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Abstract—The paper deals with the homogenization of a boundary value problem for an inhomoge-
neous body with Cosserat properties, which is referred to as the original problem. The homogeniza-
tion process is understood as a method for representing the solution of the original problem in terms
of the solution of precisely the same problem for a body with homogeneous properties. The problem
for a body with homogeneous properties is called the accompanying problem, and the body itself, the
accompanying homogeneous body. As a rule, a constructive homogenization procedure includes the
following three stages: at the first stage, the properties of the inhomogeneous body are used to find
the properties of the accompanying homogeneous body (efficient properties); at the second stage,
the boundary value problem is solved for the accompanying body; at the third stage, the solution of
the accompanying problem is used to find the solution of the original problem. This approach was
implemented in mechanics of composite materials constructed of numerous representative elements.
A significant contribution to the development of mechanics of composites is due to Rabotnov [1—3]
and his students. Recently, the homogenization method has been widely used to solve problems for
composites of regular structure by expanding the solution of the original problem in a power series in
a small geometric parameter equal to the ratio of the characteristic dimension of the periodicity cell
to the characteristic dimension of the entire body. The papers by Bakhvalov [4—6] and Pobedrya [7]
were the first in the field. At present, there are numerous monographs partially or completely dealing
with the method of a small geometric parameter [8—14].

[solated problems for inhomogeneous bodies with nonperiodic dependence of their properties on
the coordinates were considered by many authors. Most of such papers published before 1973 are
collected in two vast bibliographic indices [15, 16]. General methods were considered, and many
specific problems of the theory of elasticity of continuously inhomogeneous bodies were solved in
Lomakin’s papers and his monograph [17]. The theory of torsion of inhomogeneous anisotropic rods
was considered in [18].

In 1991, in his Doctoral dissertation, one of the authors of this paper proposed a version of the
homogenization method based on an integral formula representing the solution of the original
static problem of inhomogeneous elasticity via the solution of the accompanying problem [19, 20].
An integral formula for the dynamic problem of elasticity was published somewhat later [21].
This integral formula was used to develop a constructive method for the homogenization of the
dynamic problem of inhomogeneous elasticity, which can be used in the case of both periodic and
nonperiodic inhomogeneity of the properties [22]. The integral formula in the case of the Cosserat
theory of elasticity was published in [23]. The present paper briefly presents constructive methods for
homogenizing the problems of the Cosserat theory of elasticity based on the integral formula.
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1. STATEMENT OF THE ORIGINAL AND ACCOMPANYING PROBLEMS [24]

The Cosserat theory of elasticity, in addition to the stresses o;; and strains ¢;;, deals with the couple
stress tensor p;; and the curvature tensor ;. All these tensors are nonsymmetric. The statement of the
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74 GORBACHEV, EMELYANOV

static problem of the Cosserat elasticity theory consists of the equilibrium equations

ojij+Xi =0, pjij+e€jnojp+Y; =0, (1.1)

the constitutive relations
0ji = CijmnEnm + Bijmn*nm,  Wji = Bijmn&nm + Dijmn*nm. (1.2)

the Cauchy type relations
Enm = Umn + EmnsWs, = W n, (1.3)

expressing the strains and curvatures in terms of components of the displacement vector u; and the
rotation vector w;, and the boundary conditions

ui|zzu?, wi‘zzw?. (1.4)

The coefficients Cijmn, Dijmn, and B jmy are components of tensors of rank four. They are symmetric
with respect to the first and second pairs of indices but are not symmetric with respect to the indices in
pairs. The physical dimension of these tensors is different: [u] = [¢]'[g], [C] = []°[¢], [B] = [(]'[¢],

and [D] = [{)?[g]. Here £ is the length referred to the structure of the material (structure parameter), for
example, the characteristic dimension of inhomogeneity, the characteristic dimension of the composite
representative element, or the characteristic size of the periodicity cell for a composite with a regular
structure. The square brackets containing a symbol denote the dimension of the variable marked by this
symbol.

! The accompanying problem is a problem similar to the original problem for a body of the same
shape and with the same initial data but with different material characteristics C’iojk,l, D?jkl, and B?jkl.

Let v;, e;;, and 7;; denote the displacements, strains, and stresses, and let ¢;, m;;, and v;; denote the
angles of rotation, couple strains, and couple stresses in the corresponding problem. The statement of
the accompanying problem is given by the formulas

Tiig +Xi =0, vjij+epTin+ Y =0, (1.5)
T = Cymews + Boumn,  vii = Biew + D, (1.6)
ek = Ukt €gisPs, Tk = Ykl (1.7)
wly =, Wiy = (18)
The equations of the accompanying problem can be reduced to the system of equations
C?jklelk,j + Bzojklﬂlk,j + X; =0, (1.9)

0 0 0 0
Bijklelk7j + D’L]klﬂ-lkﬂ + Eijr(CTjklelk + BTjlerlk) + }/Z =0.

2. INTEGRAL FORMULAS IN THE STATIC PROBLEM OF THE COSSERAT THEORY
OF ELASTICITY FOR INHOMOGENEOUS BODIES

The following integral formulas relating the solutions of boundary-value problems of the same type
for inhomogeneous and homogeneous elastic bodies of the same shape and with the same initial data
were derived in [23],

ui(z) = vi(x) + / (202, 6)[Cpg — Cripa(©)] + K (2, €) [BYipg — Brapa(€)] Yepq(€) dVe
1%

+ / (60 (2,€)[Bllpg — Brip(€)] + £ (2, €)[D1g — Diipg(€)]}pq (€) dVE, (2.1)
1%
. — ol 2(1) 0 2 (1) 0o
wi(r) = Pi(x) + /{Ekz (x>£)[ck’lpq Oklpq(g)] + Ky ('x?g)[Bklpq Bklpq(g)]}epq(g) dVe
1%

+ / (80 (2,€)[Bllpg — Brip(€)] + £ (2, €)[D1g — Diipg(€)]}pq (€) dVE, (22)
1%
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HOMOGENIZATION OF THE EQUATIONS OF THE COSSERAT THEORY 75

S (@) = i@, &) + b (@,0), @6 =58, a=12
where ng(Z,Z(a:, €) and wl( . (z, &) are components of the displacement tensor and Green’s rotation tensor.
In the static problem of the Cosserat theory of elasticity, Green’s tensors can be introduced in two
different ways. In the first case, at a point £ of the body, the unit lumped force directed along the -
axis is prescribed, and this force causes a displacement 11L( (z,€) and a rotation w (a: €). In the second
case, at a point £ of the body, a unit lumped moment dlrected along the xj-axis is prescribed. Then

the displacement Z2L( (x,€) and the rotation t}} (z,€) arise at a point x of the body. In both cases, the
boundary conditions are assumed to be zero.

3. REPRESENTATION IN THE FORM OF SERIES
We assume that the strains and curvatures in the accompanying problem are smooth functions of
the coordinates x;. Then, in a neighborhood of any point & C V/, they can be represented in terms of the
values at the point z C V as the Taylor series

exi(§) = ) iy iy (& @)erriy g (T),  Tri(§ ZH“ g (& T) Tkl iy g (), (3.1)
q=0 q=0
iy, (&7) = 1g1&y — 2ay) -+ (§iy — T4y)- (3.2)

By substituting the expressions (3.1) into formulas (2.1) and (2.2), we obtain the following representa-
tion for the solution of the original problem of the Cosserat theory of elasticity in the form of series in all
possible derivatives of the strains and curvatures in the accompanying problem:

+sz 2)0g€nm () + Uspn(q) (€) O ()], (3.3)

) + Z zmn(q )0, enm( )+ Mimn(q) (x)aqﬂ'nm(x)] (3.4)

Here we write out the formulas in an abbreviated form such that, for example, 6;;, Nipn(q—1)0q€nm
= 0jiy Nimniy...iq—1 Enmyi1 ..iq-
The coefficients in the series Uynn(q)s Uimn(q)» Vimn(q)» @1d Mippn(q) are continuous functions of

coordinates vanishing on the boundary of the body: (N,U, M, V)Z-,,m(q)|E = 0. They are weighted
moments of strains and Green’s curvatures of the initial problem [25]. These functions are identically
zero for a homogeneous material and different from zero in the case of an inhomogeneous material. The
form of (N, U, M, V) jnn(q) -functions is determined by the functional dependence on the coordinates of

the physical and mechanical characteristics of the material, and hence it is meaningful to call them the
structure functions. The functions (N, U, M,V )iy (q) form structure tensors of rank ¢ + 3.

The structure functions have the following physical dimension: [Ny ()] = [0, [Usnng)] = 072,
Vimn(g)] = [€]%, and [M;;,,(q)] = [(]911. The series for the strains and curvatures become

€ji = €44 + Z{[szn(q),j + 5jinimn(q—1) + 6ijsvvsmn(q)]8qenm
q=0
+ [Uimn(q),j + 5jiqUimn(q—l) + EijsMsmn(q)]aqﬂ'nm}, (3.5)
Hj; = Tj; + Z{[‘/;mn(q)g + 5jiq ‘/imn(q—l)]aqenm + [Mimn(q)J + 5jiinmn(q—1)]8q7Tnm}' (3.6)

q=0

After this, we write out the expressions for the force and couple stresses,

o0

Oji = Z[éijmn(q)aqenm + Bijmn(q)aqﬂ'nm]y (3.7)
q=0
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76 GORBACHEV, EMELYANOV

[e.e]

150 = > _[Bijmn(a)Oa€nm + Dijmn(q)OqTnm)- (3.8)
q=0

The coefficients in the series (3.7) and (3.8) for the stresses have the following dimension:

[Cijmn(@) = 1), [Bijmn(g) = [Bijmn(e)) = 1770, [Dijmn(g)] = [1"*[0].
The coefficients @-jmn(q), B,-jmn(q), éijmn(q), and ﬁijmn(q) can be expressed via the (N, U, M, V') (g) -
functions (the index (0) is omitted in the case ¢ = 0) as follows:

éz'jmn(o) = Cijmn = Cijmn + Cijtt (Nemn.i + €xisVamn) + BijktVimn i, (3.9)
Bijmn(o) = Bijmn = Bijmn + Cijki Ukmn.i + €risMsmn) + Bijii Mmn.1, (3.10)
ézymn(O) = éijmn = Bijmn + Bijki(Nimn,i + €kisVemn) + Dijkt Vimn, i, (3.11)
Dzymn(O) = Dijmn = Dijmn + Bijit(Ukmnt + €xts Msmn) + Dijra Mimn.i, (3.12)

and for ¢ > 1 as follows:

Cijmn(a) = Ciittl Nkmn(g)1 + 0tig Nemn(q—1) + €isVamn(a)) + Bkt [Vimn(q)d T 0tig Vimn(g—1))s  (3.13)
Bijmn(a) = Ciji[Ukmn(q).1 + 0tig Ukmn(g—1) + €htsMasmn()] + Bijit[Mymn(ays + 0tig Mimn(g—1)), (3.14)
Bijmnta) = Bigtt Nemn(a)a + 00ty Nesun(a-1) + €ttsVamn() + DisialVisan(ond + 01y Vimn(q—), (315
Dijmn(a) = Bijkt[Ukmn(q).1 + 0tig Usmn(a—1) + €ktsMmn()] + Dijet Mimn()1 + 6t Mimn(q—1))- (3.16)

We substitute the series (3.7) and (3.8) into the equations of the original problem and obtain

Z [(éijmn(q),j + C~1z'z'jmn(q—1))&zenm + (Bmmn( ).J Bzz]mn(q 1))8 an] +X; =0,
q=0
(O z - 3.17
Z [(Biij(Q)J + Biijmn(q—l) + 6ij?"ern"m(Q))aqenm ( )
q=0
+ (bijmn(q)J + Diijmn(q—l) + 6ijrBrjimn(q))8117"—71171] +Y;=0.
Then we rewrite Egs. (1.9) of the accompanying problem as follows:
Cglmne”m,ll + B?zlmnﬂ-nm,il + XZ = 07
(3.18)

0 0 0
Bnlmneﬂm,il + Diilmnﬂ-ﬂm,il + EijT(ermnenm + Brjmnﬂ'nm) + Y; =0.

By comparing Egs. (3.17) and (3.18), we see that the coefficients of the derivatives of e;; and m;; in
Egs. (3.17) should be as follows:
the first group of equalities:

_o { ijmn(0). = 0, (3.19)

0
ijmn(0 + 6Z]?“C(mmn(O) - EZ]TCr]mn’

mzz

!

0

{ :z]mn it Culmn(O) Ciilmn7 (320)
Bzgmn + Bzzlmn(O) + 671]7“6(7“]mn(1) Bzoilmn’

{ :2]mn ),d + Ozzqmn(q 1) = 0 (321)
Bzgmn + Bzz gmn(g—1) + Ez]rcr]mn(q) =0;

the second group of equalities:

B,

{ B3ijmn(0) ) ) (3.22)
Dumn + EZJTBr]mn(O) = EZ'jTBrjmn’
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HOMOGENIZATION OF THE EQUATIONS OF THE COSSERAT THEORY 77

~ P _ o
g=1 {Bmmn(l),] + B;iilmn(O) - Biiﬁz@n’ o (323)
Dijmn(l)J + Diilm"(o) + EijrBrjmn(l) - Diilmn’

g2 {Bijmn(q)’j  iamntqn =0, (3.24)
Dijmn(q),j T Diigmn(g—1) T €ijr Brjmn(g) = 0-

By substituting (3.9), (3.11) and (3.13), (3.15) into the first group of equalities (3.19)—(3.21), we
obtain the following system of recursion equations for the functions Ny,y,(q) and Vi, () The recursion

in the first group starts from the equations
[Cijmn + Cijkt(Nimn,i + €k1sVemn) + BijkiVimn,il; = 0,

) (3.25)
[Bijmn + Bijkl(Nkmn,l + 6klsvrsmn) + Dijlekmn,l]j = eijr(CBjmn - ermn)'

The functions My,pn(q) and Uy, () are determined from the second group of equations. The
recursion in the first group starts from the equations

[Bijmn + Cijkt (Ukmn,i + €kisMsmn) + BijkiMgmn,il; = 0,

) (3.26)
[Bijmn + Bijkl(Nkmn,l + 6klsvrsmn) + Dijlekmn,l]j = eijr(CBjmn - ermn)'

The unique solution of Eqgs. (3.25) and (3.26) and of all subsequent equations is determined by the
condition that all (N, U, V, M);,,n(q) Tunctions are zero on the boundary X of the domain V' occupied by
the body.

The solution of the original problems in the form of series contains the coefficients Gy, DYy,
and B?jkl, which represent the accompanying homogeneous body. In principle, these can be any

physically admissible quantities. Obviously, they do not affect the exact solution of the original problem.
But the choice of the properties of the accompanying body significantly affects the rate of convergence
of the series to the exact solution. In[25], it is proposed to choose them in the form

Ciojmn = (Cijmn)v = (Cijmn + Cijiar(Nimni + €x1sVemn) + BijtaVimn)v, (3.27)
Diojmn = (Dijmn)v = (Dijmn + Bijkt Ukmn.i + €risMsmn) + Dijri Myamn 1)v, (3.28)
B?jmn = <-§ijmn>\/ = (Bijmn + Bijki(Nkmn,i + €k1sVsmn) + Dijit Vimn,i)v

= (Bijmn)v = (Bijmn + Cijit(Ukmnt + €ktsMsmn) + Bijtit Mymn 1) v- (3.29)

Let us show that these are precisely the effective coefficients in the sense of the definition given below.

4. EFFECTIVE CHARACTERISTICS IN THE COSSERAT THEORY OF ELASTICITY

The effective coefficients of any inhomogeneous Cosserat material composed of identical repre-
sentative volumes are coefficients that permit relating the force and couple stresses (o;;) and (g;;)
averaged over any representative volume to the strains (g;;) and curvatures (¢;;) averaged over the same
representative volume. This definition of effective properties of a Cosserat elastic body is a generalization
of the definition given in [26] to the case of a body composed of representative volumes of a material with
Cosserat properties.

For simplicity, first consider a periodically inhomogeneous material with periodicity cells € of cubic
shape with edge ¢. In this case, the cube €2 is a representative volume, and its edge ¢ is a structure
parameter. In a periodically inhomogeneous body, the material tensors C, B, and D are one-periodic
functions of the local variables 0 < (; = {x;/¢} = z; /¢ — [x;/¢] < 1. Here the braces denote the fractional
part of a number, and the square brackets denote the integer part of a number. The variables (; are also
called the fast variables [6], and functions of the fast variables are called rapidly oscillating functions of
the global coordinates x; [17].

We introduce new structure functions and structure tensors by using the replacements Ny, q) —

€q+1Nimn(q)v Uzmn(q) - €q+2Uimn(q)a ‘/zmn(q) - gqvémn(q)a Mzmn(q) - €q+1Mimn(q)a Bijmn - gBijmny
and Dijmn — KQDZ'jmn.

MECHANICS OF SOLIDS  Vol.49 No.l 2014



78 GORBACHEV, EMELYANOV

The new functions depend on the local variables ¢;. Moreover, (N, U, V, M );,(q) are dimensionless
functions, and the new material coefficients B;jy,, and Djj,y, are of the dimension of stresses. The

functions of local coordinates (; are differentiated with respect to the global coordinates x; according
to the rule

(o 9FQ) _0f G _ 1 of _
f’Z(C) - 8ZEZ N 8@; 61‘2 N 14 a{zk‘ - 1£f‘z

After this, the structure parameter ¢ occurs in most of the formulas in the preceding sections; for
example, the constitutive relations (1.2) of the original problem become

Oji = Cijmn(C)Enm + gBijmn(C)%nma Hii = gBijmn(C)Enm + €2Dijmn(g)%nma (41)
and the effective constitutive relations of the form ({(c), (1)) ~ ({€), (3¢)) will be written as

(U]Z>Q - ng%nn<€nm>ﬂ + nggmn<%nm>Qﬂ <IU‘JZ>Q - nggmn<€ﬂm>Q + €2Dze]ffmn<%ﬂm>9 (42)

According to the new structure functions, the series (3.3)—(3.8) become

Z £q+1szn )8 enm( ) + £q+2Uimn(q) ({)8q7rnm(x)], (4.3)

‘T) + Z[gqumn(q)(g)aqenm(x) + €q+1Mimn(q)(<)aq7Tnm(m)]y (4.4)
Eji = (5]n52m + szn|] + 6z'js‘/vsmn)enm + K(Uzmnb + Ez'js]\4smn)7rmn

+ Z Nimn(g)lj + Nimn(q—1)0jiq T €ijsVsmn(q))Ognm

+ Kq (Uzmn(q)|j + Uimn(q—l)éjiq + EijsMsmn(q))aqﬂ-nm]’ (45)
1
Hji = ) ‘/7;mn|j€nm + (5]n52m + Mimn|j)7rnm
+ Z zmn(q 7] + V;mn(q 1)5]741)8 enm + £ (Mzmn(q)|j + Mimn(q—l)(sjiq)aqﬂ'nm]a (46)
Oji = Z[ﬁqéijmn(q)aqenm + £q+léijmn(q)8q7rnm]7 (4.7)
q=0
Hji = Z[gq—i_lgijmn(q)aqenm + €q+2Dijmn(q)aq7Tnm]- (48)
q=0

The recursion equations for the new (N, U, V, M );py(q) functions retain the form (3.19)—(3.26)
except that the derivative with respect to the global coordinate, which is denoted by an index after the
comma in (3.19)—(3.26), is replaced by the derivative with respect to the local variable, which is denoted
by an index after the vertical bar. In the general case, to determine the (N, U, V, M)y () functions,
one should solve the boundary value problems for Egs. (3.19)—(3.26) with homogeneous conditions on
the boundary of the entire body, The coefficients in these equations are periodic functions of the local
variables. At the distance of the order of the characteristic dimension of the periodicity cell from the body
boundary, the desired functions also tend to periodic functions [27] that are continuous and periodic
solutions of Egs. (3.19)—(3.26) in the cube Q. This fact is pointed out in [28—30] and is numerically
confirmed in the dissertation [31]. The periodic solutions of Egs. (3.19)—(3.26) in the cube are determined
up to constants [6], which can be found from the normalization condition (N, U, V, M )jpn(q) )0 = 0.

Let L be the characteristic dimension of the entire body, and let /L < 1; i.e., the body is composed
of a large number of cells in all directions. In this case, the smooth functions dgepm (x) and Ogmpm (x) do
not practically change in any ¢-cube; i.e., they behave as constants after averaging over the ¢-cube,

(f(9)(Q0genm(x))a = (fig)(O)a0genm(®),  (f(q)(C)0gTnm(®))a = (f(q)(C))20qmnm ().
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HOMOGENIZATION OF THE EQUATIONS OF THE COSSERAT THEORY 79

[t follows from the above that the averaging over any inner cell of the expressions (4.3), (4.4) for the
components of the displacements and rotation vectors and of the expressions (4.5), (4.8) for the strains
and the curvature gives

(uiyo = vi, (wi)o =i asa={/L —0, (4.9)
(eij)o — ey, (mij)o — mj asa=/{/L —0. (4.10)

The expressions (4.7) and (4.8) for the force and couple stresses averaged over the periodicity cell can
be represented as
<Uji>Q = <C~’Umn>ﬂemn +€<Bz]mn>97"mn+0(a) OZO><GZ]mn>Q<€‘]Z>Q+€<BZ]T)’LTL>Q<%Z]>Q7 (41 1)

a—0

(1Y = UBijmn)a€mn+L*(Dijmn)0Tmn+0(0®) “=5 €(Bijmn)a iy -+ (Dijmn)a (i) a. (4.12)

These formulas and definition (4.2) give the following expressions for the effective characteristics of a
composite with Cosserat properties:

Cleﬁnn = <C~’Umn>ﬂ = <02]mn + Oijk:l(Nkan + 6I~<:lsvvsmn) + Bijklekmn\l>Q, (413)
ijﬁmn = (Dijmn>ﬂ = (Dijmn + Bijkl(Ukan + 6kls]\4smn) + Dijklemn|l>Qa (414)
Bzejﬁmn = (Bijmn>Q = (Bijmn>Q = <Bmmn + Bijkl(Nkan + 6klsV:smn) + Dz‘jklvkmn\l>ﬂ

= <Bz‘jmn + Oijk:l(Ukmn\l + EklsMsmn) + Bijklemn\l>Q- (415)

_ Thus, to obtain the effective characteristics of regular composites, one should average the functions
Cijri(€), Bijri(¢), and D;ji(C) over the periodicity cell. The functions (N, U, V, M);pn(q) in formu-

las (4.13)—(4.15) are determined from the solution of the coupled systems (3.15) and (3.26) in the
periodicity cell. The unique solution of these systems is chosen from the periodicity conditions

Nkmn(C1,C2,C3)\<Z:O = Nkmn(Ch@,CS)!CZ:l (t=1,2,3), (4.16)
Vkmn(C1,C2,C3)\<Z:O = Vkmn(C1,C27C3)|<i:1 (t=1,2,3), (4.17)
Ukmn(C1, G2, C3)|<1:0 = Ukmn(C1, C25 C3)|<Z:1 (i=1,2,3), (4.18)
Mierrn (€15 Cos C3)|<1:0 = Mpmn(C1, C2, C3)|<Z:1 (i=1,2,3), (4.19)

and the normalization conditions

In the general case of inhomogeneity, i.e., in the case where the elasticity coefficients are arbitrary
integrable functions of the global coordinates z, the effective characteristics are determined by the
same formulas (4.13)—(4.15), but the averaging in these formulas is performed over the entire body
by formulas (3.27)—(3.29). The functions (N, U, V, M );,,,n(4) depend on z and are determined by solving
the same equations (3.25) and (3.26) in the entire inhomogeneous body for zero values of the desired
functions on the boundary of the body. In the specific case where the elasticity coefficients are periodic,
the functions (N, U, V, M ) jpn(q) () significantly differ from periodic functions only in the boundary layer,
whose thickness is equal to several characteristic dimensions of the periodicity cell and tends to zero with
further refinement of the structure. Thus, the elastic characteristics determined by various formulas differ
only by quantities of order O(«).

5. CASE OF A LAYER INFINITE IN THE HORIZONTAL PROJECTION
AND INHOMOGENEOUS ACROSS THE THICKNESS

Let L denote the plate thickness. Assume that the x3-axis is perpendicular to the face surfaces of the
layer and the lower face surface corresponds to the value 3 = 0. In this case, the coefficients C;jp1, Djjri,
and Bk are functions of the coordinate z3. We assume that the desired functions Nyn(g)s Ukmn(q)s
Viemn(q)» @nd Myn(qy depend only on z3 as well. Because of (3.27)—(3.19), Egs. (3.25) and (3.26)

become the ordinary integro-differential equations
[CiskaNgmn + Cizmn + CiskiertsVamn + BiskaVimn) = 0,

MECHANICS OF SOLIDS  Vol.49 No.l 2014



80 GORBACHEV, EMELYANOV

[Disk3Virmn + Bismn + Biski€risVsmn + BiskaNimn)' = €ijr ((Crjmn) — Crjmn),

Crimn = CriksNimn + Crjmn + Crjri€risVemn + Bijia Vi, (5.1)
[CiskaUkmn + Bismn + Ciski€risMsmn + BiskaMy,,]) = 0,

[Diska M,y + Dismn + Biski€ris Msmn + BiskaUpmn)' = €ijr ((Brjmn) — Brjmn),

Brjmn = CritaUtmn + Brijmn + Crigi€ris Msmn + Dijra M- (5.2)

The prime denotes the derivative with respect to 3, and the angle brackets denote the average value
of a function over the plate thickness,

L
=y [ faw)do
0

The conditions on the plate boundaries become

=0, V =0, M; =0, U 0. (5.3)

Z‘m”|w3:0,L mn‘mg:O,L mn‘mg:O,L mn‘mg:O,L -

We integrate the first equation in system (5.1), take into account the relation (/) = 0, and obtain
N l/cmn = [01;3%3<Cl§;3>_1<Cp_?i;30q3mn> - Ck_glqscqi’»mn]
+ [Crais(Crapa) ™ (CraaCasab(#)) = CrausCasat|eabs Vimn
+ [Crars(Cisps) " (CpagsCazss(#)) = CzgsCass] Vimn: (5.4)

In the last two square brackets, the symbol () is replaced by €445 Vsmn and V., ., respectively. Note
that the average values of each row on the right-hand side in (5.4 ) is zero. Further, we determine @-jmn as

Cijmn = Cijmn + CijksCrais(Crans) " (CrausCasmn) — CijksCraisCizmn
+ [Cijay + OiijC];g%g(Olgll;ﬁ_l<Op_31]30q3ab(.)> - OiijCk_gi]?,Cq?)ab]Eabs‘/smny
+ [Bijss + CijisCrais(Craps) ~ {Craga Bazsa(®)) — CijnaClays ByssalVmn- (5.5)
After integrating the second equation in system (5.1) once, we obtain
Vi = —Diais[Bismn + Bizav€abs Vsmn + BizssNopn
— (Dizps) " (Dysgs(Bazmn + Bgaav€abs Vamn + Byzss Nimn))]

+ Dl [t [ (Copm) = Comnli)
0
- 03k sl [ (Comn) = ol ). (56)
0

The average value of the right-hand side of this expression is zero. Now if we substitute the
expressions (5.2) and (5.5) into this formula, then the right-hand side of (5.6) can be written in the
same form as the right-hand side of (5.4),

Vk,mn = €kmn T+ gkabeabs%mn + fks?;‘/:glmn: (57)

_ -1 -1 -1 -1
ekmn = DygeaTomn — Dk383<Ds3p3><Dp3q3Tqm”>’

z3

0
é;}mn = Cijmn + Cz'jk3ck_3%3 (Cl§;3>_1 (Cp_glqgcq?)mn> - Cijk3ck_3,%3cl3mn7 (510)
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Trmn = Ciatz(Craps) ™ (CpagaCasmn) — CizgsCasmn- (5.11)

The expressions of grqp and frs3 are cumbersome operators, and we do not write them out here. Note
that the average value of each of the terms in (5.7) is zero. These terms are deviations from the mean
value, and the second and third terms are quantities of the order of the squared first term. The main
contribution to the expression of the function Vi, is given by the first term. A similar situation also
takes place for the function Ngp,y,.

To obtain approximate expressions for the effective characteristics of a layer homogenous over the
thickness and made of a Cosserat material, we preserve only the first terms in the expressions for the
functions Ny and Vi, i.e., we set

x3
N]/cmn ~ Tkmn = Nkmn ~ /Tkmn(y) dy, (512)
0
z3
0

System (5.2) for the functions Uy, and My, can be integrated in a similar way. Omitting
insignificant details, we obtain the following approximate expressions for the functions Uy, and Mpyn:

x3
0
x3
Mppn © b = Mign / B () . (5.15)
0
Aermn = 01:3%3<Ol§;1;3>_1<0173};33q3mn> - Ck_gngq?;mn, (5.16)
hemn = Digeg®smn = Dicgs D) (Dpig3Ogmn)s (5.17)
z3
@imn = €ijr /[<B;}mn> - B:]mn(y)] dy - (Dz?;mn + Bi3k3dkmn)7 (518)
0
B:jmn = Bijmn + Oijk?»ck_g.%g(qg;grl<O,;_3}]3Bq3mn> - OiijCk_gigBl?,mn- (5.19)

Now we can write out explicit expressions for the effective characteristics of a layer inhomogeneous
over the thickness:

o ~ (Cijmn) = (Cijmn + Cijit (63 Nimp + €nisVamn) + Bijks Vi) (5.20)
fomn ~ (Dijmn) = (Dijmn + Bijr1(0:3Uhmn + €xtsMsmn) + Dijra M), (5.21)
ijffm = (Bijmn) = (Bijmn) = (Bijmn + Bijt1(0i3 Nt + €kisVamn) + DijkaVimn)
= (Bijmn + Cijki(0:i3Usn + €kisMsmn) + BijkaUpmn)- (5.22)
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