ç¥¨¥¬ ¬®¤ã«ï50



k = 0:45107559881. � ¢®¬¥à® ¯à¨£®¤®¥ à §«®¦¥¨¥ ¯® äãªæ¨ï¬¢ ¢¨¤¥ áâ®ïç¥© ¢®«ë ¡ë«® ¯®áâà®¥® á â®ç®áâìî O("3).�¢â®à ®ç¥ì ¯à¨§ â¥«¥  ãç®¬ã àãª®¢®¤¨â¥«î ¯à®ä¥áá®àãO.�.�àãáâ «�¥¢ã §  ¯®áâ®ï®¥ ¢¨¬ ¨¥ ª à ¡®â¥  ¢â®à  ¨ çà¥§¢ëç ©-® ¯®«¥§ë¥ ®¡áã¦¤¥¨ï, ª®â®àë¥ § ç¨â¥«ì® à áè¨à¨«¨ ¯à¥¤áâ ¢«¥-¨ï  ¢â®à  ¯® ¢®¯à®á ¬ ª¢ â®¢ ¨ï ¢¡«¨§¨ ¥âà¨¢¨ «ìëå ª« áá¨ç¥-áª¨å à¥è¥¨© ¨ æ¥«®¬ã àï¤ã ¤àã£¨å ¯à¨æ¨¯¨ «ìëå ¢®¯à®á®¢,   â ª¦¥§  ¥®æ¥¨¬ãî ¯®¬®éì ¯à¨  ¯¨á ¨¨ íâ®© à ¡®âë. �¢â®à ¯à¨®á¨â¨áªà¥îî ¡« £®¤ à®áâì áâ àè¥¬ã  ãç®¬ã á®âàã¤¨ªã �.�. �¨ç¨-ª¨®© §  ®¡áã¦¤¥¨ï ¬®£®ç¨á«¥ëå ¢®¯à®á®¢ ¯à¨¬¥¥¨ï £àã¯¯®¢ëå¯¥à¥¬¥ëå �®£®«î¡®¢  ¢ ¯à®áâà áâ¢ å á á¨¬¯«¥ªâ¨ç¥áª®© áâàãªâã-à®©. �¢â®à â ª¦¥ å®ç¥â ¯®¡« £®¤ à¨âì áâ àè¥£®  ãç®£® á®âàã¤¨ª �.�. �¤¥à «  ¨ ¤®æ¥â  �.�. �¨« ¥¢  §  ¯®¬®éì ¢ ®¢« ¤¥¨¨ ¬¥â®-¤ ¬¨ ª®¬¯ìîâ¥à®©  «£¥¡àë ¨ §  â¥à¯¥¨¥, ¯à®ï¢«¥®¥ ª  ¢â®àã.
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�à¨«®¦¥¨¥ 1�ãªæ¨® «ìë¥ ¯à®¨§¢®¤ë¥ ¯® u¨ un. �á«®¢¨¥ á¢ï§¨, ¢ëà ¦¥¨ï¤«ï ¯à®¨§¢®¤ëå ¯® f ¨ fn.�á«®¢¨ï (1:40) ¢ë¤¥«ïîâ   ¯à®áâà áâ¢¥ ¤¨ää¥à¥æ¨àã¥¬ëå äãªæ¨©y ¯®¤¯à®áâà áâ¢® äãªæ¨© u, â ª¨å çâ®u(x0; ~�) = y(x0; ~� )�Ma(x0; ~� ) � !( ~N a; y): (� 1:1)�«¥¤áâ¢¨¥¬ ¤ ®£® á®®â®è¥¨ï ï¢«ï¥âáï à ¢¥áâ¢®:un(x0; ~�) = yn(x0; ~�) �Man(x0; ~� ) � !( ~N a; y); (� 1:2):� ¤ «ì¥©è¥¬  á ¡ã¤ãâ ¨â¥à¥á®¢ âì § ç¥¨ï u ¨ un â®«ìª®  ¯®¢¥àå®áâ¨ C, â.¥. äãªæ¨¨ u(�0) ¨ un(�0). �ãáâì äãªæ¨¨ y(�0) ¨yn(�0) | ¯à®¨§¢®«ìë¥, § ¤ ë¥   �, äãªæ¨¨, â ª¨¥, çâ® ¨â¥£à -«ë !( ~N a; y) áãé¥áâ¢ãîâ. �¥§ ¢¨á¨¬ë¥ äãªæ¨¨ y(�0) ¨ yn(�0) ã¤®¡®à áá¬ âà¨¢ âì ¢ ¢¨¤¥ áâ®«¡æ  � yyn�.�¯à¥¤¥«¨¬ ®¯¥à â®à K̂, ¤¥©áâ¢ãîé¨©   ¯à®áâà áâ¢¥ áâ®«¡æ®¢:0@ u(�0)un(�0)1A = K̂0@ y(�0)yn(�0)1A � 0@ y(�0) �Ma(�0)!( ~N a; y)yn(�0) �Man(�0)!( ~N a; y)1A:� ª «¥£ª® ¢¨¤¥âì, ¤ ®¥ á®®â®è¥¨¥ ¯®«®áâìî á®£« áã¥âáï ¢ ä®à-¬ã« ¬¨ (� 1:1) ¨ (� 1:2),   ¢ë¯®«¥¨¥  «®¦¥ëå   äãªæ¨î uãá«®¢¨© (1:40), ¯à®¢¥àï¥âáï ¯àï¬®© ¯®¤áâ ®¢ª®©.� à¨ æ¨ï u(�0) ¥áâì�u(�0) = �y(�0) �Ma(�0) ZC ~N an(�0)�y(�0) � ~N a(�0)�yn(�0); (� 1:10)52



â ª ª ª äãªæ¨¨ y(�0) ¨ yn(�0) ï¢«ïîâáï ¥§ ¢¨á¨¬ë¬¨, â® «¥£ª® ¯®ª -§ âì, çâ® ¤¥©áâ¢¨¥ ®¯¥à â®à ZC dS 0@Ma(�0) ��yn(�0) +Man(�0) ��y(�0)1A  äãªæ¨¨ u ¨ un à ¢® ã«î.�¯à¥¤¥«¨¬ ®¯¥à â®àë ��u(�0) ¨ ��un(�0) á«¥¤ãîé¨¬ ®¡à §®¬:��u(�0) � ��y(�0)K̂ ��un(�0) = ��yn(�0)K̂:� ª ª ª K̂ = K̂2, â®   áâ®«¡æë � uun� ¤ ë© ®¯¥à â®à ¤¥©áâ¢ã¥â ª ªâ®¦¤¥áâ¢¥ë©: 0@ u(�0)un(�0)1A = K̂0@ u(�0)un(�0)1A:�¬¥¥¬: �u(�0)�u(�0) = �(�0 � �0)�Ma(�0)N an(�0); (� 1:3)�u(�0)�un(�0) = Ma(�0)N a(�0): (� 1:4)�un(�0)�u(�0) = �Man(�0)N an(�0); (� 1:5)�u(�0)�un(�0) = �(�0 � �0) +Man(�0)N a(�0): (� 1:6)�ãªæ¨® «ìë¥ ¯à®¨§¢®¤ë¥ ��u(�0) ¨ ��un(�0) ã¤®¢«¥â¢®àïîâ á®®â®-è¥¨î: ZC dS 0@Ma(�0) ��un(�0) +Man(�0) ��u(�0)1A dS = 0: (� 1:7)�á¯®«ì§ã¥¬ ¯®«ãç¥®¥ à ¢¥áâ¢® ¤«ï ¢ëà ¦¥¨ï ¯à®¨§¢®¤ëå ¯®f(x0) ¨ fn(x0) ¢ â¥à¬¨ å ¯à®¨§¢®¤ëå ¯® ®¢ë¬ ¯¥à¥¬¥ë¬.� à¨ æ¨¨ f(x0) ¨ fn(x0) ¢ â¥à¬¨ å v(x0; ~� ) ¨ u(x0; ~� ) áãâì:�f(x0) = G�v + �u = �GMc(x0; ~�)�� b + ��u(x0; ~� ) + @u@� b � �� b; (� 1:8:1)53



�fn(x0) = �GMbn(x0; ~� )�� b + ��un(x0; ~�) + @un@� b � �� b; (� 1:8:2)£¤¥ ��u ¨ ��un | ¢ à¨ æ¨¨ ä®à¬ë äãªæ¨©. � à ¬¥âàë � a âà ªâãîâáï ¬¨ ª ª ®¢ë¥ ¯¥à¥¬¥ë¥, á«¥¤®¢ â¥«ì®, ¯à®¨§¢®¤ ï ��u(x0;~� ) ¡¥à�¥âáï¯à¨ ä¨ªá¨à®¢ ëå � a, â.¥. ¢ àì¨àã¥âáï â®«ìª® ä®à¬  äãªæ¨¨ u. �ç¨-âë¢ ï íâ®, ¬ë ¢ ¤ «ì¥©è¥¬ ¡ã¤¥¬ ¢¬¥áâ® ��u(x0; ~�) ¨ ��un(x0; ~�) ¯¨á âì�u(x0; ~�) ¨ �un(x0; ~�) á®®â¢¥âáâ¢¥®. � áá¬®âà¨¬ ¢ à¨ æ¨¨ ¯® �, ¤«ïíâ®£® ¯¥à¥¯¨è¥¬ ä®à¬ã«ë (� 1:7) ¨ (� 1:8) ¢ á«¥¤ãîé¥¬ ¢¨¤¥:�u(�0) = �f(�0)+(GMc(�0)� ub(�0))�� b; (� 1:8:10)�un(�0) = �fn(�0)+(GMbn(�0) � ubn(�0))�� b; (� 1:8:20)�®«ãç ¥¬ á«¥¤ãîé¨¥ § ç¥¨ï ¤«ï ¯à®¨§¢®¤ëå:�u(�0)�f(�0) = �(�0 � �0) + (GMa(�0) + ua(�0)) �� a�f(�0); (� 1:9)�u(�0)�fn(�0) = (GMa(�0) + ua(�0)) �� a�fn(�0); (� 1:10)�un(�0)�f(�0) = (GMan(�0) + uan(�0)) �� a�f(�0); (� 1:11)�un(�0)�fn(�0) = �(�0 � �0) + (GMan(�0) + uan(�0)) �� a�fn(�0): (� 1:12)� á¨«ã ãá«®¢¨©, á¢ï§ë¢ îé¨å ¯à®¨§¢®¤ë¥ ¯® u(�0) ¨ un(�0), ¨¬¥¥¬:��f(�0) = Z 0@�u(�0)�f(�0) ��u(�0) + �un(�0)�f(�0) ��un(�0)1A dS + �� a�f(�0) =)=) ��f(�0) = ��u(�0) + �� a�f(�0) @@� a + Ŝa!; (�1:13)��fn(�0) = Z 0@ �u(�0)�fn(�0) ��u(�0) + �un(�0)�fn(�0) ��un(�0)1A dS + �� a�fn(�0) =)=) ��fn(�0) = ��un(�0) + �� a�fn(�0) @@� a + Ŝa!; (� 1:14)54



®¯¥à â®à Ŝa ®¯à¥¤¥«�¥ á«¥¤ãîé¨¬ ®¡à §®¬:Ŝa = ZC 0@ua(�0) ��u(�0) + una(�0) ��un(�0)1A dS: (� 1:15)ua(�0) � @u(�0)@� a ; uan(�0) � @un(�0)@� a :
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�à¨«®¦¥¨¥ 2�á«®¢¨¥ ®¡à é¥¨ï ¢ ã«ì ¯¥à¢®£®¯®àï¤ª  ¢ à §«®¦¥¨¨ ¨â¥£à «®¢¤¢¨¦¥¨ï�«ï á®ªà é¥¨ï ¢ëç¨á«¥¨© ®£à ¨ç¨¬áï á«ãç ¥¬, ª®£¤  ¯®¢¥àå®áâìC § ¤ �¥âáï ãà ¢¥¨¥¬ t0 = 0. � íâ®¬ á«ãç ¥ @@n = @@t0 .�â¥£à «H�1 = Z  F;0P̂ + F;1Q̂;1 + F;2Q̂;2 + F;3Q̂;3 + V 0(F )Q̂!d3S;¨â¥£à¨à®¢ ¨¥¬ ¯® ç áâï¬ ¯à¥®¡à §ã¥âáï ª ¢¨¤ã:H�1 = Z  F;0P̂ � �F;11 + F;22 + F;33 � V 0(F )�Q̂!d3S:�à¨ íâ®¬ £à ¨çë¥ ãá«®¢¨ï ¢ë¡¨à îâáï â ª, çâ®¡ë ¢¥¨â¥£à «ì-ë¥ ç«¥ë ®¡à é «¨áì ¢ ã«ì:F;k(�0)Q̂(�0)j@C = 0: (� 2:1)�â¥£à « H�1 ¬®¦® à §¡¨âì   ¤¢¥ ç áâ¨:H�1 = 1p2(iH0�1 +H1�1);£¤¥ H0�1 � � Z 0@Fn(�0) ��u(�0) + � 3Xk=1F;kk(�0)� V 0(F )� ��un(�0)1A d3S;56



H1�1 � Z  � Fn(�0)un(�0)� � 3Xk=1F;kk(�0)� V 0(F )�u(�0)!d3S:�§¢¥áâ®, çâ® ¯à®¨§¢®¤ë¥ ��u(�0) ¨ ��un(�0) á¢ï§ ë á®®â®è¥¨ï¬¨:Z 0@Ma(�0) ��u(�0) +Man(�0) ��un(�0)1A d3S = 0: (� 2:2)�â¥£à « H0�1 ®¡à â¨âáï ¢ ã«ì, ¥á«¨F;0 = caMa; F;11 � F;22 � F;33 � V 0(F ) = caMat; (� 2:3)â® ¥áâì, ¥á«¨   £¨¯¥à¯«®áª®áâ¨ C ¢ë¯®«ï¥âáï á®®â®è¥¨¥:F;00 � F;11 � F;22 � F;33 + V 0(F ) = 0: (� 2:4)�¤®¢à¥¬¥®   ¯®¢¥àå®áâ¨ C ¤®«¦ë ¢ë¯®«ïâìáï á®®â®è¥¨ïFn(�0) = cvn(�0); Fnn(�0) = cvnn(�0); (� 2:5)£¤¥ c | ¯à®¨§¢®«ì ï ª®áâ â .�ç¨âë¢ ï, çâ® ¨â¥£à «ë ra ï¢«ïîâáï «¨¥©ë¬¨ äãªæ¨® « ¬¨®â u ¨ un, «¥£ª® ¯®«ãç¨âì, çâ® ¨â¥£à « H1�1 ®¡à â¨âáï ¢ ã«ì ¯à¨v(�0) = � ~N a(�0)Ja: (� 2:6)�®£¤  ¨§ ä®à¬ã«ë (24) á«¥¤ã¥â, çâ® c = p2. � ª¨¬ ®¡à §®¬,v(�0) = � ~N a(�0)Ja = 1p2F (�0) =) F (�0) = �p2 ~N a(�0)Ja: (� 2:7)�«¥¤áâ¢¨¥¬ íâ®£® á®®â®è¥¨ï ï¢«ïîâáï à ¢¥áâ¢ :Ja = � 1p2!(F;Ma): (� 2:8)�ª §ë¢ ¥âáï, ¯®«ãç¥ëå á®®â®è¥¨© ¯®çâ¨ ¤®áâ â®ç® ¤«ï ®¡-à é¥¨ï ¢ ã«ì ¢á¥å ®áâ «ìëå ¨â¥£à «®¢ Oa�1. �¥®¡å®¤¨¬® â®«ìª®§ ¤ âì ¤®¯®«¨â¥«ìë¥ £à ¨çë¥ ãá«®¢¨ï   C.� áá¬®âà¨¬ ®¯¥à â®àë ¨¬¯ã«ìá  Pk�1 (k = 1; 2; 3):Pk�1 = �12 Z (FkP̂ + Q̂kFn)d3S = �12 Z (FkP̂ + Q̂Fkn)d3S:57



�¤¥áì ¬ë ¨á¯®«ì§®¢ «¨ £à ¨ç®¥ ãá«®¢¨¥ QFnj@C = 0.�®¤áâ ¢«ïï ¢ëà ¦¥¨ï ¤«ï P̂ ¨ Q̂, ¨¬¥¥¬:Pk�1 = �12 Z  Fk ��u + Fkn ��un! + Fk(un + ~N anra) + Fnk(u + ~N ara)d3S:� ª ª ª F = p2v, â®Fk = p2 @v@x0k = �p2 @v@� k = p2Mk: (� 2:9)�âáî¤  á«¥¤ã¥â, çâ® ¢ª« ¤ ç«¥®¢, ¯à®¯®àæ¨® «ìëå ¯à®¨§¢®¤ë¬¯® u ¨ un, à ¢¥ ã«î, ¨Pk�1 = � 12p2 �ra + Z (Fkun + Fnku)d3S� :� á¨«ã á®®â®è¥¨ï v(�0) = � ~N a(�0)Ja, ¯®«ãç ¥¬, çâ® ¢á¥ Pk�1 = 0.� ª ¥âàã¤® § ¬¥â¨âì, ®¯¥à â®àë H�1 ¨ Pk�1 ¯¥à¢® ç «ì® ¯à¥-®¡à §®¢ë¢ «¨áì ª ¢¨¤ãOa�1 = ~c Z (MaP̂ �ManQ̂) d3S; (� 2:10)¯à¨ íâ®¬ ~c | ¥ª®â®à ï ª®áâ â , ã«¥¢®¥ § ç¥¨¥ ¨¤¥ªá  a á®®â-¢¥âáâ¢ã¥â H�1, ¯à¨ a = k ¯®«ãç ¥¬ Oa�1 = Pk�1.�ç¥¢¨¤®, çâ® ¯®¤ëâ¥£à «ì®¥ ¢ëà ¦¥¨¥ ®¡à é ¥âáï ¢ ã«ì ¥§ -¢¨á¨¬® ®â § ç¥¨ï ¨¤¥ªá  a, â.¥. â ª¦¥ ¨ ¯à¨ a = 4; : : : ; 9.� áá¬®âà¨¬ â¥¯¥àì ®¯¥à â®àë ¬®¬¥â  ¨¬¯ã«ìá . �«ï ®¡à é¥¨ï ¢ã«ì ¤ ëå ®¯¥à â®à®¢ ¤®áâ â®ç® § ¯¨á âì ¨å ¢ ä®à¬¥ (� 2:10), ¯à¨íâ®¬ § ç¥¨¥ ¨¤¥ªá  ¡ã¤¥â, à §ã¬¥¥âáï, ¡®«ìè¥ âà�¥å.M0j = Z (f2;0 � L)x0j + f;0f;jt0) d3S;á«¥¤®¢ â¥«ì®,M0j�1 = Z ((FnP̂ + F;kQ̂;k + V 0(F )Q̂)x0j + +(F;0Q̂;j + P̂F;j)t0) d3S:�â¥£à¨à®¢ ¨¥¬ ¯® ç áâï¬ ¯®«ãç ¥¬, çâ®M0j�1 = Z (P̂ (F;0x0j + F;jt0) � Q̂(F;00x0j + F;j0t0)) d3S:58



�ë  «®¦¨«¨ £à ¨çë¥ ãá«®¢¨ï:F;kQx0j j@C = 0 tF;kQj@C = 0;®¡ã«ïîé¨¥ ¢¥¨â¥£à «ìë¥ ç«¥ë ¨ ¢®á¯®«ì§®¢ «¨áì â¥¬, çâ® F |à¥è¥¨¥ ãà ¢¥¨ï (� 2:4). �á¯®«ì§ãï ï¢ë¥ ¢ëà ¦¥¨ï ¤«ï Ma, á®®â-¢¥âáâ¢ãîé¨å �®à¥æ¥¢ë¬ ¯®¢®à®â ¬, ¯®«ãç ¥¬, çâ®M0j�1 ¯à¥¤áâ ¢¨¬ë¢ ¢¨¤¥ (� 2:10), ¨, á«¥¤®¢ â¥«ì®, à ¢ë ã«î.�«ï ¯à®áâà áâ¢¥ëå ¯®¢®à®â®¢   «®£¨ç® ¯®«ãç ¥¬:Mkj�1 = Z (P̂ (F;jx0k � F;kx0j) � Q̂(F;j0x0k + F;k0x0j)) d3S:�¤¥áì ¬ë ¢®á¯®«ì§®¢ «¨áì £à ¨çë¬ ãá«®¢¨¥¬:F;0Qx0jj@C = 0:� ª «¥£ª® ¢¨¤¥âì, ¤ ë© ¨â¥£à « â ª¦¥ ¨¬¥¥â ¢¨¤ (� 2:10).�â ª,  ©¤¥ë ãá«®¢¨ï, ¯à¨ ª®â®àëå ¢á¥ ¨â¥£à «ë ¤¢¨¦¥¨ï ¢ ¬¨-ãá ¯¥à¢®¬ (¯® G�1) ¯®àï¤ª¥ ®¡à é îâáï ¢ ã«ì.
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�à¨«®¦¥¨¥ 3�¯¥à â®àë ¯à®¥ªâ¨à®¢ ¨ï ¤«ïäãªæ¨© w ¨ wn ¨ ¢ à¨ æ¨®ë¥¯à®¨§¢®¤ë¥ ¯® w ¨ wn�à®¢¥¤�¥¬ § ¬¥ã ¯¥à¥¬¥ëå:w(�0) = u(�0) + ~N a(�0)ra; (� 3:1)wn(�0) = un(�0) + ~N an(�0)ra: (� 3:2)�  ï § ¬¥  ¥ ï¢«ï¥âáï âà¨¢¨ «ì®©, â ª ª ªra = JbRba = Jb ZC ( ~N ban(�0)u(�0)� ~N ba(�0)un(�0)) dSï¢«ïîâáï äãªæ¨® « ¬¨ ®â u ¨ un.�§ à ¢¥áâ¢  F (0; x0) = �p2 ~N a(0; x0)Ja, á«¥¤ã¥â, çâ®ra � RbaJb = !( ~N ba; u)Jb = �!(Ma; u): (� 3:3)� ª¨¬ ®¡à §®¬,w(�0) = u(�0) + ~N a(�0)!(Ma; u) � ~̂Ku: (� 3:4)�¥£ª® ¯®ª § âì, çâ® ®¯¥à â®à ~̂K ï¢«ï¥âáï ¯à®¥ªâ®à®¬:~̂K2 = ~̂K:�ãªæ¨¨ w(�0) ã¤®¢«¥â¢®àïîâ â¥¬ ¦¥ ãá«®¢¨ï¬, çâ® ¨ äãªæ¨¨ u(�0):!( ~N a; w) = 0;60



  â ª¦¥ ®¢ë¬ ãá«®¢¨ï¬ !(Ma; w) = 0: (� 3:5)� ª ¨ ¢ á«ãç ¥ äãªæ¨© u ¨ un, ãá«®¢¨ï, á¢ï§ë¢ îé¨¥ w ¨ wn, ¯à¨-¢®¤ïâ ª â®¬ã, çâ® ¯à®¨§¢®¤ë¥ ¯® íâ¨¬ äãªæ¨ï¬ ¥ ï¢«ïîâáï ¥§ ¢¨-á¨¬ë¬¨: Z 0@Ma ��w(�0) +Man ��wn(�0)1A d3S = 0 (� 3:6a)Z 0@ ~N a ��w(�0) + ~N an ��wn(�0)1A d3S = 0: (� 3:6b)� ¬¥  (� 3:1) ¯à¨¢®¤¨â ª ¯®â¥à¥ áâ¥¯¥¥© á¢®¡®¤ë, ¨, à §ã¬¥¥âáï,¥ ï¢«ï¥âáï ¢§ ¨¬®®¤®§ ç®©. �«ï á®åà ¥¨ï ®¡é¥£® ç¨á«  áâ¥¯¥-¥© á¢®¡®¤ë ¡ã¤¥¬ à áá¬ âà¨¢ âì ra ª ª ®¢ë¥ ¥§ ¢¨á¨¬ë¥ ¯¥à¥¬¥-ë¥.�ëç¨á«¨¬ ¯à®¨§¢®¤ë¥ �ra�u(�0) ¨ �ra�un(�0):�ra�u(y) = � ��u(�0)!(Ma; u) = � ZC 0@ ~Man(�0)�u(�0)�u(y) � ~Ma(�0)�un(�0)�u(y) 1A dS:�®¤áâ ¢«ïï § ç¥¨ï �u(�0)�u(y) ¨ �un(�0)�u(y) , ¯®«ãç ¥¬:�ra�u = �Man(�0) + !(Ma;Mb) ~N bn(�0): (� 3:7)� «®£¨ç®, �ra�un = Ma(�0)� !(Ma;Mb) ~N b(�0): (� 3:8)�«ï â®£®, çâ®¡ë ¢ëà §¨âì ®¯¥à â®àë ��u ¨ ��un ç¥à¥§ ¯à®¨§¢®¤ë¥ ¯®®¢ë¬ ¯¥à¥¬¥ë¬, ¥®¡å®¤¨¬®  ©â¨ § ç¥¨ï �w�u , �w�un , �wn�u ¨ �wn�un .�®£« á® ä®à¬ã«¥ (� 3:4)�w(�0)�u(�0) = �(�0 � �0) +N a(�0) Z 0@Man(�00)�u(�00)�u(�0) �Man(�0)�un(�00)�u(�0) 1A  l.001 l.002 l.003:61



�á¯®«ì§ãï ä®à¬ã«ë (� 1:3) ¨ (� 1:4), ¯®«ãç ¥¬:�w(�0)�u(�0) = �(�0 � �0) + N a(�0)(Man(�0) � !(Ma;Mb)N bn(�0)): (� 3:9)�w(�0)�un(�0) = �N a(�0)(Ma(�0)� !(Ma;Mb)N b(�0)); (� 3:10)�wn(�0)�u(�0) = N an(�0)(Man(�0) � !(Ma;Mb)N bn(�0)); (� 3:11)�wn(�0)�un(�0) = �(�0 � �0) +N an(�0)(Ma(�0)� !(Ma;Mb)N b(�0)): (� 3:12)�®«ãç¥ë¥ ¢ëà ¦¥¨ï ¨ ãá«®¢¨ï á¢ï§¨ (� 3:6a) ¨ (� 3:6b) ¯®§¢®«ï-îâ ¢ëç¨á«¨âì ��u(�0) = Z 0@�w(�0)�u(�0) ��w(�0) + �wn(�0)�u(�0) ��wn(�0)1A == ��w(�0) + �ra(�0)�u(�0) @@ra (� 3:13)¨ ��un(�0) = ��wn(�0) + �ra(�0)�un(�0) @@ra : (� 3:14)
62



�à¨«®¦¥¨¥ 4�â¥£à «ë ¤¢¨¦¥¨ï ¢ ã«¥¢®¬¯®àï¤ª¥ ¯® ª®áâ â¥ á¢ï§¨ G� áá¬®âà¥¨¥ ¨â¥£à «®¢ ¤¢¨¦¥¨ï ¢ ã«¥¢®¬ ¯®àï¤ª¥ ¯® G  ç�¥¬ á� ¬¨«ì¨  :H0 = Z 0@12 0@P̂ 2 + 3Xk=1 Q̂2;k + V 00(F )Q̂21A + F;kÂ;k + F;0Â;0 + V 0(F )Â1A d3S:� ë© ¨â¥£à « ¨â¥£à¨à®¢ ¨¥¬ ¯® ç áâï¬ ¯à¥®¡à §ã¥¬ ª ¢¨¤ã:H0 = 12 Z 0@P̂ 2 + 3Xk=1Q2;k + V 00(F )Q̂1A d3S++ Z 0@F;0Â;0 � 0@ 3Xk=1F;kk � V 0(F )1AA1A d3S:�à¨ íâ®¬ £à ¨çë¥ ãá«®¢¨ï ¢ë¡¨à îâáï â ª, çâ® ¢¥¨â¥£à «ìë¥ç«¥ë ®¡à é îâáï ¢ ã«ì. � ª ª ª F | à¥è¥¨¥ ãà ¢¥¨ï (2:60), â®Z 0@F;0Â;0 � 0@ 3Xk=1Fkk � V 0(F )1AA1A d3S = Z �F;0Â;0 � F;00A� d3S= p2 Z �M0Â;0 �M0nA�d3S ==  iŜb + i @@� b + Rabra! Z �M0(�0) ~N bn(�0) �M0n(�0) ~N b(�0)� d3S == iŜ0 + i @@� 0 + Ra0ra:63



�ëà §¨¬ â¥¯¥àì ¯®«ãç¥ë© ¨â¥£à « ¢ â¥à¬¨ å w ¨ wn ¨ ra.� ¯®¬¨¬, çâ®w(0; x0) = u(0; x0) + ~N a(0; x0)ra; wn(0; x0) = un(0; x0) + ~N an(0; x0)ra;��u(�0) = ��w(�0) + �ra�u(�0) @@ra ; ��un(�0) = ��wn(�0) + �ra�un(�0) @@ra ;£¤¥ �ra�u(�0) = �Man(�0) + !(Ma;Mb) ~N bn(�0);�ra�un(�0) = Ma(�0) � !(Ma;Mb) ~N b(�0):�«¥¤®¢ â¥«ì®,Ŝ0 = Z  wn ��w + wnn ��wn! dS + @@ra Z  wn�ra�u + wnn �ra�un! dS++rb Z  ~N bn ��w + ~N bnn ��wn! dS + rb @@ra Z  ~N bn�ra�u + ~N bnn �ra�un! dS:Ra0ra = ra Z � ~N anwn � ~N annw�dS + rarb Z � ~N an ~N bn � ~N ann ~N b� dS�¯¥à â®àë P̂ ¨ Q̂ ¢ëà ¦ îâáï ç¥à¥§ ®¢ë¥ ¯¥à¥¬¥ë¥ á«¥¤ãîé¨¬®¡à §®¬: P̂ = �P + �p; Q̂ = �Q + �q;£¤¥ �P = 1p2 0@wn(�0) � i ��w(�0)1A ; �p = � ip2 �ra�u @@ra ;�Q = 1p2 0@w(�0) + i ��wn(�0)1A ; �q = ip2 �ra�un @@ra :H  ¤ ®¬ íâ ¯¥ ¬ë ¥ ª®ªà¥â¨§¨àã¥¬ áâàãªâãàã ¢¥ªâ®à®¢ á®áâ®ï-¨ï á æ¥«ìî à¥¤ãªæ¨¨ ç¨á«  á®áâ®ï¨©.64



�®ª ¦¥¬, çâ® ¯®«ãç¥ë© £ ¬¨«ìâ®¨  ¥ á®¤¥à¦¨â «¨¥©ëå ¯®ra ç«¥®¢. �¥©áâ¢¨â¥«ì®, ¤ ë¥ á« £ ¥¬ë¥:ira Z  ~N an ��w + ~N ann ��wn! + rc Z ( ~N cnwn � ~N cnnw) == ra Z ~N an  i ��w + wn!� ~N cnn  i ��wn � w! :®¡à é îâáï ¢ ã«ì: ¯¥à¢®¥ ¢ á¨«ã ¤®¯®«¨â¥«ìëå ãá«®¢¨©Z ~N a(0; x0)w(0; x0) d3S = 0; Z ~N a(0; x0)wn(0; x0) d3S = 0;Z ~N an(0; x0)w(0; x0) d3S = 0; Z ~N an(0; x0)wn(0; x0) d3S = 0;Z Ma(0; x0)w(0; x0) d3S = 0; Z Ma(0; x0)wn(0; x0) d3S = 0;Z Man(0; x0)w(0; x0) d3S = 0; Z Man(0; x0)wn(0; x0) d3S = 0:Z Ma(�0) ��w(�0)dS = 0; Z Man(�0) ��w(�0)dS = 0;Z ~N a(�0) ��w(�0)dS = 0; Z ~N an(�0) ��w(�0)dS = 0;Z Ma(�0) ��wn(�0)dS = 0; Z Man(�0) ��wn(�0)dS = 0;Z ~N a(�0) ��wn(�0)dS = 0; Z ~N an(�0) ��wn(�0)dS = 0;¢â®à®¥, ¯®áª®«ìªã á®áâ®ï¨¥ ¯®«ï â ª®¢®, çâ®��w(�0) �! ��w(�0) � iwn(�0); ��wn(�0) �! iw(�0):�®¡¥à�¥¬ á« £ ¥¬ë¥, «¨¥©ë¥ ¯® @@ra :i @@ra Z  wn�ra�u + wnn �ra�un! =@@ra Z  � i 1p2 �ra�u  �i 1p2 ��w! + i 1p2  �ra�un!�p2w�+65



+V 00(F )p2w  ip2 �ra�un! + iwn�ra�u + iwnn �ra�un!:�àï¬ë¥ ¢ëç¨á«¥¨ï ¯®ª §ë¢ îâ, çâ® ¤ ®¥ ¢ëà ¦¥¨¥ ®¡à é ¥âáï ¢ã«ì, â ª ª ª äãªæ¨ï w | à¥è¥¨¥ «¨¥©®£® ãà ¢¥¨ï:g��@2w(x0; ~�)@x0�@x0� + V 00(F ) � w(x0; ~� ) = 0:� ª¨¬ ®¡à §®¬ ¯®«ãç ¥¬:H0 = i @@� 0 +H01 +H02 +H03;£¤¥H01 = 12 Z ( �P 2 + 3Xk=1 �Q2�k + V 00(F ) �Q2) d3S;H02 = i Z 0@wn ��w(�0) + wnn ��wn(�0)1A d3S;H03 = 12 Z (�p2 + 3Xk=1 �q2�k + V 00(F )�q2) d3S++ira @@rb Z 0@ ~N an �rb�u(�0) � ~N ann �rb�un(�0)1A d3S + rarb Z ( ~N an ~N bn � ~N ann ~N b) d3S:�ë¤¥«¨¬ ¢ H0 á« £ ¥¬ë¥:h0 � H01 +H02 = 12 Z �P̂ 2 + Q̂2� + V 00(F )Q̂2� + i Z wn ��w + wnn ��wn :�®á«¥ à¥¤ãªæ¨¨ ¯à®áâà áâ¢  á®áâ®ï¨©P̂ (x0) ! �i 1p2 ��w(x0) ; Q̂(x0) !p2w(x0);h0 ¯à¨¨¬ ¥â ¢¨¤:h0 = �14 Z  ��w!2 + 12 Z �w2� + wnnw + V 00(F )w2�++i Z wn  ��w � iww! :66



� ª ª ª Z w2� = Z @@�(ww�) � ww��¨ äãªæ¨ï w(x0) ¯à¨ ¬ «ëå t ã¤®¢«¥â¢®àï¥â ãà ¢¥¨îwnn(x0)� w��(x0) + V 00(F (0; x))w = 0;â® ¯à¨ w(x0)w�(x0)j@C = 0; (�11:5)¯®«ãç ¥¬ h0 = �14 Z  ��w!2 + Z w2n + i Z wn ��w d3S == Z  i2 ��w + wn!2 d3S:�ãáâì á¯à ¢¥¤«¨¢® ¯à¥¤áâ ¢«¥¨¥ w(x) ¢ ¢¨¤¥ àï¤ w(x) = X's(x)cs(t);£¤¥ 's(x) -®àâ®®à¬¨à®¢ ë¥ äãªæ¨¨, ï¢«ïîé¨¥áï à¥è¥¨¥¬ ãà ¢-¥¨© �'sxx(x) + V 00(F )'s(x) = !2s's; (x) Z 's'p = �sp;¨ ¯à®¨§¢®¤ ï ¯® w â ª¦¥ ¯à¥¤áâ ¢«ï¥âáï ¢ ¢¨¤¥ àï¤ :��w(x) = X's(x) @@cs(t):�¯¥à â®à h0 ¯à¨®¡à¥â ¥â ¢¨¤:h0 = �14 Z  ��w!2 + Z w2n + i Z wn ��w = �14 Xs  ��cs!2 + !2sc2s:� íâ®¬ á«ãç ¥ ®¯¥à â®àë à®¦¤¥¨ï-ã¨çâ®¦¥¨ï ¬®£ãâ ¡ëâì ®¯à¥¤¥-«¥ë ª ª as = scs + �s @@cs ; a+s = scs � �s @@cs ;â® ¥áâì cs = 12s (as + a+s ); @@cs = 12�s (as � a+s );67



¨ h0 = X� 116�2s (as � a+s )2 + !2s42s (as + a+s )2:�á«¨ ¢ë¯®«ï¥âáï à ¢¥áâ¢®116�2s = !2s42s ;â® ¥áâì s = 2!s�s;â® h0 ¢ë£«ï¤¨â â ª: h0 = X 18�2s �a+s as + asa+s � :�ãáâì 14�2s = !s;â® ¥áâì �s = 12p!s ; s = p!s;â®£¤  h0 = X !s2 �a+s as + asa+s � ;as = p!scs + 12p!s @@cs ;a+s = p!scs � 12p!s @@cs :�ãªæ¨ï w(x), § ¤  ï ¢ ä®à¬¥ àï¤  ¯® �s(x), ¡ã¤¥â (¯® ªà ©¥© ¬¥à¥¯à¨ ¬ «ëå t), ã¤®¢«¥â¢®àïâì ¢®«®¢®¬ã ãà ¢¥¨î, ¥á«¨ § ¢¨á¨¬®áâìa ¨ a+ ®â ¢à¥¬¥¨ ®¯à¥¤¥«ï¥âáï ãà ¢¥¨ï¬¨ �¥©§¥¡¥à£  á £ ¬¨«ìâ®-¨ ®¬ h0. as(t) = e�i!st as;a+s (t) = ei!st a+s ;68



� ¢¨á¨¬®áâì w ®â t ¨¬¥¥â ¢¨¤:w(t) = Xs 12p!s's �ase�i!st + a+s ei!st� ;wt(t) = �iXs p!s2 's �ase�i!st � a+s ei!st� ;¨ ¢ ã«¥ wtjt=0 = �iXs p!s2 's �as � a+s � :� ¤àã£®© áâ®à®ë,P̂ = �i 1p2 X's @@cs = �i 1p2 X's 12�s (as � a+s ) =�i 1p2 Xp!s's(as � a+s ):� ª¨¬ ®¡à §®¬, ®¯¥à â®à �P = p2wt0jt0=0â® ¥áâì, wt0(x0; ~� )jt0=0 = � i2 ��w(x0; ~�):�â ª, h0 = 0;¨ £ ¬¨«ìâ®¨  ¯à¨¨¬ ¥â ¢¨¤:H = i @@� 0 + 12 Z �p2 + q2� + V 00(F )q2�++ira @@rb Z  ~N an �rb�u + ~N ann �rb�un! + rarc Z � ~N an ~N cn + ~N ann ~N b� :�« £ ¥¬ë¥, á®¤¥à¦ é¨¥ â®«ìª® ¨§¡ëâ®çë¥ ¯¥à¥¬¥ë¥ ra ¨ @@ra , ¬®-£ãâ ¡ëâì ã¤ «¥ë á®®â¢¥âáâ¢ãîé¨¬ ¢ë¡®à®¬ ¢¥ªâ®à®¢ á®áâ®ï¨©, ¤ - ï ¯à®æ¥¤ãà  á®¢¥àè¥®   «®£¨ç , à áá¬®âà¥®© ¢ [54].� «®£¨çë¥ ¢ëç¨á«¥¨ï, ¢ë¯®«¥ë¥ ¤«ï ¤àã£¨å ¨â¥£à «®¢ ¤¢¨-¦¥¨ï ¯®ª §ë¢ îâ, çâ® ¨â¥£à «ë ¤¢¨¦¥¨ï ¢ ã«¥¢®¬ ¯®àï¤ª¥ à ¢ë:H0 = i @@� 0 ; Pk0 = �i @@� k ;69



M0k0 = i  @@� 3+k � � 0 @@� k � � k @@� 0! ;Mkj0 = i  @@� 4+k+j + � k @@� j � � j @@� k! ;� ë¥ ¨â¥£à «ë ã¤®¢«¥â¢®àïîâ ª®¬¬ãâ æ¨®ë¬ á®®â®è¥¨ï¬¤«ï £¥¥à â®à®¢ £àã¯¯ë �ã ª à¥ ¨ ¯®à®¦¤ îâ  «£¥¡àã �¨ ¤ ®©£àã¯¯ë.
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�à¨«®¦¥¨¥ 5�à¨¬¥àë ª« áá¨ç¥áª¨å à¥è¥¨©â¥®à¨¨ '4 ¢ ¢¨¤¥ ¡¥£ãé¨å ¢®«� áá¬®âà¨¬ ãà ¢¥¨¥ � £à ¦ {�©«¥à  ¤«ï (1+1)-¬¥à®© â¥®à¨¨ '4:@2'cl@x2 � @2'cl@t2 �m2'cl � �'3cl = 0á æ¥«ìî  å®¦¤¥¨ï à¥è¥¨© ¢ ¢¨¤¥ ¡¥£ãé¨å ¢®«. �ã¤¥¬ à áá¬ âà¨-¢ âì á«ãç © m2 > 0 ¨ � > 0.� ª ¨§¢¥áâ® ¨§ â¥®à¨¨ í««¨¯â¨ç¥áª¨å ¨â¥£à «®¢, ¥á«¨z = #Z0 d q1� k2 sin2( ) ;â® ®¡à â ï äãªæ¨ï #(z)  §ë¢ ¥âáï  ¬¯«¨âã¤®© �ª®¡¨:# � am(z; k):�à¨ k 2 (0; 1) ¨ z 2 IR äãªæ¨ï am(z; k) ®ª §ë¢ ¥âáï ¤¥©áâ¢¨â¥«ì®©.�««¨¯â¨ç¥áª¨¥ äãªæ¨¨ �ª®¡¨sn(z; k) � sin(am(z; k));cn(z; k) � cos(am(z; k));dn(z; k) � q1� k2 sin2(am(z; k)):ï¢«ïîâáï ¯¥à¨®¤¨ç¥áª¨¬ à¥è¥¨ï¬¨ ãà ¢¥¨ï �îää¨£ :d2f(z; k)dz2 = a1(k)f3(z; k) + a2(k)f(z; k);71



¯à¨ íâ®¬ ª®íää¨æ¨¥âë a1 ¨ a2 ®¯à¥¤¥«ïîâáï ¢¨¤®¬ äãªæ¨¨ f(z).�ãªæ¨¨ 1cn(z; k); 1sn(z; k); 1dn(z; k);sn(z; k)cn(z; k); cn(z; k)sn(z; k) ; cn(z; k)dn(z; k);dn(z; k)cn(z; k) ; dn(z; k)sn(z; k) ; sn(z; k)dn(z; k):â ª¦¥ ï¢«ïîâáï ¯¥à¨®¤¨ç¥áª¨¬¨ à¥è¥¨ï¬¨ ¤ ®£® ãà ¢¥¨ï.�ãªæ¨ï cn(z; k) | à¥è¥¨¥ á«¥¤ãîé¥£® ãà ¢¥¨ï:d2 cn(z; k)dz2 = (2k2 � 1) cn(z; k)� 2k2 cn3(z; k):�®¤áâ ¢¨¢ ' � A cn(z; k) á z � �x + �t ¢ ãà ¢¥¨¥ � £à ¦ {�©«¥à , ¯®«ãç ¥¬:A(�2 � �2)d2 cn(z; k)dz2 �m2 cn(z; k)� � cn3(z; k) = 0:�à ¢¨¢ ï ¤¢  ¯®á«¥¤¨å ãà ¢¥¨ï, ¯à¨å®¤¨¬ ª á¨áâ¥¬¥:8>><>>: 2k2(�2 � �2) + A2� = 0;(2k2 � 1)(�2 � �2) = m2:�¥è ï ¥�¥,  å®¤¨¬ 8>>>>>><>>>>>>: k2 = 12 0@1 + m2�2 � �21A ;A2 = �2 � �2 �m2� :�á«¨ �2 > �2 + m2, â® 0 < A2 , 0 < k2 < 12, ¨ ¯®«ãç¥®¥ à¥è¥¨¥®ª §ë¢ ¥âáï ¤¥©áâ¢¨â¥«ìë¬ (¤«ï x; t 2 IR). � ¤àã£®© áâ®à®ë, ¥á«¨�2 < �2 � m2, â® A2 < 0, 12 < k2 < 1, ¨ ¬ë ¯®«ãç ¥¬ ç¨áâ® ¬¨¬®¥à¥è¥¨¥.�¥è¥¨¥, ¯à®¯®àæ¨® «ì®¥ sn(z; k), ¯®«ãç ¥âáï   «®£¨ç®.72



� ª ¨§¢¥áâ®,d2 sn(z; k)dz2 = �(k2 + 1) sn(z; k) + 2k2 sn3(z; k);á«¥¤®¢ â¥«ì®, äãªæ¨ï B sn(z; k) ¡ã¤¥â ã¤®¢«¥â¢®àïâì ãà ¢¥¨î � -£à ¦ {�©«¥à  ¯à¨ 8>>>>><>>>>>: k2 = m2�2 � �2 � 1;B2 = 2�2 � �2 �m2� :� ª «¥£ª® ¯à®¢¥à¨âì, ¥á«¨ k 2 (0; 1), â® �2 2 (�2 + m22 ; �2 + m2) ¨B2 < 0.�¥á¬®âàï   â®, çâ® ãà ¢¥¨¥ � £à ¦ {�©«¥à  ¥«¨¥©®, äãª-æ¨ï e_{ am(z;k) � cn(z; k) + _{ sn(z; k)â ª¦¥ ®ª §ë¢ ¥âáï ¯à®¯®àæ¨® «ì®© à¥è¥¨î ' = Ce_{ am(z;k), á ¯ à -¬¥âà ¬¨, ®¯à¥¤¥«ï¥¬ë¬¨ á«¥¤ãîé¥© á¨áâ¥¬®©:8>>>>>><>>>>>>: k2 = 2 � m2�2 � �2 ;C2 = 2�2 � �2 �m2� :�á«¨ k 2 (0; 1), â® �2 2 (�2 + m22 ; �2 + m2), á«¥¤®¢ â¥«ì®, C2 < 0.�®¤®¡ë© à¥§ã«ìâ â «¥£ª® ¬®¦¥â ¡ëâì ¯®«ãç¥ ¨ ¤«ï äãªæ¨¨ �' ��Ce�_{ am(z;k).� áá¬®âà¨¬ ¡®«¥¥ ¯®¤à®¡® à¥è¥¨¥ ' = A cn(z; k). � §«®¦¥¨¥ �ã-àì¥ ¤«ï cn(z; k) ¥áâì [66]:cn(z; k) = 2�kK 1Xn=1 qn�1=21 + q2n�1 cos (2n� 1) �z2K! ;£¤¥ q � e��K0K .�¥à¨®¤ ¬¨ cn(z; k) ï¢«ïîâáï ç¨á«  4K ¨ 2K + 2_{K 0, § ¢¨áïé¨¥ ®â¯ à ¬¥âà  k2. �á¯®«ì§ãï ä®à¬ã«ã73



cos(z; k) � cos(�x + �t) = cos(�x) cos(�t) � sin(�x) sin(�t);¯®«ãç ¥¬ cn(�x + �t) = C(�x + �t)� S(�x + �t);£¤¥C(�x + �t) � 2�kK 1Xn=1 qn�1=21 + q2n�1 cos (2n� 1)��x2K ! cos (2n� 1)��t2K ! ;S(�x + �t) � 2�kK 1Xn=1 qn�1=21 + q2n�1 sin  (2n� 1)��x2K ! sin  (2n� 1)��t2K ! :�ë¡¨à ï ¨ ä¨ªá¨àãï k2 (0 < k2 < 12), ¬ë ®¯à¥¤¥«ï¥¬ § ç¥¨ï K, K 0¨ q. �«ï ®¯à¥¤¥«¥¨ï �, � and A ¢®á¯®«ì§ã¥¬áï á¨áâ¥¬®©8>>>>>><>>>>>>: k2 = 12 0@1 + m2�2 � �21A ;A2 = �2 � �2 �m2� :� ¦¤®¬ã k2 ®¤®§ ç® á®®â¢¥âáâ¢ãîâ § ç¥¨ï �2��2 ¨ A2, ¢ â® ¦¥¢à¥¬ï, ¤«ï ®¯à¥¤¥«¥¨ï �2 ¥®¡å®¤¨¬® § ¤ âì ¤®¯®«¨â¥«ì®¥ ãá«®¢¨¥.�ë¡¨à ï �2 â ª, çâ® ��2K = 1;¯®«ãç ¥¬, çâ®  è¥ à¥è¥¨¥ ã¤®¢«¥â¢®àï¥â á«¥¤ãîé¨¬ £à ¨çë¬ãá«®¢¨ï¬: '(0; t) = '(�; t) @x'(0; t) = @x'(�; t):�¥£ª® ¢¨¤¥âì, çâ® ¤¥©áâ¢¨â¥«ìë¥ à¥è¥¨ï ¯®«ãç¥ë ¯à¨ ãá«®¢¨¨�2 > �2. �«¥¤®¢ â¥«ì®, ¤ ë¥ à¥è¥¨ï ¯à¥®¡à §®¢ ¨¥ �ã ª à¥74



¬®¦® ¯à¥¢à â¨âì ¢ ¯¥à¨®¤¨ç¥áª¨¥ ¯® ¢à¥¬¥¨ ¨ ¯®áâ®ïë¥ ¯® ¯à®-áâà áâ¢¥®© ª®®à¤¨ â¥. �«ï ¯®«ãç¥¨ï ¤¥©áâ¢¨â¥«ì®£® à¥è¥¨ï,¯¥à¨®¤¨ç¥áª®£® ¯® ¯à®áâà áâ¢¥®© ª®®à¤¨ â¥, ¥®¡å®¤¨¬® ¨§¬¥¨âì§ ª ¯à¨ ¬ áá®¢®¬ ç«¥¥ ¢ ãà ¢¥¨¨ � £à ¦ {�©«¥à .

75



�à¨«®¦¥¨¥ 6�§ãç¥¨¥ áâ ¡¨«ì®áâ¨áâ â¨ç¥áª®£® ¯®«ï, ¯¥à¨®¤¨ç¥áª®£®¯® ¯à®áâà áâ¢¥®© ª®®à¤¨ â¥�à ¢¥¨¥ � £à ¦ {�©«¥à  ¤«ï (1 + 1)-¬¥à®© â¥®à¨¨ '4:@2'@x2 � @2'@t2 +m2' � �'3 = 0: (� 6:1)¨¬¥¥â à¥è¥¨¥ 'cl(t; x) = A sn(x � vt� x0p1� v2 ; k); (� 6:2)¯à¨ íâ®¬  ¬¯«¨âã¤  A ¨ ¬®¤ã«ì í««¨¯â¨ç¥áª®£® á¨ãá  á¢ï§ ë á¯ à ¬¥âà ¬¨ ãà ¢¥¨ï (� 6:1) á«¥¤ãîé¨¬ ®¡à §®¬:k2 = m2 � 1; A2 = 2m2 � 1� : (� 6:3)�¥©áâ¢¨â¥«ì®¥ à¥è¥¨¥ ¯®«ãç ¥¬ ¯à¨ 1 < m2 < 2.�¥«ìî ¤ ®£® ¯à¨«®¦¥¨ï ï¢«ï¥âáï ª¢ â®¢ ¨¥ ¢¡«¨§¨ 'cl ¢ â¥à-¬¨ å ¯¥à¥¬¥ëå �®£®«î¡®¢ . � ®¥ ¯à¨«®¦¥¨¥ ¯®ª §ë¢ ¥â, çâ®¯à¥®¡à §®¢ ¨¥ �®£®«î¡®¢ , à ¥¥ ¯à¨¬¥ï¥¬®¥ ¯à¨ ª¢ â®¢ ¨¨ áã-é¥áâ¢¥®-¥«¨¥©ëå á¨áâ¥¬ ¢¡«¨§¨ á®«¨â®®£® à¥è¥¨ï [50], ï¢«ï-¥âáï, ª ª ¨ á«¥¤®¢ «® ®¦¨¤ âì, ç áâë¬ á«ãç ¥¬ ¯à¥®¡à §®¢ ¨ï �®£®-«î¡®¢ , ¢¢¥¤�¥®£® ¤«ï ª¢ â®¢ ¨ï ¢¡«¨§¨ ¥áâ æ¨® àëå ª« áá¨ç¥-áª¨å ¯®«¥©. 76



�¢¢¥¤�¥¬ ®¢ãî ¯¥à¥¬¥ãî � = vt+x0. �à¥®¡à §®¢ ¨¥ �®£®«î¡®¢ ¡ã¤¥â ¨¬¥âì ¢¨¤: f(x) = G'cl(x � � ) + u(x � � ): (� 6:4)�®¯®«¨â¥«ì®¥ ãá«®¢¨¥ § ¯¨è¥¬ ¢ ¢¨¤¥!( ~N; y) � Z ~Nn(x)u(x) = 0: (� 6:5)�ãªæ¨ï ~Nn(x) ¢ë¡¨à ¥âáï â ª, çâ®¡ëZ ~Nn(x)M (x) = 1; (� 6:6)£¤¥ M (x) � �@'cl(x � � )@� = @'cl(x � � )@x : (� 6:7)�®¤ç¥àª�¥¬, çâ®   ¯®¢¥àå®áâ¨ C äãªæ¨¨ ~N (x) ¨ ~Nn(x) § ¤ îâ-áï ¥§ ¢¨á¨¬®. �ë¡®à®¬ ¤®¯®«¨â¥«ì®£® ãá«®¢¨ï ¢ ¢¨¤¥ (� 6:5), ¬ë¯®«®¦¨«¨ ~N (x) = 0.�ãªæ¨î u, ã¤®¢«¥â¢®àïîéãî ãá«®¢¨ï¬ (� 6:5), ¬®¦® ¯®áâà®¨âì¨§ ¯à®¨§¢®«ì®© ¤¨ää¥à¥æ¨àã¥¬®© äãªæ¨¨ y á«¥¤ãîé¨¬ ®¡à §®¬:u(x) = Z A(x; ~x)y(~x)d~x �Z  �(x� ~x) �M (x)N (~x)!y(~x) d~x = y(x) �Ma(x) � !( ~N; y): (� 6:8)�á«®¢¨ï (� 6:5) ¢ë¤¥«ïîâ   ¯à®áâà áâ¢¥ ¤¨ää¥à¥æ¨àã¥¬ëå äãª-æ¨© ¯®¤¯à®áâà áâ¢® äãªæ¨© u, ï¢«ïîé¨åáï à¥è¥¨ï¬¨ ¨â¥£à «ì®-£® ãà ¢¥¨ï u = Z  �(x� ~x) �M (x)N (~x)!u(~x) d~x: (� 6:9)�¯¥à â®à ��u(x) = Z A(x; ~x) ��u(~x)d~xã¤®¢«¥â¢®àï¥â ãá«®¢¨î Z M (~x) ��u(~x) d~x = 0: (� 6:10)77



�®¤áâ ¢«ïï ¢ (� 6:5) ¢ëà ¦¥¨¥u(x � � ) = f(x) �G'cl(x � � );¯®«ãç ¥¬, çâ® á«¥¤áâ¢¨¥¬ ¨¢ à¨ â®áâ¨ ¤®¯®«¨â¥«ì®£® ãá«®¢¨ï®â®á¨â¥«ì® ¢ à¨ æ¨© ¯ à ¬¥âà  � ï¢«ïîâáï á®®â®è¥¨¥:���f(x) = � 1G 0@ ~Nn(x � � )1� 1G R ~Nn(~x)u(~x)d~x1A : (� 6:11)� ª ¨ ¢ á«ãç ¥ ¥áâ æ¨® à®£® ª« áá¨ç¥áª®£® à¥è¥¨ï ¯à®¢®¤¨âáï¯à¥®¡à §®¢ ¨¥ ¢¥ªâ®à®¢ á®áâ®ï¨© ¤«ï ¯®¢ëè¥¨ï ¯®àï¤ª  ®¯¥à â®à®¢@@�a : �[u; un] �! eiG2J(� )�[u; un]: (� 6:12)�®®â¢¥âáâ¢ãîé¥¥ ¯à¥®¡à §®¢ ¨¥ ®¯¥à â®à®¢ ¢ë£«ï¤¨â â ª:i @@� �! �G2J� + i @@� ; J� = @J@� :�«ï ®¡à é¥¨ï ¢ ã«ì ¨â¥£à «®¢ ¤¢¨¦¥¨ï ¢ ¬¨ãá ¯¥à¢®¬ ¯®àï¤ª¥(¯® G�1) ¢ë¡¥à¥¬ äãªæ¨î ~Nn(x) ¯à®¯®àæ¨® «ì®© M (x). �¯à¥¤¥«ï¥-¬ë© ¨§ ãá«®¢¨ï ®¡à é¥¨ï ¢ ã«ì ¨â¥£à «®¢ ¤¢¨¦¥¨ï ¢ ¬¨ãá ¯¥à¢®¬¯®àï¤ª¥ ¯ à ¬¥âà J� ®ª §ë¢ ¥âáï ¯à®¯®àæ¨® «ìë¬ áª®à®áâ¨ v, ®¯à¥-¤¥«�¥®© ¢ ä®à¬ã«¥ (� 6:2).� áá¬®âà¨¬ â¥¯¥àì ãà ¢¥¨¥ ¤«ï ª¢ â®¢®© ¯®¯à ¢ª¨ ¢ á«ãç ¥ J� =v = 0. �¬¥¥¬:@2u(t; x)@x2 � @2u(t; x)@t2 + (m2 � 3�'2cl) � u(t; x) = 0: (� 6:12)�«ï ¯à®áâ®âë ®£à ¨ç¨¬áï á«ãç ¥¬ áâ â¨ç¥áª®£® ª« áá¨ç¥áª®£® à¥-è¥¨ï 'cl � A sn(x; k). �®«ãç ¥¬@2u@x2 � @2u@t2 + (m2 � 6k2 sn2(x; k)) � u = 0:�ã¤¥¬ ¨áª âì à¥è¥¨¥ ãà ¢¥¨ï (� 6:12) ¢ ¢¨¤¥u(t; x) � r(t)s(x):78



�®«ãç ¥¬, çâ® ãà ¢¥¨¥ (� 6:12) á¢®¤¨âáï ª á¨áâ¥¬¥ ®¡ëª®¢¥ëå¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©:@2u@x2 � @2u@t2 + (m2 � 3'2) � u = 0 ()0@d2s(x)dx2 r(t)� d2r(t)dt2 s(x)1A + (m2 � 6k2 sn2(x; k)) � r(t)s(x) = 0; ()() 8>>>>><>>>>>: d2s(x)dx2 = (6k2 sn2(x; k)� �)s(x);d2r(t)dt2 = (m2 � �)r(t);£¤¥ � | ¯à®¨§¢®«ì ï ª®áâ â .� ª¨¬ ®¡à §®¬, s(x) ¤®«¦® ¡ëâì à¥è¥¨¥¬ ãà ¢¥¨ï � ¬¥.d2s(x)dx2 + (�� 6k2 sn2(x; k)) � s(x) = 0:� áá¬®âà¨¬ ¤ ®¥ ãà ¢¥¨¥ ¢ ä®à¬¥ �¥©¥àèâà áá :d2s(~z)d~z2 � (B + 6}(~z)) � s(~z) = 0;£¤¥ }(~z) | ¤¢ ¦¤ë ¯¥à¨®¤¨ç¥áª ï äãªæ¨ï �¥©¥àèâà áá , B | ª®-áâ â ,   ~z ®¢ ï ¯¥à¥¬¥ ï:B = �(e1 � e3) � 6e3 , ~z = xpe1 � e3 + _� ~K 0;~K 0 | ¯®«®¢¨  ¬¨¬®£® ¯¥à¨®¤  äãªæ¨¨ sn(x; k).�ã¤¥¬ ¨áª âì à¥è¥¨¥ ãà ¢¥¨ï � ¬¥ ¢ á«¥¤ãîé¥¬ ¢¨¤¥[84]:L(~z) = �(~z + a1)�(~z + a2)�(~z)2 e�~z(�(a1)+�(a2));£¤¥ �(~z) ¨ �(~z) ï¢«ïîâáï í««¨¯â¨ç¥áª¨¬¨ äãªæ¨ï¬¨ �¥©¥àèâà áá , á®-®â¢¥âáâ¢ãîé¨¬¨ äãªæ¨¨ }(~z). � à¥§ã«ìâ â¥ ¯®«ãç ¥¬ á¨áâ¥¬ã ãà ¢-79



¥¨©   ¯ à ¬¥âàë a1 ¨ a2:8>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>: }(a1) = B6 � 12vuutg2 � B23 ;}(a2) = B6 + 12vuutg2 � B23 ;d}(a1)d~z = �d}(a2)d~z :�«ï ª ¦¤®£® § ç¥¨ï B  ©¤¥® ¥ ®¤®,   ¤¢  à¥è¥¨ï ãà ¢¥¨ï,¯®áª®«ìªã, ¥á«¨ ¯ à  (a1,a2) £¥¥à¨àã¥â à¥è¥¨¥, â.¥. ã¤®¢«¥â¢®àï¥â¢ëè¥¯à¨¢¥¤�¥®© á¨áâ¥¬¥, â® ¯ à  (�a1,�a2) â ª¦¥ £¥¥à¨àã¥â à¥è¥-¨¥ ãà ¢¥¨ï. �®«ãç¥ë¥ à¥è¥¨ï ¡ã¤ãâ «¨¥©® § ¢¨á¨¬ë â®£¤ ¨ â®«ìª® â®£¤ , ª®£¤  ®¨ ¡ã¤ãâ ï¢«ïâìáï «¨¡® ¯¥à¨®¤¨ç¥áª¨¬¨, «¨¡® â¨¯¥à¨®¤¨ç¥áª¨¬¨ (â.¥. ï¢«ïîé¨¬¨áï ¯¥à¨®¤¨ç¥áª¨¬¨ äãªæ¨ï¬¨ á¯¥à¨®¤®¬, ã¤¢®¥ë¬ ¯® áà ¢¥¨î á ¤¥©áâ¢¨â¥«ìë¬ ¯¥à¨®¤®¬ äãª-æ¨¨ sn2(x; k)) à¥è¥¨ï¬¨ ãà ¢¥¨ï. �â ª, ¯®«ãç¥  äã¤ ¬¥â «ì ïá¨áâ¥¬  à¥è¥¨© ¤«ï ¯®çâ¨ ¢á¥å á®¡áâ¢¥ëå § ç¥¨©.�«ï ¯à®¢¥¤¥¨ï ª¢ â®¢ ¨ï  ¬ ¯®âà¥¡ã¥âáï ¯®áâà®¨âì à §«®¦¥¨¥¯® à¥è¥¨ï¬ ãà ¢¥¨ï � ¬í ¯à®¨§¢®«ì®© äãªæ¨¨, ¯à¨ ¤«¥¦ é¥©¥ª®â®à®¬ã ª« ááã. �ë ¢®á¯®«ì§ã¥¬áï â¥®à¥¬®© ® à §«®¦¥¨¨ ¯® à¥-è¥¨ï¬ ¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï ¢â®à®£® ¯®àï¤ª  ¢ á«ãç ¥ ¯¥à¨-®¤¨ç¥áª®£® ¯®â¥æ¨ «  [85].�¡®§ ç¨¬ ç¥à¥§ �n á®¡áâ¢¥ë¥ § ç¥¨ï á®®â¢¥âáâ¢ãîé¨¥ ¯¥à¨-®¤¨ç¥áª¨¬ á®¡áâ¢¥ë¬ äãªæ¨ï¬,   ç¥à¥§ �n |  â¨¯¥à¨®¤¨ç¥áª¨¬.�¥£ª® ¯à®¢¥à¨âì, çâ® á«¥¤ãîé¨¥ ¯ïâì á®¡áâ¢¥ëå äãªæ¨© ãà ¢¥¨ï
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� ¬¥ á®®â¢¥âáâ¢ãîâ á«¥¤ãîé¨¬ á®¡áâ¢¥ë¬ § ç¥¨ï¬:L0(x) = sn2(x) � 1(1+k2)�p(1�k2+k4); �0 = 2(1 + k2) � 2q(1 � k2 + k4);L1(x) = cn(x) dn(x); �0 = 1 + k2;L2(x) = sn(x) dn(x); �1 = 1 + 4k2;L3(x) = sn(x) cn(x);�1 = 4 + k2;L4(x) = sn2(x) � 1(1+k2)+p(1�k2+k4); �2 = 2(1 + k2) + 2q(1 � k2 + k4);�§ ãá«®¢¨ï k2 2 (0; 1) ¥¬¥¤«¥® á«¥¤ã¥â, çâ®0 < �0 < �0 < �1 < �1 < �2;  â ª¦¥ â®, çâ® §  ¯¥à¨®¤ äãªæ¨¨ sn(x; k) äãªæ¨ï L0(x) ¥ ®¡à é -¥âáï ¢ ã«ì, äãªæ¨¨ L1(x) ¨ L2(x) ¨¬¥îâ ¯® ®¤®¬ã ã«î ª ¦¤ ï,  äãªæ¨¨ L3(x) ¨ L4(x) ¨¬¥îâ ¯® ¤¢  ã«ï. �«¥¤®¢ â¥«ì®, ¯®«ãç¥ë¥á®¡áâ¢¥ë¥ § ç¥¨ï ï¢«ïîâáï ¬¨¨¬ «ìë¬¨.� áá¬ âà¨¢ ¥¬®¥  ¬¨ ãà ¢¥¨¥ ï¢«ï¥âáï ãà ¢¥¨¥¬ � ¬í á n = 2.� á«ãç ¥ ¯à®¨§¢®«ì®£®  âãà «ì®£® n �©á [86] ¤®ª § « à ¢¥áâ¢ �2j+1 = �2j+2, �2j = �2j+1, ¯à¨ 2j > n (¢  è¥¬ á«ãç ¥ �2j+1 = �2j+2,�2j = �2j+1, ¯à¨ j > 1). �« £®¤ àï ¤ ®¬ã ãá«®¢¨î, â¥®à¥¬ã à §«®-¦¥¨ï ¯® á®¡áâ¢¥ë¬ äãªæ¨ï¬  è¥£® ãà ¢¥¨ï ¬®¦® ¯®áâà®¨âì,§ ï â®«ìª® § ç¥¨ï �0, �0, �1, �1 ¨ �2.�ãªæ¨ï L(�x; a1; a2) ¡ã¤ãç¨ ¯à®¯®àæ¨® «ì®© L(x;�a1;�a2), ï¢«ï-¥âáï «¨¥©® ¥§ ¢¨á¨¬®© ®â L(x; a1; a2). � ª¨¬ ®¡à §®¬, ¬ë ¯®«ãç ¥¬ç�¥âë¥ ¨ ¥ç�¥âë¥ à¥è¥¨ï:�(x;�) = L(x; a1; a2) + L(�x; a1; a2)2L(0; a1; a2) ; (x;�) = L(x; a1; a2)� L(�x; a1; a2)2L0(0; a1; a2) :� ª «¥£ª® § ¬¥â¨âì 81



�(0;�) = 1; � 0(0;�) = 0; (0;�) = 0;  0(0;�) = 1:� §«®¦¥¨¥ ¯® á®¡áâ¢¥ë¬ äãªæ¨ï¬ ¬®¦¥â ¡ëâì § ¯¨á ® ¢ â¥à-¬¨ å �(x;�) ¨  (x;�). �¤ ª® ®® ¡ã¤¥â ¢ë£«ï¤¥âì ¡®«¥¥ ¯à®§à ç®¢ â¥à¬¨ å ®¢ëå äãªæ¨©, â ª¦¥ ®¡à §ãîé¨å äã¤ ¬¥â «ìãî á¨-áâ¥¬ã à¥è¥¨©: ~�(x;�) = vuuutL(0)L0(0)�(x;�);~ (x;�) = _�vuuutL0(0)L(0)  (x;�):�ä®à¬ã«¨àã¥¬ â¥®à¥¬ã à §«®¦¥¨ï:¯ãáâì f(x) 2 L2(�1;1) | ¥¯à¥àë¢ ï äãªæ¨ï, â®£¤  f(x) ¯à¥¤-áâ ¢¨¬  ¢ ¢¨¤¥ ¨â¥£à « :f(x) = 12� ZS0 (~�(x;�)F (�; ~�) + ~ (x;�)F (�; ~ ))d�;£¤¥ F (�; ~�) � 1Z�1f(x)~�(x;�)dx;F (�; ~ ) � 1Z�1f(x) ~ (x;�)dx:�¡« áâì ¨â¥£à¨à®¢ ¨ï S0 = [�0; �0] [ [�1; �1] [ [�2;1).� ª ª ª, ¬ë à áª« ¤ë¢ ¥¬ ãà ¢¥¨¥ � £à ¦ {�©«¥à  ¢ àï¤ ¯®¬ «®¬ã ¯ à ¬¥âàã 1G, â® u(t; x) ¤®«¦® ¡ëâì ®£à ¨ç¥®© ¢® ¢á�¥¬¯à®áâà áâ¢¥{¢à¥¬¥¨ äãªæ¨¥©. �à¨ � � m2 � 6k2 > 0 ¨ � 2 S0,¯®«ãç ¥¬, çâ® äãªæ¨ï u(t; x) | ®£à ¨ç¥ ï. � ª ª ª �1 = m2, â®¥®¡å®¤¨¬® ®£à ¨ç¨âì ®¡« áâì ¨â¥£à¨à®¢ ¨ï:u(t; x) = 12� ZS1 (~�(x;�)e_{p�� ~m2�6k2tF+(�; ~�)+ ~�(x;�)e�_{p�� ~m2�6k2tF�(�; ~�)+82



+ ~ (x;�)e_{p��m2�6k2tF+(�; ~ ) + ~ (x;�)e�_{p��m2�6k2tF�(�; ~ ))d�;£¤¥ S1 = (�1; �1] [ [�2;1):�ãªæ¨¨ F�(�; ~�) ¨ F�(�; ~ ) | ¯à®¨§¢®«ìë.�«¥¤ãîé ï ä®à¬ã«  ¤ �¥â ¨¬¯ã«ìá®¥ ¯à¥¤áâ ¢«¥¨¥  è¥£® ¯®«ï(R(w) | ¯à®¨§¢®«ì ï äãªæ¨ï):u(t; x) = 12� 1Z�1e_{wtR(w)dw ZS1 (~�(x;�)F (�; ~�)++ ~ (x;�)F (�; ~ ))�(w2 � � + �1) d��ãáâì w0 � p�� �1. �á«¨ � 2 S1, â® w0 2 IR. �à¨¬¥¨¬ áâ ¤ àâ-ãî ¯à®æ¥¤ãàã ª¢ â®¢ ¨ï [87], â® ¥áâì, ¬ë ¡ã¤¥¬ à áá¬ âà¨¢ âì ¯®«¥ª ª áã¬¬ã ®âà¨æ â¥«ì®- ¨ ¯®«®¦¨â¥«ì®-ç áâ®âëå ç áâ¥©:u(t; x) = v+(t; x) + v�(t; x);£¤¥v+(t; x) = 12� ZS1 12w0e_{w0tR(w0)(~�(x;�)F (�; ~�) + ~ (x;�)F (�; ~ ))d�;v�(t; x) = 12� ZS1 12w0e�_{w0tR(�w0)(~�(x;�)F (�; ~�) + ~ (x;�)F (�; ~ ))d�;¨ áâà®¨¬ ¨¬¯ã«ìá®¥ ¯à¥¤áâ ¢«¥¨¥ � ¬¨«ìâ®¨  H = 12 1Z�1 0@ @v@t!2 +  @v@x!2 + (m2 + 6k2 sn2(x; k)) � v21A dx:�®¤áâ ¢«ïï u(t; x) = v+(t; x) + v�(t; x) ¨, ¨á¯®«ì§ãï á®®â®è¥¨¥1Z�1 (x;�)�(x;�0)dx = 0;¯®«ãç ¥¬ H = 12 ZS1R(w0)R(�w0) �F 2(�; ~�) + F 2(�; ~ )� d�:83



�¯¥à â®àë ã¨çâ®¦¥¨ï ¨¬¥îâ ¢¨¤a1(�) = 1p2w0R(�w0(�))F (�; ~�);a2(�) = 1p2w0R(�w0(�))F (�; ~ ):�®«¥ u(t; x) | ¤¥©áâ¢¨â¥«ì®¥, á«¥¤®¢ â¥«ì®, R�(w) = R(�w) ®â-áî¤  ¯®«ãç îâáï ®¯¥à â®àë à®¦¤¥¨ïa+1 (�) = 1p2w0R(w0(�))F (�; ~�);a+2 (�) = 1p2w0R(w0(�))F (�; ~ ):� ¬¨«ìâ®¨  à ¢¥H = ZS1w0(�)(a+1 (�)a1(�) + a+2 (�)a2(�))d�;£¤¥ w0(�) � q�� �1;S1 = (�1; �1] [ [�2;1):� ª «¥£ª® ¢¨¤¥âì,[a1(�); a+1 (�0)] = [a2(�); a+2 (�0)] = �(�� �0):� ª¨¬ ®¡à §®¬, ¯®áâà®¥® ª¢ â®¢®¥ ¯®«¥, á®áâ®ïé¥¥ ¨§ ¤¢ãå á®à-â®¢ áª «ïàëå ç áâ¨æ. �£à ¨ç¥¨¥ ®¡« áâ¨ ¨â¥£à¨à®¢ ¨ï á¢ï§ -® á ¥®¡å®¤¨¬®áâìî á®åà ¥¨ï áâ ¡¨«ì®áâ¨ ª« áá¨ç¥áª®£® à¥è¥¨ï.�®£®ç áâ¨çë¥ ª®ä¨£ãà æ¨¨ â ª¦¥ ¥ ¯à¨¢®¤ïâ ª  àãè¥¨î áâ -¡¨«ì®áâ¨, â ª ª ª áã¬¬  í¥à£¨© ç áâ¨æ ¯à¨ ¤«¥¦¨â ¨â¥à¢ «ã S1,¢ á«ãç ¥, ª®£¤  í¥à£¨ï ª ¦¤®© ç áâ¨æë ¯à¨ ¤«¥¦¨â ¤ ®¬ã ¨â¥à-¢ «ã.
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�à¨«®¦¥¨¥ 7� å®¦¤¥¨¥ ¯à¨¡«¨¦�¥®£®à¥è¥¨ï á¨áâ¥¬ë (3.7) ¬¥â®¤ ¬¨ª®¬¯ìîâ¥à®©  «£¥¡àë�à®£à ¬¬  ®âëáª ¨ï ¯à¨¡«¨¦�¥®£® à¥è¥¨ï á¨áâ¥¬ë (3.7)  ¯¨á    ï§ëª¥   «¨â¨ç¥áª¨å ¢ëç¨á«¥¨© REDUCE 3.6 (®¯¨á ¨¥ ª®¬¯ìî-â¥à®£® ï§ëª  REDUCE ¤ ®,  ¯à¨¬¥à, ¢ ¬®®£à ä¨ïå [71, 72, 74,75]).�à¥¤áâ ¢«¥ ï ¯à®£à ¬¬  áâà®¨â á¨áâ¥¬ã ãà ¢¥¨© (3:7): Rjj = 0¨  å®¤¨â ç áâ®¥ à¥è¥¨¥ íâ®© á¨áâ¥¬ë. �®áâà®¥¨¥ á¨áâ¥¬ë (3:7)®áãé¥áâ¢«ï¥âáï á«¥¤ãîé¨¬ ®¡à §®¬.�¥à¨®¤¨ç¥áª®¥ à¥è¥¨¥ ãà ¢¥¨ï (3:5) ¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥ ª®¥ç-®© áã¬¬ëphi(xx; tt) = nXj=1 a(2j � 1) sin((2j � 1)xx) sin((2j � 1)tt):�ï¤ �ãàì¥ â®ç®£® ¯¥à¨®¤¨ç¥áª®£® à¥è¥¨ï ãà ¢¥¨ï (3:5), â. ¥. äãª-æ¨¨ '0(x; ~t), á®¤¥à¦¨â ¡¥áª®¥ç®¥ ç¨á«® £ à¬®¨ª, ç¨á«® £ à¬®¨ª¯à¨¡«¨¦�¥®£® à¥è¥¨ï phi(xx; tt) ¢ë¡¨à ¥âáï ¢ § ¢¨á¨¬®áâ¨ ®â ¢®§-¬®¦®áâ¥© ���,   ª®â®à®© ¯à®¢®¤ïâáï ¢ëç¨á«¥¨ï. �à¨ n = 10 ¯à®-£à ¬¬  ¤ �¥â à¥§ã«ìâ â   ª®¬¯ìîâ¥à¥ á 16 �¥£ ¡ ©â ¬¨ ®¯¥à â¨¢®©¯ ¬ïâ¨, ¤«ï ¯®«ãç¥¨ï à¥è¥¨ï á n = 20 ¥®¡å®¤¨¬ ª®¬¯ìîâ¥à á 128�¥£ ¡ ©â ¬¨ ®¯¥à â¨¢®© ¯ ¬ïâ¨.�®áâà®¥¨¥ á¨áâ¥¬ë (3:7) ®áãé¥áâ¢«ï¥âáï á«¥¤ãîé¨¬ ®¡à §®¬: ¯®¤-áâ ¢«ïï ¢ ãà ¢¥¨¥ (3:5) �ãàì¥ à §«®¦¥¨¥ äãªæ¨¨ phi(xx; tt) ¨ ¨á-85



¯®«ì§ãï ¯à®æ¥¤ãàã "fourier", à §« £ ¥¬ ¤ ®¥ ãà ¢¥¨¥ ¢ àï¤ �ã-àì¥ ¨ ¯®«ãç ¥¬ á¨áâ¥¬ã ãà ¢¥¨©   ª®íää¨æ¨¥âë �ãàì¥ äãªæ¨¨phi(xx; tt), â.¥. á¨áâ¥¬ã (3:7). �®«ãç¥ ï á¨áâ¥¬  § ¯¨áë¢ ¥âáï ¢ á¯¨-á®ª "listequa". �¨á«® ãà ¢¥¨© à ¢ï¥âáï 3n. � ª ª ª ¨é¥âáï ¤¥©-áâ¢¨â¥«ì®¥ à¥è¥¨¥, â® ¥®¡å®¤¨¬®, çâ®¡ë ¢á¥ a (j) 2 IR.�¥à¢ë© ª®íää¨æ¨¥â a1 ï¢«ï¥âáï ¯ à ¬¥âà®¬, § ¤ îé¨¬  ¬¯«¨âã-¤ã ª®«¥¡ ¨©. �¥©áâ¢¨â¥«ì®, ¥á«¨ aj = cja1 ¨ !1 = á!a21, â® ¢á¥ ¯®-«¨®¬ë Rjj ¯à®¯®àæ¨® «ìë a31: Rjj(a) = a31Rjj(c) ¨, á«¥¤®¢ â¥«ì®,ª®íää¨æ¨¥â a1 ¬®¦¥â ¡ëâì ¢ë¡à  ¯à®¨§¢®«ì®. � è¥© § ¤ ç¥© ï¢«ï-¥âáï à¥è¥¨¥ á¨áâ¥¬ë Rjj(c). � ª ª ª ¥¨§¢¥áâë¥ a (j) ï¢«ïîâáï ª®-íää¨æ¨¥â ¬¨ �ãàì¥ ¥ª®â®à®© äãªæ¨¨, â® à §ã¬® ¯à¥¤¯®«®¦¨âì,çâ® ¬®¤ã«¨ ¤ ëå ª®íää¨æ¨¥â®¢ ®¡à §ãîâ ã¡ë¢ îéãî ¯®á«¥¤®¢ -â¥«ì®áâì, â®ç¥¥, ¬ë ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ¤¥©áâ¢¨â¥«ìë¥ ç¨-á«  c (j) � a (j)=a (1), ã¤®¢«¥â¢®àïîâ á«¥¤ãîé¥¬ã ãá«®¢¨î: 8j > 1 :jc (j)j < 1.�à¨¡«¨¦�¥®¥ à¥è¥¨¥ ¯®«ãç¥®© á¨áâ¥¬ë áâà®¨âáï á«¥¤ãîé¨¬®¡à §®¬. �  ¯¥à¢®¬ è £¥ ¬ë ¯®« £ ¥¬, çâ® ¢á¥ c (j) = 0, ªà®¬¥ c (3)¨, ¥áâ¥áâ¢¥®, c(1) � 1. �§ ¯¥à¢®£® ãà ¢¥¨ï á¨áâ¥¬ë (â.¥. ¯¥à¢®£®í«¥¬¥â  ¢ á¯¨áª¥ "listequa") ¬ë ¯®«ãç ¥¬, Comega ª ª ¯®«¨®¬ ®â c (3).�®¤áâ ¢«ïï ¤ ®¥ ¢ëà ¦¥¨¥ ¤«ï Comega ¢® ¢â®à®¥ ãà ¢¥¨¥ á¨áâ¥-¬ë, ¯®«ãç ¥¬, çâ® íâ® ãà ¢¥¨ï ®ª §ë¢ ¥âáï ªã¡¨ç¥áª¨¬ ãà ¢¥¨¥¬  c (3) ¨ ¬®¦¥â ¡ëâì à¥è¥® á ¯®¬®éìî áâ ¤ àâ®© ¯à®æ¥¤ãàë á¨-áâ¥¬ë REDUCE (SOLVE). �¥è¥¨¥ ¤ ®£® ãà ¢¥¨ï ¨é¥âáï ¢à¥¦¨¬¥ "on round", ª®£¤  ¢á¥ ¨àà æ¨® «ìë¥ ç¨á«  § ¬¥ïîâáï ¨å¯à¨¡«¨¦�¥ë¬¨ § ç¥¨ï¬¨, ¯®íâ®¬ã ¯®¤áâ ®¢ª  jc (3)j ¢ «¥¢ãî ç áâìãà ¢¥¨ï, â.¥. ¢ ¯®«¨®¬ R22, ¥ ¯à¨¢¥¤�¥â ª à ¢¥áâ¢ã R22 = 0. �â -¤ àâ ï â®ç®áâì à¥è¥¨© ¥«¨¥©ëå ãà ¢¥¨© ¯à®æ¥¤ãà®© SOLVE¢ à¥¦¨¬¥ "on round" ¥áâì 10�11. � ¯à¨¬¥àã, ¢â®à®¥ ãà ¢¥¨¥ á¨áâ¥¬ëáç¨â ¥âáï à¥è¥ë¬, ¥á«¨ ¯®¤áâ ®¢ª  ª®àï ¯à¨¢®¤¨â ª ¥à ¢¥áâ¢ãjR22j < 10�11. �§ ¯®«ãç¥ëå âà�¥å à¥è¥¨© ¢ë¡¨à ¥¬ ¤¥©áâ¢¨â¥«ì®¥à¥è¥¨¥, ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î jc (3)j < 1. �ãé¥áâ¢®¢ ¨¥ ¯®-¤®¡®£® à¥è¥¨ï á®®â¢¥âáâ¢ã¥â  è¥¬ã ¯à¥¤¯®«®¦¥¨î ®¡ ã¡ë¢ ¨¨ª®íää¨æ¨¥â®¢ �ãàì¥ äãªæ¨¨ phi(xx; tt).�  á«¥¤ãîé¥¬ è £¥ ¬ë ¨é¥¬ § ç¥¨¥ c(5), ª®â®à®¥   ¯¥à¢®¬ è £¥¯®¤à §ã¬¥¢ «®áì à ¢ë¬ ã«î. �¯¥à â®à clear c (5) ¢®ááâ  ¢«¨¢ ¥â86



c (5) ª ª ¯¥à¥¬¥ãî. �á¯®«ì§ãï ¯®«ãç¥®¥ § ç¥¨¥ c (3), ¨§ ¯¥à¢®£®ãà ¢¥¨ï ¯®«ãç ¥¬ Comega ã¦¥ ª ª ¯®«¨®¬ ®â c (5). �®¤áâ ¢«ïï íâ®§ ç¥¨¥ Comega ¢ âà¥âì¥ ãà ¢¥¨¥ ¨ à¥è ï ¥£®, ®¯à¥¤¥«ï¥¬ § ç¥¨¥c (5).�ëç¨á«ïï c (3), ¬ë ¯®« £ «¨ c (5) = 0. �¥¯¥àì, § ï ¡®«¥¥ â®ç®¥§ ç¥¨¥ c (5), ¬ë ¤®«¦ë ¯à®¢¥à¨âì ¯à ¢¨«ì®áâì § ç¥¨ï c (3). �«ïíâ®£® ¢ ¯®«¨®¬ R22, â® ¥áâì «¥¢ãî ç áâì ¢â®à®£® ãà ¢¥¨ï á¨áâ¥¬ë,¯®¤áâ ¢«ï¥¬ ¨¬¥îé¨¥áï § ç¥¨ï Comega, c (3) ¨ c (5). �á«¨ ¢ë¯®«ï-¥âáï à ¢¥áâ¢® jR22j < 10�11, â® ãà ¢¥¨¥ ¡ã¤¥¬ áç¨â âì à¥è¥ë¬ ¨¯¥à¥©¤�¥¬ ª ¯®¨áªã á«¥¤ãîé¥£® ª®íää¨æ¨¥â , ¢ ¯à®â¨¢®¬ á«ãç ¥ § -®¢® à¥è ¥¬ ¤ ®¥ ãà ¢¥¨¥ ®â®á¨â¥«ì® c (3). �à¨ íâ®¬ § ç¥¨¥c (5) ¥ à ¢® ã«î. �®á«¥ íâ®£® ¬ë ¯®¢â®àï¥¬ ¢â®à®© è £ ¨ ¨é¥¬ § -ç¥¨¥ c (5), á®®â¢¥âáâ¢ãîé¥¥ ®¢®¬ã § ç¥¨î c (3). �®á«¥  å®¦¤¥¨ï§ ç¥¨ï ª®íää¨æ¨¥â  c (2n� 1) ¯à®£à ¬¬  § ª ç¨¢ ¥â á¢®î à ¡®âã.� ª ç¥áâ¢¥ à¥§ã«ìâ â  ¯¥ç â îâáï ¥ â®«ìª® § ç¥¨ï ª®íää¨æ¨¥â®¢c (2j�1), ® ¨ § ç¥¨ï Rjj, ¯®«ãç ¥¬ë¥ ¯®á«¥ ¯®¤áâ ®¢ª¨ ¤ ëå ª®-íää¨æ¨¥â®¢. �à¨â¥à¨¥¬ ¯à ¢¨«ì®áâ¨ à ¡®âë ¯à®£à ¬¬ë ï¢«ï¥âáï¢ë¯®«¥¨¥ à ¢¥áâ¢  jRjjj < 10�11 ¤«ï ¢á¥å j.out "rjj.res";in fourier$n:=10$operator a,c,phi$depend phi,xx,tt$% Expand the unknown function phi(xx,tt), which is a solution% of equation (5), and equation (6) in the Fourier series.phi(xx,tt):=for j:=1:n sum a(2j-1)*sin((2j-1)*xx)*sin((2*j-1)*tt)$equation1:=2*w1*df(phi(xx,tt),tt,2)+fourier(fourier(phi(xx,tt)**3,xx),tt)$listequa:={}$ 87



% The frequency w_1 is proportional to a(1)^2.w1:=C_omega*a(1)**2$for j:=2:n do a(2*j-1):=c(2*j-1)*a(1)$equation1:=equation1$% Construct the system (3.7): R_{jj}(c)=0.for k:=1:3*n dolistequa:=append(listequa,{16*df(equation1,sin((2*k-1)*xx),sin((2*k-1)*tt))/a(1)**3});% Find a real solution of this system.on rounded$C_omega:=0$% C_omega must be connected variable, because I want% to clear it without message: "WARNING...".for k:=2:n do<< for j:=k:n do c(2*j-1):=0;clear C_omega, c(2*k-1);firstequa:=first(listequa);C_omega:=C_omega-firstequa/df(firstequa,C_omega);equa:=part(listequa,k);% All equations, which we solve using the procedure SOLVE, are% cubic equations, hence, they have at least one real root.% We assume that the absolute value of one of real% roots is less than unit.% We solve the equation and select this real solution% as value of c(2*k-1). 88



solve_equa:=solve(equa,c(2*k-1));while solve_equa neq {} do<< c(2*k-1):=part(solve_equa,1,2);if( c(2*k-1)=sub(i=-i,c(2*k-1)) and abs(c(2*k-1))<1)then solve_equa:={}else solve_equa:=rest(solve_equa);>>;test:=0;while(test=0) do<< test:=1;clear C_omega;firstequa:=first(listequa);C_omega:=C_omega-firstequa/df(firstequa,C_omega);for j:=2:k do<<equa:=part(listequa,j);if(abs(equa)>10**(-11)) then<< clear c(2*j-1);test:=0;equa:=part(listequa,j);solve_equa:=solve(equa,c(2*j-1));while solve_equa neq {} do<< c(2*j-1):=part(solve_equa,1,2);if(c(2*j-1)=sub(i=-i,c(2*j-1)) and abs(c(2*j-1))<1)then solve_equa:={}else solve_equa:=rest(solve_equa);>>;>>;>>;>>;>>;% Write the obtained result. 89



c(1):=1$for j:=1:n do write "c(",2*j-1,"):=", c(2*j-1);for j:=2:n do write "c(",2*j-3,")/c(",2*j-1,"):= ",c(2*j-3)/c(2*j-1);write "C_omega:=", C_omega;for j:=1:3*n do write "R(",j,",",j,"):=",part(listequa,j);quit;end;�à®æ¥¤ãà  "fourier" à §« £ ¥â ¯®«¨®¬ë ®â sin(x) ¨ cos(x) ¢ àï¤ �ã-àì¥.procedure fourier(FF,X);% This procedure constructs Fourier-series expansions% for polynomials of sin(x) and cos(x).begin scalar F;for all a, b such that df(a,x) neq 0 and df(b,x) neq 0letcos(a)*cos(b)=(cos(a-b)+cos(a+b))/2,sin(a)*sin(b)=(cos(a-b)-cos(a+b))/2,sin(a)*cos(b)=(sin(a-b)+sin(a+b))/2,sin(a)**2=(1-cos(2*a))/2,cos(a)**2=(1+cos(2*a))/2;F:=FF;for all a, b such thatdf(a,x) neq 0 and df(b,x) neq 0clear cos(a)*cos(b),sin(a)*sin(b),90



sin(a)*cos(b),sin(a)**2,cos(a)**2;return F;end;
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�à¨«®¦¥¨¥ 8� à ¬¥âà¨§ æ¨ï ¯®«ãç¥®£®¯à¨¡«¨¦�¥®£® à¥è¥¨ï� ¯®¬®éìî ¯à®£à ¬¬ë, ¯à¥¤áâ ¢«¥®© ¢ ¯à¥¤ë¤ãé¥¬ �à¨«®¦¥¨¨,¬ë ¯®«ãç¨«¨, çâ® ¤«ï à¥è¥¨ï á¨áâ¥¬ë á â®ç®áâìî � = 10�11 ¤®áâ -â®ç® ¯à¥¤áâ ¢¨âì '0 ¢ ¢¨¤¥ áã¬¬ë ¢®áì¬¨ ¥ç�¥âëå £ à¬®¨ª, ¯à¨íâ®¬ ¯®¯à ¢ª  ª ç áâ®â¥ ¥áâì!1 = 0:282680034541a21:�®«ãç¥ë¥ ç¨á«¥ë¥ § ç¥¨ï ª®íää¨æ¨¥â®¢ �ãàì¥ cj ®ª § «¨áì¢¥áì¬  ¡«¨§ª¨ ª á®®â¢¥âáâ¢ãîé¨¬ ç«¥ ¬ á«¥¤ãîé¥© ª®¥ç®© ¯®á«¥-¤®¢ â¥«ì®áâ¨:d = fd2j�1 = f2j�1f1 , £¤¥ f2j�1 � qj�1=21 + q2j�1 ; d2j = 0; j < 23g;¯à¨ íâ®¬ q = 0:0142142623201:� ª «¥£ª® ¯à®¢¥à¨âì, ¯®¤áâ ®¢ª  ¤ ®© ª®¥ç®© ¯®á«¥¤®¢ â¥«ì-®áâ¨ ¤ �¥â 8j 2 IN : jRjj(d)j < 10�12:�ë¬¨ á«®¢ ¬¨, ¯®á«¥¤®¢ â¥«ì®áâì d ï¢«ï¥âáï ¯à¨¡«¨¦�¥ë¬ à¥-è¥¨¥¬ á¨áâ¥¬ë (3:7). � ª ®ª § «®áì, ç«¥ë ¯®á«¥¤®¢ â¥«ì®áâ¨ d¯à®¯®àæ¨® «ìë á®®â¢¥âáâ¢ãîé¨¬ ª®íää¨æ¨¥â ¬ �ãàì¥ äãªæ¨¨ í«-«¨¯â¨ç¥áª®£® ª®á¨ãá  cn(z; k). � ª á ¯®¬®éìî ç¨á«¥ëå (ª®¬¯ìî-92



â¥àëå) ¢ëç¨á«¥¨© ã¤ �¥âáï ã£«ï¤¥âì   «¨â¨ç¥áªãî ä®à¬ã äãªæ¨¨'0(x; ~t).�«¥¤ãîé ï â ¡«¨æ  ¨««îáâà¨àã¥â ¯®«ãç¥ë© à¥§ã«ìâ â:j cj Rjj(c) dj Rjj(d)1 1 0 1 03 1:44162661711 � 10�2 3:5 � 10�12 1:44162661711 � 10�2 �8:0� 10�145 2:04917177408 � 10�4 2:1 � 10�12 2:04917177419 � 10�4 �3:4� 10�157 2:91274649724 � 10�6 7:8 � 10�12 2:91274651543 � 10�6 �9:7� 10�179 4:14025418115 � 10�8 8:3 � 10�13 4:14025430425 � 10�8 �2:3� 10�1811 5:88506592014 � 10�10 1:0 � 10�14 5:88506607528 � 10�10 �4:9� 10�2013 8:36488192079 � 10�12 4:6 � 10�13 8:36518729655 � 10�12 �9:7� 10�2215 1:18901919266 � 10�13 �7:8� 10�22 1:1890496659 � 10�13 �1:8� 10�2317 0 4:4 � 10�12 1:69014638629 � 10�15 �3:4� 10�2519 0 7:3 � 10�14 2:40241840942 � 10�17 �6:0� 10�2721 0 1:1 � 10�15 3:41486054743 � 10�19 �1:0� 10�2823 0 1:7 � 10�17 4:85397236079 � 10�21 �1:8� 10�3025 0 2:4 � 10�19 6:89956364312 � 10�23 �3:0� 10�3227 0 3:3 � 10�21 9:8072207518 � 10�25 �4:9� 10�3429 0 4:2 � 10�23 1:39402408398 � 10�26 �8:1� 10�3631 0 5:2 � 10�25 1:98150240103 � 10�28 �1:3� 10�3733 0 5:7 � 10�27 2:81655949163 � 10�30 �2:1� 10�3935 0 6:1 � 10�29 4:00353154544 � 10�32 �3:4� 10�4137 0 6:2 � 10�31 5:69072475939 � 10�34 �5:4� 10�4339 0 5:9 � 10�33 8:08894545219 � 10�36 �8:5� 10�4541 0 5:0 � 10�35 1:14978392551 � 10�37 �1:3� 10�4643 0 3:6 � 10�37 1:63433303287 � 10�39 �2:1� 10�4845 0 1:7 � 10�39 2:32308384477 � 10�41 �1:6� 10�49j > 45 0 0 0 jRjj(d)j < 10�40
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