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Abstract—The linear ordinary differential equation of the second order with variable coefficients
(initial equation) is considered. Its common solution, containing two arbitrary constant, is by means
of the integral formula offered earlier in works of the author. This solution is used in a problem
of Sturm—Liuvill by definition of eigenvalues of an initial equation under various homogeneous
conditions.
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1. INTRODUCTION

Many processes happening in inhomogeneous skew fields, in particular in aggregates, are described
by linear differential equations with the variable coefficients depending on coordinates. For allocation
unique solution of such equations are put boundary and entry conditions. If the equation is homo-
geneous, and boundary and entry conditions zero such problem has trivial, that is a trivial solution.
However such situation when along with a trivial solution there is also a solution distinct from the zero
is possible. Usually this situation arises in that case when one, or some coefficients of the equation
depend on numerical parameter A\. The same parameter A can enter and in homogeneous boundary and
entry conditions. In these cases there can be such values of parameter A at which the problem has also
a nontrivial solution. Such values X are called as eigenvalues, and solutions of the equation for each
of eigenvalues are called as eigenfunctions. The described general situation is called as an eigenvalue
problem [1], [2, pp. 24—32]. Problems on definition of eigenvalues arise in the mechanic, the physicist,
a quantum mechanics and in other most different cases. For example at attempt to discover a solution
parabolic, or the hyperbolic equations a method of a separation of variables. At study of movement of the
elementary particle which are in a potential field. In the given work we will consider the seli-conjugate
eigenvalue problem of an ordinary differential equation of the second order with variable coefficients. It
is accepted to name this problem a problem of Sturm—Liuvill. The theory of a problem of Sturm—Liuvill
in the accessible form is stated in books [3, p. 546], [4, pp. 568—609], [5, p. 261]. Inverse problems of
Sturm—Liuvill were considered in work [6].

2. THE BASIC CONCEPTS
2.1. Initial Equation. Eigenvalues and Eigenfunctions

A homogeneous second-order self-adjoint differential equation with variable coefficients is consid-
ered:
d

dzx

[C’(aj) Zz] +q(x,\N)u=0, q(x,\)=h(x)+ o(x), =€ (a,b). (1)
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Such equations are called initial equations. Parameter X is a constant number. It is supposed that
equation coefficients (1) are the limited integrable functions of coordinate . Coefficient C'(x) is positive,
integrated on [a, b] function which also can depend on parameter A. For the equation (1) the boundary
value problem with homogeneous conditions is considered

aru(a) + Bu'(a) =0,  asu(b) + fou'(b) =0, (2)

where a1, ag, B1, B2 are constants. Depending on a choice of constants a1, 51, as, B2 from conditions
(2) turns out the first, second and third boundary value problems [3, p. 546]. It is possible to consider
also a Cauchy problem when on one edge are set value of required function u(x) and its first derivative
u'(x) is the entry conditions. The even more general conditions are, so called, not breaking up boundary
conditions [6]. The general view which can be noted by formulas

aru(a) + apu(d) + v (a) + Brau’ (b) =
agru(a) + agnu(b) + fau (a) + Bau’ (b) =

)

(3)

2.2. The Accompanying Equation and its Common Solution

Let’s consider function v(x) which represents a solution of a homogeneous equation of the same type,
as initial, but with constant coefficients C, = const > 0 and ¢, = const,
d?v
Co dx?
Such equation we will name the accompanying equation. The common solution of the accompanying
equation (4) looks like:

+qv =0, =x€(a,b). (4)

NOZ\/g:)a qo > 0,
MOZZ.\/_CZUv q0<07

where ¢ is complex unit, K7 and Ky are arbitrary complex constants. The valid solution of the
accompanying equation (4) is represented different formulas depending on a coefficient sign ¢,

v(z) = K et 4 Kye~ o

(5)

K cos pox + Ko sin piox, o = \/g”u it qo >0,
v(z) = Kiz+ Ky, po=0 il ¢, =0, (6)
Kie Ho? + Koeto  pn, = \/_CZ0 if g <0.

Here K, and K are arbitrary valid constants.

2.3. Note about Coefficients of the Accompanying Equation

Let’s notice that in the accompanying equation coefficients C, and ¢, within the limits of the specified
restrictions — absolutely arbitrary constants.

1. In particular the coefficient g, can be accepted equal to zero. In this case the common solution of
the accompanying equation is a linear function of coordinate and looks like (6).

2. It is possible to consider that ¢, there is a nonzero constant not dependent from A.

3. [t is possible to assume that ¢, there is a function from A.

4. Moreover, it is possible to assume that both coefficients Cy, and ¢, are the functions of coordinate
and parameter \. In the latter case the common solution of the accompanying equation any more it is
not represented formulas (5), (6).

5. In the present work we will suppose accompanying coefficients C, and g, equal to effective
performances [7, 8] so that

1

“= 1/0w@)

QO()‘) = <Q(xa)‘)>a fo= <f(l’)>

b
1
b /f(a:)da;.
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3. THE INTEGRAL FORMULA OF REPRESENTATION OF A SOLUTION OF AN INITIAL
EQUATION THROUGH A SOLUTION OF THE ACCOMPANYING EQUATION

3.1. The Integral Formula

In works [9, 10] the integral formula of representation of a solution of an initial equation (1) through
a solution of the accompanying equation by means of fundamental function G(x, §) an initial equation is
received

dg

Here C(&) = C, — C(£), G(€,\) = qo — q(€,)). Fundamental function of an initial equation (1) is
understood as any function G(z, §), satisfying to a following fundamental equation:

d [c(a;)dG(m’f)] b (e NG, ) + 6 — ) =0, 3,6 € (a,b), 8)

b b
uw) = v(a) + | W8 ey (€)de — [ a0 ()

a

dzx dzx

where §(z — &) is the generalized Dirac delta-function [11, p. 194], [12, p. 42]. Through coefficient
q(x, \) the parameter X is included into fundamental function G(z, £). Hardly it will be more low offered
two modes of an analytical solution of the equation (8) in the form of rows.

3.2. The Initial Equation Common Solution

Let’s substitute the common solution (5) the accompanying equation in the integral formula (7) also
we will receive the common solution of an initial homogeneous equation of Sturm—Liuvill (1)

’LL(I‘) = KIA(:L‘v )‘) + K2B($7 )‘)7 (9)

where K7 and K are the arbitrary complex constants. Coefficients A(z, A) and B(x, \) are also complex
magnitudes

b b
Alw ) = e i, [ G 10O ~ [ Gla.Oate)em<s

b b
Bz, \) = e —ip / Gl (. £)C(€)e el de — / Gz, )3(€)e oS de. (10)

The valid solution has the same appearance (9), thus K7 and K are the valid constants. Real valued
functions A(x, A\) and B(z, ) have the various aspect depending on a coefficient sign ¢,:

b B b
cos(ftom) — o [ Ge(x,€)C(€) sin(po€)d§ — [ G(x,€)q(€) cos(po§)d€,  go > 0,

Az, \) =<z +beg(x,§)é(§)d§ -

8~

§G(x,8)q(§)dE, g0 =0, (11)

b B b
e — o [ Gl €)C(€)e e — [ G, O)i€)e 4dE, g0 < 0;
\ a a

( b

b .
sin(po) + po [ Gi(,§)C(E) cos(uo€)d§ — [ G(,§)d(€) sin(uo€)ds, g0 > 0,

a

b
Bz, A) = {1+ [ G(x,£)q(§)dE, g0 =0, (12)

b ~ b
eHo + puo [ G, €)C(€)ertde — [ G(x,€)q(€)ercdE, g0 < 0.
K, and K it is necessary to search for nonzero valid constants from two conditions (2), or (3).
As a result it turns out complicated enough the nonlinear equation for an eigenvalue A, at which

homogeneous equation with homogeneous conditions the nontrivial solution has Sturm—Liuvill.
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4. METHOD OF PERTURBATIONS FOR DEFINITION OF A FUNDAMENTAL
SOLUTION OF AN INITIAL EQUATION

The initial equation common solution is under formulas (9) if it is known fundamental solution of the
equation (8) with variable coefficients. However problem of search of an exact analytical solution of the
fundamental equation, generally associations of coefficients on coordinate, it is hardly solvable. We will
search for fundamental function method of perturbations [13, 14].

4.1. The Scheme of a Method of Perturbations

In a method of perturbations the equation (8) corresponds as follows (association of coefficient ¢ from
A is lowered):

i @) it + o - o (13)

where s¢ is the revolting parameter which in a final output we will suppose the equal to unit. We will
search for an equation solution (13) in the form of a series on parameter degrees

G(z,& Z% (14)

Let’s substitute a series (14) in the equation (13), we will collect coefficients at identical degrees s
also we will equate them to zero. It is as a result received the recurrent sequence of the equations

[C(2)Gy(2,6)] +d(x—€) =0, [Ca)Gh(z,6)] +q(x)Gnor(z,6) =0, n>0,

or

T T T
h(z—=¢) dzy /
= — d n 3 = — n— 9 d . 15
Gotw&) == [ "Gt Guwo == [ 10 [a@Gi@ . (5)
Let’s substitute a series (14) in the equation (13), we will collect coefficients at identical degrees s¢ also
we will equate them to zero. It is as a result received the recurrent sequence of the equations Gy(z, &)

“ 0, z<¢ z
h(z—=¢&) ' dz
Gola8) (/ ci) baze S e
a 3
After that from a recurrence formula (15) sequentially there are all remaining functions G, («, §)
[ ode R Fh(z - €)dz
ntl ! -1
Golon) = (1 [ 0 ateaydas o [ S [ gy, [ S
T dg;l T T2n—2 dmZn_l T2n—1 Ton s
= —_ n+1 — ..
= ( 1) h(ZIJ f) J C( ) / (332)d332 C($2n 1) ! q(ﬂizn)dlign J C(Z)

Tn

= (=1)""h(z /w (21,&)dxy - / (Tn, E)dxy, ( )

Here for entry reduction the auxiliary label is introduced

V) = o,y [ oW
3
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A series for fundamental function will become (14), in which s = 1, that is G(z,&) = > Gu(z, ).
n=0
Derivatives on change £ from Gy, (z, €) will be necessary for us. At n = 0t is received

0Go(w,&) _ 0|, dz | _ o dz Wz —=§) _ hlr—=¢)
e = ag[h( V) c<z>] et aw T e

x x

Function Go(z, ) and its derivatives enter under integrals in formulas (7) and (10)—(12). Therefore
composed with Dirac delta-function in the formula (17) it is lowered from final outputs. At n > 0 of
expression for derivative from Gy, (z, &) follow from a recurrence formula (16)

R ! ol ), ! Y(az, day - g/ Wm@dm”! aey 9

9Gn(z,§)

=\ nh(w_g) [ X T ...xn_l T T
o€ = (=1 C(€) 5/W 1,§)dx /1/}( ny ). (19)

4.2. Special Case
Let g(x) = Mo(z), where o(z) > 0. In this case 1 (z, &) = M), ¢ = C(z f o(y)dy, and formulas (16),
13
(18), (19) become

Gal,6) = (1) X"h(z / $la, ) - / Pl E)dr, Cd(z) (20)
0C(@,€) L rir il — y F
633 _( 1) + A C(ZU) /Q 1 d$1/¢ 5172, de / mnaé dxn C(Z
3 3 3
S = oy / D, )i - / $n,€)don. 1)

The coefficient g, becomes the accompanying equat1or1 Go(A) = Aoo, 00 = <g(az)>

5. THE SPECTRAL EQUATIONS FOR EIGENVALUES
The common solution of an initial equation with two arbitrary constants is presented by the formula
(9). To deduce the equation for an eigenvalue A are necessary homogeneous boundary conditions. The
general and which general view is given by formulas (2) and (3). We will consider in the beginning the
most simple cases.

5.1. The Spectral Equation of the First Boundary Value Problem
In case of the first boundary value problem it is necessary in conditions (2) to suppose a1 = ag = 1,
and $; = B2 = 0. Then on the segment extremities [a, b] a solution of the initial equations (2) should be
zero, that is u(a) = u(b) = 0. From here and from the initial equation common solution (9) we receive a
set of equations
Ki1A(a,\) + K2B(a,\) =0, (22)
Ki1A(b,\) + K2B(b,A\) =0.

Constants K7 and Ks will be distinct from zero if the system determinant (22) is equal to zero. From
here we receive the spectral equation of the first boundary value problem

Aa, N B(b,\) — A(b,\)B(a, \) = 0. (23)
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5.2. The Spectral Equation of the Second Boundary Value Problem

C(x) (z) = K1O(x)A'(z) + K2C(x)B' ().

Homogeneous boundary conditions of the second boundary value problem look like
C(a)u'(a) = C(b)u'(b) = 0.

The set of equations implies from these conditions for constants K7 and K»

{KlC(a)A’(a, A) + K2C(a)B'(a, ) = 0,

K1C(b)A (b, \) + K2C(b)B'(b,A) = 0.
From here the spectral equation of the second boundary value problem follows
[C()A'(z,\)] __ [C(2)B'(z,\)] [C(x)A'(x,N)],_, [C(x)B'(x,N)] ,_, = 0. (24)

r=qa z=b xz=b =

5.3. The Spectral Equation of the Mixed Boundary Value Problem

In the mixed problem, at the end of 2 = a a zero value of the function u(z) is given, and at the other
end the product C(x)u'(x) is set to zero: u(a) =0, C(b)u'(b) = 0. As a result the spectral equation of
the third boundary value problem looks like:

A(a, ) [C(z)B'(z,N)]__, — [C(x)A'(z,N\)] _,B(a,\)] = 0. (25)

5.4. The General Spectral Equation in a Boundary Value Problem

Homogeneous boundary conditions of a general view (2) are noted by the following formulas:
K [a1A4(a,2) + B (0, \)| + K |1 B(a, M) + BiB'(a, )] =0,
{K1 asA(b, \) + BoA'(b, A)H + K, HagB(b, N+ B2B'(b,2)] = 0.
From here the spectral equation of a general view follows

[alA(a, A) + 51 A (a A)} [agB(b, A) + BB (b, A)}

- [azA(b, A) + Bo A (b, )\)] [alB(a, \) + BB (a, )\)] = 0. (26)

5.5. The Spectral Equation in a Cauchy Problem

In this case on the left extremity x = a zero values of a solution of an initial equation and it are set
derivative on coordinate. Therefore the spectral equation in a Cauchy problem will be the following:

A(a, \)[C(z)B' (z,\)] — [C(z)A(z, )\)]x:aB(a, A) =0. (27)

r=a

5.6. About the Spectral Equations

In the spectral equations (23), (24), (25), (26) and (27) functions A(z,\) and B(z, A) which are
defined on participate to formulas (11) and (12). Into these formulas enters fundamental solution
of an initial equation which, in most cases, is in the form of a series. If the expression for of

the fundamental solution is bounded by a finite sum G(p)(z,§) = Eé:o Gn(x,§), then the spectral

equations are approximate equations and instead of A(x,\) and B(z,\) they include approximate
values of A(py(z,\) and B(y(z,\). These functions are defined on to formulas (11) and (12), in which
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fundamental function G(z, ) and its derivative G’g(az, §) are substituted with the final sums G p)(z, &)
and it derivative, accordingly

( b

b ~
cos(ptox) — o [1G(n]C (&) sin(pog)ds — [ G1)d(§) cos(pog)ds, o > 0,

a

8 —o

b ~
Ay (@, N) = Sz + [[Gp]eC(€)dE + [ £Gna(§)dE, o =0,
b

B b
e o — pio [[Gp)|eC(€)e4dS — [ Gpd(§)e ™ 4dE,  go < 0;
( b - b

sin(uo) + o [1G (1) C(€) cos(po€)de — [ Ginyd(€) sin(po€)de, o >0,

a

b
By (z,A) = 41+ [Gq(€)dE, g0 =0,

b _ b
e+ g [[GneC(©)emEde — [ Gipya(€)eSde, g, <0;

! G (z, L oG, (z,
Gl = Y Gu), OO =32 X,

where G, (z, &) and aG”a(g’g) are under formulas (20) and (21).

6. CONCLUSION

The classical problem of Sturm—Liuvill for the homogeneous self-interfaced ordinary is considered
differential equation of the second order with the variable coefficients depending on the constant
parameter. It is shown that by means of the integral formula received earlier by the author, it is possible
to write out the equation common solution, containing two arbitrary constant. The various possible are
written out homogeneous boundary and entry conditions from which the nonzero, basically, should be
defined values of these constants. For various homogeneous conditions the general view of the spectral
equations is received for eigenvalues of the parameter entering into coefficients.
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