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For a long time, scientists have been paying attention to gradient theories. Among
these theories, a special place is occupied by second-gradient theories with respect
to the displacement vector and the strain tensor. They have been researched by
Jaramillo, Mindlin, Toupin and etc.
Today scientist like Aifantis, Askes, F. dell’Isola, C. Polizzotto, H.Altenbach,
W.Muller, P.Seppech and etc., and the authors of this report continue to develop
gradient theories.
In particular, the authors, based on three-dimensional gradient theories, construct
the corresponding gradient theories of thin bodies. For this we use the method of
orthogonal polynomials. A thin body is a three-dimensional body, one dimension
of which is smaller than the others, or it is a three-dimensional body, two
dimensions of which are smaller than the third.
The presentation will mainly focus on the generalized second-gradient theory with
respect to the strain tensor and the velocity vector, for which the constitutive
relations and differential equations of motion and equilibrium are obtained. Then,
based on these equations, we get the corresponding equations of the
second-gradient theory of prismatic thin bodies with one small size.
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Energy density and constitutive relations
Energy density and constitutive relations in non-isothermal processes

Φ(𝛾𝛾𝛾̃︀,κκκ̃︀) = 1

2

(︀
𝐴𝑖𝑗𝑘𝑙𝛾𝑖𝑗𝛾𝑘𝑙 + 2𝐵𝑖𝑗𝑘𝑙𝛾𝑖𝑗κ𝑘𝑙 +𝐷𝑖𝑗𝑘𝑙κ𝑖𝑗κ𝑘𝑙

)︀
=

=
1

2

(︀
𝛾𝛾𝛾̃︀ 2
⊗Ã︀̃︀

2
⊗𝛾𝛾𝛾̃︀+ 2𝛾𝛾𝛾̃︀ 2

⊗B̃︀̃︀
2
⊗κκκ̃︀ +κκκ̃︀ 2

⊗D̃︀̃︀
2
⊗κκκ̃︀)︀.

P̃︀ =
𝜕Φ

𝜕𝛾𝛾𝛾̃︀ = Ã︀̃︀
2
⊗𝛾𝛾𝛾̃︀+B̃︀̃︀

2
⊗κκκ̃︀, 𝜇𝜇𝜇̃︀ =

𝜕Φ

𝜕κκκ̃︀ = C̃︀̃︀
2
⊗𝛾𝛾𝛾̃︀+D̃︀̃︀

2
⊗κκκ̃︀, B̃︀̃︀𝑇 = C̃︀̃︀ ,

𝑃 𝑖𝑗 = 𝐴𝑖𝑗𝑘𝑙𝛾𝑘𝑙 +𝐵𝑖𝑗𝑘𝑙κ𝑘𝑙, 𝜇𝑖𝑗 = 𝐶𝑖𝑗𝑘𝑙𝛾𝑘𝑙 +𝐷𝑖𝑗𝑘𝑙κ𝑘𝑙, 𝐶𝑖𝑗𝑘𝑙 = 𝐵𝑘𝑙𝑖𝑗 ,

Here "𝑇"hereinafter means the operation of transposition
P̃︀ is a stress tensor, 𝜇𝜇𝜇̃︀ is a moment stress tensor
𝑛
⊗ is an 𝑛-inner product
Φ(𝛾𝛾𝛾̃︀,κκκ̃︀) is the energy density
𝛾𝛾𝛾̃︀=∇u−C

≃
·𝜙𝜙𝜙 is a strain tensor,

κκκ̃︀=∇𝜙𝜙𝜙 is a bending-torsion tensor
Ã︀̃︀ , B̃︀̃︀ , C̃︀̃︀ , D̃︀̃︀ are the fourth rank elastic modulus tensors
C
≃

is a third-rank discriminant tensor

u is the vector of displacements, 𝜙𝜙𝜙 is the vector of rotations
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Energy density and constitutive relations
Energy density and constitutive relations in non-isothermal processes

2Φ(𝛾𝛾𝛾̃︀,κκκ̃︀) = X̃︀𝑇 2
⊗M̃︀̃︀

2
⊗X̃︀, Ỹ︀ = M̃︀̃︀

2
⊗X̃︀

[︂(︂
P̃︀𝜇𝜇𝜇̃︀
)︂

=

(︂
Ã︀̃︀ B̃︀̃︀C̃︀̃︀ D̃︀̃︀

)︂
2
⊗
(︂

𝛾𝛾𝛾̃︀κκκ̃︀
)︂]︂

.

where we introduce

X̃︀=
(︂
𝛾𝛾𝛾̃︀κκκ̃︀
)︂ (︁

X̃︀𝑇 =
(︀
𝛾𝛾𝛾̃︀,κκκ̃︀ )︀)︁

, Ỹ︀=
(︂

P̃︀𝜇𝜇𝜇̃︀
)︂ (︁

Ỹ︀𝑇 =
(︀

P̃︀ ,𝜇𝜇𝜇̃︀, )︀
)︁
, M̃︀̃︀ =

(︂
Ã︀̃︀ B̃︀̃︀C̃︀̃︀ D̃︀̃︀

)︂
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Energy density and constitutive relations in non-isothermal processes

Energy density and constitutive relations in non-isothermal processes

P̃︀ = Ã︀̃︀
2
⊗(𝛾𝛾𝛾̃︀− ã︀𝜗) +B̃︀̃︀

2
⊗(κκκ̃︀ − d̃︀𝜗), 𝜇𝜇𝜇̃︀ = C̃︀̃︀

2
⊗(𝛾𝛾𝛾̃︀− ã︀𝜗) +D̃︀̃︀

2
⊗(κκκ̃︀ − d̃︀𝜗),

Here 𝜗 = 𝑇 − 𝑇0 is the temperature difference
ã︀,d̃︀ are thermal expansion tensors

P̃︀=Ã︀̃︀
2
⊗∇u+B̃︀̃︀

2
⊗∇𝜙𝜙𝜙−Ã︀̃︀

2
⊗C

≃
·𝜙𝜙𝜙− b̃︀𝜗,

𝜇𝜇𝜇̃︀=C̃︀̃︀
2
⊗∇u+D̃︀̃︀

2
⊗∇𝜙𝜙𝜙−C̃︀̃︀

2
⊗C

≃
·𝜙𝜙𝜙− 𝛽𝛽𝛽̃︀𝜗,

where for thermomechanical property tensors we introduced

b̃︀ = Ã︀̃︀
2
⊗ã︀+B̃︀̃︀

2
⊗d̃︀, 𝛽𝛽𝛽̃︀ = C̃︀̃︀

2
⊗ã︀+D̃︀̃︀

2
⊗d̃︀
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Geremillo material
Non-linear second-gradient type material
Tupin’s material (gradient material)
Mindlin material
Mindlin and Eshel material

Geremillo material
P̃︀=Ã︀̃︀

2
⊗𝜀𝜀𝜀̃︀+5B̃︀ 3

⊗κκκ
≃
, 𝜇𝜇𝜇

≃
=5B̃︀′ 2

⊗𝜀𝜀𝜀̃︀+ 6D̃︀ 3
⊗κκκ

≃
[𝜀𝜀𝜀̃︀=1/2(∇u+∇u𝑇 ), κκκ

≃
=∇𝜀𝜀𝜀̃︀],

𝑃 𝑖𝑗 =𝐴𝑖𝑗𝑘𝑙𝜀𝑘𝑙+𝐵
𝑖𝑗𝑘𝑙𝑚κ𝑘𝑙𝑚, 𝜇𝑖𝑗𝑘=𝐵

′𝑖𝑗𝑘𝑙𝑚𝜀𝑙𝑚 +𝐷𝑖𝑗𝑘𝑙𝑚𝑛κ𝑙𝑚𝑛, 𝐵𝑖𝑗𝑘𝑙𝑚=𝐵𝑘𝑙𝑚𝑖𝑗 .

If the material has a center of symmetry, then 5B̃︀ = 0, 5B̃︀′ = 0 and

P̃︀=Ã︀̃︀
2
⊗𝜀𝜀𝜀̃︀ (𝑃 𝑖𝑗 =𝐴𝑖𝑗𝑘𝑙𝜀𝑘𝑙),

𝜇𝜇𝜇
≃
=6D̃︀ 3

⊗κκκ
≃

(𝜇𝑖𝑗𝑘=𝐷𝑖𝑗𝑘𝑙𝑚𝑛κ𝑙𝑚𝑛).

Here 5B̃︀, 6D̃︀ are fifth and sixth rank material tensors, respectively
𝜀𝜀𝜀̃︀ is a strain tensor
𝜇𝜇𝜇
≃

is a couple stress tensor
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Geremillo material
Non-linear second-gradient type material
Tupin’s material (gradient material)
Mindlin material
Mindlin and Eshel material

Non-linear second-gradient type material
In this case, instead of 𝜀𝜀𝜀̃︀ and κκκ

≃
= ∇𝜀𝜀𝜀̃︀ in the previous material, we consider

G̃︀ = F̃︀ · F̃︀𝑇 , κκκ
≃
=∇G̃︀ ,

respectively, where

F̃︀ =
∘
∇r is the position (motion) gradient

G̃︀ is the Green’s (Cauchy–Green’s) strain tensor
r is a position vector in actual configuration
∘
∇ is a nabla-operator in reference configuration
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Geremillo material
Non-linear second-gradient type material
Tupin’s material (gradient material)
Mindlin material
Mindlin and Eshel material

Tupin’s material (gradient material)
Elastic strain energy

Φ=Φ(𝛾𝛾𝛾̃︀,κκκ≃)=
1

2

(︀
𝛾𝛾𝛾̃︀ 2
⊗Ã︀̃︀

2
⊗𝛾𝛾𝛾̃︀+2𝛾𝛾𝛾̃︀ 2

⊗5B̃︀ 3
⊗κκκ

≃
+κκκ

≃

3
⊗6D̃︀ 3

⊗κκκ
≃

)︀
, 𝛾𝛾𝛾̃︀=∇u, κκκ

≃
=∇∇u,

Constitutive relations
P̃︀= 𝜕Φ

𝜕𝛾𝛾𝛾̃︀ = Ã︀̃︀
2
⊗𝛾𝛾𝛾̃︀+5B̃︀ 3

⊗κκκ
≃
, 𝜇𝜇𝜇

≃
=
𝜕Φ

𝜕κκκ
≃

= 5B̃︀′ 2
⊗𝛾𝛾𝛾̃︀+ 6D̃︀ 3

⊗κκκ
≃
,

𝑃 𝑖𝑗 =𝐴𝑖𝑗𝑘𝑙𝛾𝑘𝑙+𝐵
𝑖𝑗𝑘𝑙𝑚κ𝑘𝑙𝑚, 𝜇𝑖𝑗𝑘=𝐵

′𝑖𝑗𝑘𝑙𝑚𝛾𝑙𝑚 +𝐷𝑖𝑗𝑘𝑙𝑚𝑛κ𝑙𝑚𝑛,

𝐵
′𝑖𝑗𝑘𝑙𝑚=𝐵𝑙𝑚𝑖𝑗𝑘, 𝛾𝑖𝑗 = ∇𝑖𝑢𝑗 , κ𝑖𝑗𝑘 = ∇𝑖𝛾𝑗𝑘.

X=

(︃
𝛾𝛾𝛾̃︀κκκ
≃

)︃
, Y=

⎛⎝ P̃︀𝜇𝜇𝜇
≃

⎞⎠ , M=

(︂
Ã︀̃︀ 5B̃︀5B̃︀′ 6D̃︀

)︂
,
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Geremillo material
Non-linear second-gradient type material
Tupin’s material (gradient material)
Mindlin material
Mindlin and Eshel material

2Φ(𝛾𝛾𝛾̃︀,κκκ≃)=X𝑇 2⊗3M 2⊗3 X,⎛⎝ P̃︀𝜇𝜇𝜇
≃

⎞⎠ =

(︂
Ã︀̃︀ 5B̃︀5B̃︀′ 6D̃︀

)︂
2⊗3

(︃
𝛾𝛾𝛾̃︀κκκ
≃

)︃

or Y = M 2⊗3 X , where

⎛⎝2⊗3 =

⎛⎝ 2
⊗ 0

0
3
⊗

⎞⎠⎞⎠ .

If the material has a center of symmetry then 5B̃︀=0, 5B̃︀′=0 and

P̃︀=Ã︀̃︀
2
⊗ 𝛾𝛾𝛾̃︀, 𝜇𝜇𝜇

≃
=6D̃︀ 3

⊗κκκ
≃
,

𝑃 𝑖𝑗 =𝐴𝑖𝑗𝑘𝑙𝛾𝑘𝑙, 𝜇𝑖𝑗𝑘=𝐷𝑖𝑗𝑘𝑙𝑚𝑛κ𝑙𝑚𝑛.
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Mindlin material
P̃︀= 𝜕Φ

𝜕𝜀𝜀𝜀̃︀ =Ã︀̃︀
2
⊗𝜀𝜀𝜀̃︀+B̃︀̃︀

2
⊗𝛾𝛾𝛾̃︀+5C̃︀ 3

⊗κκκ
≃

(𝜀𝜀𝜀̃︀= 1

2
(∇𝑥u+∇𝑥u𝑇 ), Ã︀̃︀ =Ã︀̃︀ 𝑇 , B̃︀̃︀ =B̃︀̃︀𝑇 ),

Q̃︀ =
𝜕Φ

𝜕𝛾𝛾𝛾̃︀ =B̃︀̃︀𝑇
2
⊗𝜀𝜀𝜀̃︀+D̃︀̃︀

2
⊗𝛾𝛾𝛾̃︀+5F̃︀ 3

⊗κκκ
≃

(𝛾𝛾𝛾̃︀=∇𝑥u−𝜓𝜓𝜓̃︀, 𝜓𝜓𝜓̃︀=∇𝜉v, D̃︀̃︀ =D̃︀̃︀ 𝑇 ),

𝜇𝜇𝜇
≃
=
𝜕Φ

𝜕κκκ
≃

=5C̃︀′ 2
⊗𝜀𝜀𝜀̃︀+5F̃︀′ 2

⊗𝛾𝛾𝛾̃︀+6H̃︀ 3
⊗κκκ

≃
(κκκ
≃
=∇𝑥∇𝜉v=∇𝑥𝜓𝜓𝜓̃︀, 6H̃︀=6H̃︀𝑇 ),

Φ=
1

2
𝜀𝜀𝜀̃︀ 2
⊗Ã︀̃︀

2
⊗𝜀𝜀𝜀̃︀+ 1

2
𝛾𝛾𝛾̃︀ 2
⊗D̃︀̃︀

2
⊗𝛾𝛾𝛾̃︀+ 1

2
κκκ
≃

3
⊗6H̃︀ 3

⊗κκκ
≃
+𝜀𝜀𝜀̃︀ 2

⊗B̃︀̃︀
2
⊗𝛾𝛾𝛾̃︀+𝜀𝜀𝜀̃︀ 2

⊗5C̃︀ 3
⊗κκκ

≃
+𝛾𝛾𝛾̃︀ 2

⊗5F̃︀ 3
⊗κκκ

≃
,

where

x is a macroradius vector, 𝜉𝜉𝜉 is a microradius vector, u is a macrodisplacement
vector, v is a microdisplacement vector,
𝜀𝜀𝜀̃︀ is a macrostrain tensor, 𝛾𝛾𝛾̃︀ is a relative distortion tensor, 𝜓𝜓𝜓̃︀ = ∇𝜉𝜉𝜉v is a
microdistortion tensor, κκκ

≃
= ∇x𝜓𝜓𝜓̃︀ is a macrogradient of the microdistortion tensor

(these tensors are not depend on microcoordinates),
P̃︀ is a symmetric stress tensor, Q̃︀ is an asymmetric relative stress tensor,
𝜇𝜇𝜇
≃

is a couple stress tensor,

Φ is the strain energy per unit of volume.
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𝑃 𝑖𝑗 =𝐴𝑖𝑗𝑘𝑙𝜀𝑘𝑙+𝐵
𝑖𝑗𝑘𝑙𝛾𝑘𝑙 + 𝐶𝑖𝑗𝑘𝑙𝑚κ𝑘𝑙𝑚 (𝜀𝑖𝑗 =

1

2
(∇𝑖𝑢𝑗+∇𝑗𝑢𝑖), 𝐵

𝑖𝑗𝑘𝑙=𝐵𝑘𝑙𝑖𝑗),

𝑄𝑖𝑗 =𝐵
′𝑖𝑗𝑘𝑙𝜀𝑘𝑙+𝐷

𝑖𝑗𝑘𝑙𝛾𝑘𝑙+𝐹
𝑖𝑗𝑘𝑙𝑚κ𝑘𝑙𝑚 (𝛾𝑖𝑗 =∇𝑖𝑢𝑗−𝜓𝑖𝑗 , 𝐶

𝑖𝑗𝑘𝑙𝑚=𝐶𝑘𝑙𝑚𝑖𝑗),

𝜇𝑖𝑗𝑘=𝐶
′𝑖𝑗𝑘𝑙𝑚𝜀𝑙𝑚+𝐹

′𝑖𝑗𝑘𝑙𝑚𝛾𝑙𝑚+𝐻𝑖𝑗𝑘𝑙𝑚𝑛κ𝑙𝑚𝑛 (κ𝑖𝑗𝑘=∇𝑖𝜓𝑗𝑘, 𝐹
𝑖𝑗𝑘𝑙𝑚=𝐹𝑘𝑙𝑚𝑖𝑗)

If the material has a center of symmetry, then 5C̃︀=0, 5F̃︀=0 and

P̃︀ =
𝜕Φ

𝜕𝜀𝜀𝜀̃︀ = Ã︀̃︀
2
⊗𝜀𝜀𝜀̃︀+B̃︀̃︀

2
⊗𝛾𝛾𝛾̃︀, Q̃︀ =

𝜕Φ

𝜕𝛾𝛾𝛾̃︀ = B̃︀̃︀𝑇
2
⊗𝜀𝜀𝜀̃︀+D̃︀̃︀

2
⊗𝛾𝛾𝛾̃︀, 𝜇𝜇𝜇

≃
= 6H̃︀ 3

⊗κκκ
≃
,

Φ =
1

2
𝜀𝜀𝜀̃︀ 2
⊗Ã︀̃︀

2
⊗𝜀𝜀𝜀̃︀+ 1

2
𝛾𝛾𝛾̃︀ 2
⊗D̃︀̃︀

2
⊗𝛾𝛾𝛾̃︀+ 1

2
κκκ
≃

3
⊗6H̃︀ 3

⊗κκκ
≃
+ 𝜀𝜀𝜀̃︀ 2

⊗B̃︀̃︀
2
⊗𝛾𝛾𝛾̃︀.

X̃︀=
(︂
𝜀𝜀𝜀̃︀𝛾𝛾𝛾̃︀
)︂
, Ỹ︀=

(︂
P̃︀Q̃︀
)︂
, M̃︀̃︀ =

(︂
Ã︀̃︀ B̃︀̃︀B̃︀̃︀𝑇 D̃︀̃︀

)︂
;

(︂
Ã︀̃︀ B̃︀̃︀B̃︀̃︀𝑇 D̃︀̃︀

)︂
2
⊗
(︂
𝜀𝜀𝜀̃︀𝛾𝛾𝛾̃︀
)︂
=

(︂
P̃︀Q̃︀
)︂

or M̃︀̃︀
2
⊗ X̃︀=Ỹ︀.

M=

⎛⎜⎝ Ã︀̃︀ B̃︀̃︀ 5C̃︀
B̃︀̃︀𝑇 D̃︀̃︀ 5F̃︀
5C̃︀′ 5F̃︀′ 6H̃︀

⎞⎟⎠ , X=

⎛⎜⎝ 𝜀𝜀𝜀̃︀𝛾𝛾𝛾̃︀κκκ
≃

⎞⎟⎠ , Y=

⎛⎜⎝ P̃︀Q̃︀𝜇𝜇𝜇
≃

⎞⎟⎠ .
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Φ=Φ(𝜀𝜀𝜀̃︀,κκκ≃)=
1

2

(︀
𝜀𝜀𝜀̃︀ 2
⊗Ã︀̃︀

2
⊗𝜀𝜀𝜀̃︀+κκκ

≃

3
⊗6D̃︀ 3

⊗κκκ
≃

)︀
, 𝜀𝜀𝜀̃︀= 1

2
(∇u+∇u𝑇 ), κκκ

≃
=∇∇u.

Constitutive relations
P̃︀= 𝜕Φ

𝜕𝜀𝜀𝜀̃︀ = Ã︀̃︀
2
⊗𝜀𝜀𝜀̃︀, 𝜇𝜇𝜇

≃
=
𝜕Φ

𝜕κκκ
≃

= 6D̃︀ 3
⊗κκκ

≃
,

𝑃 𝑖𝑗 = 𝐴𝑖𝑗𝑘𝑙𝜀𝑘𝑙, 𝜇𝑖𝑗𝑘 = 𝐷𝑖𝑗𝑘𝑙𝑚𝑛κ𝑙𝑚𝑛,

𝜀𝑖𝑗 =
1

2
(∇𝑖𝑢𝑗 +∇𝑗𝑢𝑖), κ𝑖𝑗𝑘 = κ𝑗𝑖𝑘 = ∇𝑖∇𝑗𝑢𝑘.

𝐴𝑖𝑗𝑘𝑙 = 𝐴𝑗𝑖𝑘𝑙 = 𝐴𝑖𝑗𝑙𝑘 = 𝐴𝑘𝑙𝑖𝑗 , 𝐷𝑖𝑗𝑘𝑙𝑚𝑛 = 𝐷𝑗𝑖𝑘𝑙𝑚𝑛 = 𝐷𝑖𝑗𝑘𝑚𝑙𝑛 = 𝐷𝑙𝑚𝑛𝑖𝑗𝑘
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The arbitrary isotropic tensors Ã︀̃︀ and 6D̃︀ have representations

Ã︀̃︀ = 𝑎1C̃︀̃︀ (1) + 𝑎2C̃︀̃︀ (2) + 𝑎3C̃︀̃︀ (3),

6D̃︀ = 𝑏1Ẽ︀Ẽ︀Ẽ︀ + 𝑏2Ẽ︀C̃︀̃︀ (2) + 𝑏3Ẽ︀C̃︀̃︀ (3) + 𝑏4C̃︀̃︀ (2)Ẽ︀ + 𝑏5r𝑖r𝑗r
𝑖r𝑘r

𝑗r𝑘 + 𝑏6r𝑖r𝑗r
𝑖Ẽ︀r𝑗+

+𝑏7C̃︀̃︀ (3)Ẽ︀ + 𝑏8r𝑖r𝑗r𝑘r
𝑖r𝑗r𝑘 + 𝑏9r𝑖r𝑗r𝑘r

𝑖r𝑘r𝑗 + 𝑏10r𝑖Ẽ︀r𝑗r𝑖r𝑗 + 𝑏11r𝑖r𝑗r𝑘r
𝑗r𝑖r𝑘+

+𝑏12r𝑖r𝑗Ẽ︀r𝑖r𝑗 + 𝑏13r𝑖C̃︀̃︀ (1)r
𝑖 + 𝑏14r𝑖C̃︀̃︀ (2)r

𝑖 + 𝑏15r𝑖C̃︀̃︀ (3)r
𝑖.

Here Ẽ︀ is the second rank unit tensor
C̃︀̃︀ (1), C̃︀̃︀ (2) and C̃︀̃︀ (3) are isotropic tensors of the fourth rank
r𝑖, r

𝑖 are covariant and contravariant basis vectors, respectively
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Taking into account the symmetries of the components of the tensors Ã︀̃︀ and 6D̃︀ ,

we obtain
𝑎2 = 𝑎3, 𝑑1 ≡ 𝑏1 = 𝑏2 = 𝑏6 = 𝑏13, 𝑑2 ≡ 𝑏4 = 𝑏5 = 𝑏7 = 𝑏10,

𝑑3 ≡ 𝑏3, 𝑑4 ≡ 𝑏8 = 𝑏11, 𝑑5 ≡ 𝑏9 = 𝑏12 = 𝑏14 = 𝑏15,

Ã︀̃︀ = 𝑎1C̃︀̃︀ (1) + 𝑎2(C̃︀̃︀ (2) +C̃︀̃︀ (3)),

6D̃︀ = 𝑑1(Ẽ︀Ẽ︀Ẽ︀ +Ẽ︀C̃︀̃︀ (2) + r𝑖r𝑗r
𝑖Ẽ︀r𝑗 + r𝑖C̃︀̃︀ (1)r

𝑖) + 𝑑2(2Ẽ︀̃︀Ẽ︀ + r𝑖r𝑗r
𝑖r𝑘r

𝑗r𝑘 + r𝑖Ẽ︀r𝑗r𝑖r𝑗)+
+𝑑3Ẽ︀C̃︀̃︀ (3) + 𝑑4(6Ẽ︀ + r𝑖r𝑗r𝑘r

𝑗r𝑖r𝑘) + 𝑑5(2r𝑖Ẽ︀̃︀r𝑖 + r𝑖r𝑗r𝑘r
𝑖r𝑘r𝑗 + r𝑖r𝑗Ẽ︀r𝑖r𝑗),

where Ẽ︀̃︀ is the fourth rank unit tensor with respect to the inner 2-product
operation
6Ẽ︀ = r𝑖r𝑗r𝑘r

𝑖r𝑗r𝑘 is the sixth rank unit tensor with respect to the inner
3-product operation
If the components of the tensor 6D̃︀ have the symmetry 𝐷𝑖𝑗𝑘𝑙𝑚𝑛 = 𝐷𝑖𝑗𝑙𝑘𝑚𝑛, then
𝑑1 = 𝑑3 = 𝑑5, 𝑑2 = 𝑑4, and the tensor 6D̃︀ is represented as

6D̃︀ = 𝑑1[Ẽ︀(C̃︀̃︀ (1) +C̃︀̃︀ (2) +C̃︀̃︀ (3)) + r𝑖(C̃︀̃︀ (1) +C̃︀̃︀ (2) +C̃︀̃︀ (3))r
𝑖 + r𝑖r𝑗r

𝑖Ẽ︀r𝑗 + r𝑖r𝑗r𝑘r
𝑖r𝑘r𝑗+

+r𝑖r𝑗Ẽ︀r𝑖r𝑗 ] + 𝑑2[6Ẽ︀ + (C̃︀̃︀ (2) +C̃︀̃︀ (3))Ẽ︀ + r𝑖r𝑗r
𝑖r𝑘r

𝑗r𝑘 + r𝑖Ẽ︀r𝑗r𝑖r𝑗 + r𝑖r𝑗r𝑘r
𝑗r𝑖r𝑘].
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A Second Strain Gradient Elasticity Theory with Second Velocity
Gradient Inertia
The elastic strain energy and kinetic energy are represented as

Φ = Φ(𝜀𝜀𝜀̃︀,∇𝜀𝜀𝜀̃︀,∇∇𝜀𝜀𝜀̃︀), 𝐾 = 𝐾(v,∇v,∇∇v)

where 𝜀𝜀𝜀̃︀ is the strain tensor
v is the velocity vector
Expanding the functions Φ(𝜀𝜀𝜀̃︀,∇𝜀𝜀𝜀̃︀,∇∇𝜀𝜀𝜀̃︀) and 𝐾(v,∇v,∇∇v) to the Maclaurin
series, we will have

Φ = Φ(𝜀𝜀𝜀̃︀,∇𝜀𝜀𝜀̃︀,∇∇𝜀𝜀𝜀̃︀) = ∞∑︀
𝑘=0

1

𝑘!

(︂
𝜀𝜀𝜀̃︀ 2
⊗

𝜕

𝜕𝜀𝜀𝜀̃︀ +∇𝜀𝜀𝜀̃︀ 3
⊗

𝜕

𝜕∇𝜀𝜀𝜀̃︀ +∇∇𝜀𝜀𝜀̃︀ 4
⊗

𝜕

𝜕∇∇𝜀𝜀𝜀̃︀
)︂(𝑘)
0

Φ,

𝐾 = 𝐾(v,∇v,∇∇v) =
∞∑︀

𝑘=0

1

𝑘!

(︂
v ·

𝜕

𝜕v
+∇v

2
⊗

𝜕

𝜕∇v
+∇∇v

3
⊗

𝜕

𝜕∇∇v

)︂(𝑘)
0

𝐾
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Neglecting terms of the second order in the relations, we obtain

Φ(𝜀𝜀𝜀̃︀,𝛾𝛾𝛾≃,κκκ̃︀̃︀) = Φ(0̃︀,0≃,0̃︀̃︀) + 𝜀𝜀𝜀̃︀ 2
⊗
(︁𝜕Φ
𝜕𝜀𝜀𝜀̃︀
)︁
(0)

+ 𝛾𝛾𝛾
≃

3
⊗
(︁𝜕Φ
𝜕𝛾𝛾𝛾
≃

)︁
(0)

+κκκ̃︀̃︀
4
⊗
(︁𝜕Φ
𝜕κκκ̃︀̃︀
)︁
(0)

+

+
1

2

[︁
𝜀𝜀𝜀̃︀𝜀𝜀𝜀̃︀ 4

⊗
(︁ 𝜕2Φ
𝜕𝜀𝜀𝜀̃︀𝜕𝜀𝜀𝜀̃︀

)︁
(0)

+ 𝜀𝜀𝜀̃︀𝛾𝛾𝛾≃ 5
⊗
(︁ 𝜕2Φ
𝜕𝜀𝜀𝜀̃︀𝜕𝛾𝛾𝛾≃

)︁
(0)

+ 𝜀𝜀𝜀̃︀κκκ̃︀̃︀
6
⊗
(︁ 𝜕2Φ
𝜕𝜀𝜀𝜀̃︀𝜕κκκ̃︀̃︀

)︁
(0)

+

+𝛾𝛾𝛾
≃
𝜀𝜀𝜀̃︀ 5
⊗
(︁ 𝜕2Φ
𝜕𝛾𝛾𝛾
≃
𝜕𝜀𝜀𝜀̃︀
)︁
(0)

+ 𝛾𝛾𝛾
≃
𝛾𝛾𝛾
≃

6
⊗
(︁ 𝜕2Φ

𝜕𝛾𝛾𝛾
≃
𝜕𝛾𝛾𝛾
≃

)︁
(0)

+ 𝛾𝛾𝛾
≃
κκκ̃︀̃︀

7
⊗
(︁ 𝜕2Φ

𝜕𝛾𝛾𝛾
≃
𝜕κκκ̃︀̃︀
)︁
(0)

+

+κκκ̃︀̃︀𝜀𝜀𝜀̃︀
6
⊗
(︁ 𝜕2Φ
𝜕κκκ̃︀̃︀𝜕𝜀𝜀𝜀̃︀

)︁
(0)

+κκκ̃︀̃︀𝛾𝛾𝛾≃
7
⊗
(︁ 𝜕2Φ

𝜕κκκ̃︀̃︀𝜕𝛾𝛾𝛾≃
)︁
(0)

+κκκ̃︀̃︀κκκ̃︀̃︀
8
⊗
(︁ 𝜕2Φ

𝜕κκκ̃︀̃︀𝜕κκκ̃︀̃︀
)︁
(0)

]︁
;
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𝐾(v,ṽ︀,v≃) = 𝐾(0,0̃︀,0≃) + v ·
(︁𝜕𝐾
𝜕v

)︁
(0)

+ ṽ︀ 2
⊗
(︁𝜕𝐾
𝜕ṽ︀
)︁
(0)

+ v
≃

3
⊗
(︁𝜕𝐾
𝜕v
≃

)︁
(0)

+

+
1

2

[︁
vv

2
⊗
(︁ 𝜕2𝐾
𝜕v𝜕v

)︁
(0)

+ vṽ︀ 3
⊗
(︁ 𝜕2𝐾
𝜕v𝜕ṽ︀

)︁
(0)

+ vv
≃

4
⊗
(︁ 𝜕2𝐾
𝜕v𝜕v

≃

)︁
(0)

+

+ṽ︀v 3
⊗
(︁ 𝜕2𝐾
𝜕ṽ︀𝜕v

)︁
(0)

+ ṽ︀ṽ︀ 4
⊗
(︁ 𝜕2𝐾
𝜕ṽ︀𝜕ṽ︀

)︁
(0)

+ ṽ︀v≃ 5
⊗
(︁ 𝜕2𝐾
𝜕ṽ︀𝜕v≃

)︁
(0)

+

+v
≃
v

4
⊗
(︁ 𝜕2𝐾
𝜕v
≃
𝜕v

)︁
(0)

+ v
≃
ṽ︀ 5
⊗
(︁ 𝜕2𝐾
𝜕v
≃
𝜕ṽ︀
)︁
(0)

+ v
≃
v
≃

6
⊗
(︁ 𝜕2𝐾
𝜕v
≃
𝜕v
≃

)︁
(0)

]︁
,

where the following notations 𝛾𝛾𝛾
≃

= ∇𝜀𝜀𝜀̃︀, κκκ̃︀̃︀ = ∇∇𝜀𝜀𝜀̃︀, ṽ︀ = ∇v and v
≃

= ∇∇v are

introduced.
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Note that for 𝜀𝜀𝜀̃︀= 0̃︀, 𝛾𝛾𝛾≃ = 0
≃

and κκκ̃︀̃︀ = 0̃︀̃︀ the elastic strain energy, and for v = 0,

ṽ︀ = 0̃︀ and v
≃

= 0
≃

the kinetic energy, takes on a minimum value, which is zero. In

this regard, the values of the first derivatives of the elastic strain energy and
kinetic energy in their arguments are also equal to zero. So these two relations can
be represented as

Φ(𝜀𝜀𝜀̃︀,𝛾𝛾𝛾≃,κκκ̃︀̃︀) = 1

2

(︁
4Ã︀ (11)

4
⊗ 𝜀𝜀𝜀̃︀𝜀𝜀𝜀̃︀+ 2 5Ã︀ (12)

5
⊗ 𝜀𝜀𝜀̃︀𝛾𝛾𝛾≃ + 2 6Ã︀ (13)

6
⊗ 𝜀𝜀𝜀̃︀κκκ̃︀̃︀+

+6Ã︀ (22)
6
⊗ 𝛾𝛾𝛾

≃
𝛾𝛾𝛾
≃
+ 2 7Ã︀ (23)

7
⊗ 𝛾𝛾𝛾

≃
κκκ̃︀̃︀ + 8Ã︀ (33)

8
⊗κκκ̃︀̃︀κκκ̃︀̃︀

)︁
;

𝐾(v,ṽ︀,v≃) =
1

2

(︁
2B̃︀ (11)

2
⊗ vv + 2 3B̃︀ (12)

3
⊗ vṽ︀ + 2 4B̃︀ (13)

4
⊗ vv

≃
+

+4B̃︀ (22)
3
⊗ ṽ︀ṽ︀ + 2 5B̃︀ (23)

5
⊗ ṽ︀v≃ + 6B̃︀ (33)

6
⊗ v

≃
v
≃

)︁
.
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Here we introduced the following notation

4Ã︀ (11) = А(11)
𝑖𝑗𝑘𝑙r

𝑖r𝑗r𝑘r𝑙 = А(11)
𝑘𝑙𝑖𝑗 r

𝑖r𝑗r𝑘r𝑙 =
(︁ 𝜕2Φ
𝜕𝜀𝜀𝜀̃︀𝜕𝜀𝜀𝜀̃︀

)︁
(0)
,

6Ã︀ (22) = 𝐴
(22)
𝑖𝑗𝑘𝑙𝑚𝑛r

𝑖r𝑗r𝑘r𝑙r𝑚r𝑛 = 𝐴
(22)
𝑙𝑚𝑛𝑖𝑗𝑘r

𝑖r𝑗r𝑘r𝑙r𝑚r𝑛 =
(︁ 𝜕2Φ

𝜕𝛾𝛾𝛾
≃
𝜕𝛾𝛾𝛾
≃

)︁
(0)
,

8Ã︀ (33) = 𝐴
(33)
𝑖𝑗𝑘𝑙𝑚𝑛𝑝𝑞r

𝑖r𝑗r𝑘r𝑙r𝑚r𝑛r𝑝r𝑞 = 𝐴
(33)
𝑚𝑛𝑝𝑞𝑖𝑗𝑘𝑙r

𝑖r𝑗r𝑘r𝑙r𝑚r𝑛r𝑝r𝑞 =
(︁ 𝜕2Φ

𝜕κκκ̃︀̃︀𝜕κκκ̃︀̃︀
)︁
(0)
,

5Ã︀ (12) = 𝐴
(12)
𝑖𝑗𝑘𝑙𝑚r𝑖r𝑗r𝑘r𝑙r𝑚 = 𝐴

(12)
𝑘𝑙𝑚𝑖𝑗r

𝑖r𝑗r𝑘r𝑙r𝑚 =
1

2

[︁(︁ 𝜕2Φ
𝜕𝜀𝜀𝜀̃︀𝜕𝛾𝛾𝛾≃

)︁
(0)

+
(︁ 𝜕2Φ
𝜕𝛾𝛾𝛾
≃
𝜕𝜀𝜀𝜀̃︀
)︁𝑇
(0)

]︁
,

6Ã︀ (13) = 𝐴
(13)
𝑖𝑗𝑘𝑙𝑚𝑛r

𝑖r𝑗r𝑘r𝑙r𝑚r𝑛 = 𝐴
(13)
𝑘𝑙𝑚𝑛𝑖𝑗r

𝑖r𝑗r𝑘r𝑙r𝑚r𝑛 =
1

2

[︁(︁ 𝜕2Φ
𝜕𝜀𝜀𝜀̃︀𝜕κκκ̃︀̃︀

)︁
(0)

+
(︁ 𝜕2Φ

𝜕κκκ̃︀̃︀𝜕𝛾𝛾𝛾≃
)︁𝑇
(0)

]︁
,

7Ã︀ (23) = 𝐴
(23)
𝑖𝑗𝑘𝑙𝑚𝑛𝑝r

𝑖r𝑗r𝑘r𝑙r𝑚r𝑛r𝑝 = 𝐴
(23)
𝑙𝑚𝑛𝑝𝑖𝑗𝑘r

𝑖r𝑗r𝑘r𝑙r𝑚r𝑛r𝑝 =

=
1

2

[︁(︁ 𝜕2Φ

𝜕𝛾𝛾𝛾
≃
𝜕κκκ̃︀̃︀
)︁
(0)

+
(︁ 𝜕2Φ

𝜕κκκ̃︀̃︀𝜕𝛾𝛾𝛾≃
)︁𝑇
(0)

]︁
;
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2B̃︀ (11) = 𝐵
(11)
𝑖𝑗 r𝑖r𝑗 = 𝐵

(11)
𝑗𝑖 r𝑖r𝑗 =

(︁ 𝜕2𝐾
𝜕v𝜕v

)︁
(0)
,

4B̃︀ (22) = 𝐵
(22)
𝑖𝑗𝑘𝑙 r

𝑖r𝑗r𝑘r𝑙 = 𝐵
(22)
𝑘𝑙𝑖𝑗 r

𝑖r𝑗r𝑘r𝑙 =
(︁ 𝜕2𝐾
𝜕ṽ︀𝜕ṽ︀

)︁
(0)
,

6B̃︀ (33) = 𝐵
(33)
𝑖𝑗𝑘𝑙𝑚𝑛r

𝑖r𝑗r𝑘r𝑙r𝑚r𝑛 = 𝐵
(33)
𝑙𝑚𝑛𝑖𝑗𝑘r

𝑖r𝑗r𝑘r𝑙r𝑚r𝑛 =
(︁ 𝜕2𝐾
𝜕v
≃
𝜕v
≃

)︁
(0)
,

3B̃︀ (12) = 𝐵
(12)
𝑖𝑗𝑘 r𝑖r𝑗r𝑘 = 𝐵

(12)
𝑗𝑘𝑖 r𝑖r𝑗r𝑘 =

1

2

[︁(︁ 𝜕2𝐾
𝜕v𝜕ṽ︀

)︁
(0)

+
(︁ 𝜕2𝐾
𝜕ṽ︀𝜕v

)︁𝑇
(0)

]︁
,

4B̃︀ (13) = 𝐵
(13)
𝑖𝑗𝑘𝑙 r

𝑖r𝑗r𝑘r𝑙 = 𝐵
(13)
𝑗𝑘𝑙𝑖 r

𝑖r𝑗r𝑘r𝑙 =
1

2

[︁(︁ 𝜕2𝐾
𝜕v𝜕v

≃

)︁
(0)

+
(︁ 𝜕2𝐾
𝜕v
≃
𝜕v

)︁𝑇
(0)

]︁
,

5B̃︀ (23) = 𝐵
(23)
𝑖𝑗𝑘𝑙𝑚r𝑖r𝑗r𝑘r𝑙r𝑚 = 𝐵

(23)
𝑘𝑙𝑚𝑖𝑗r

𝑖r𝑗r𝑘r𝑙r𝑚 =
1

2

[︁(︁ 𝜕2𝐾
𝜕ṽ︀𝜕v≃

)︁
(0)

+
(︁ 𝜕2𝐾
𝜕v
≃
𝜕ṽ︀
)︁𝑇
(0)

]︁
.
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The following symmetries take place

𝐴
(12)
𝑖𝑗𝑘𝑙𝑚 = 𝐴

(12)
𝑗𝑖𝑘𝑙𝑚 = 𝐴

(12)
𝑖𝑗𝑘𝑚𝑙, 𝐴

(13)
𝑖𝑗𝑘𝑙𝑚𝑛 = 𝐴

(13)
𝑗𝑖𝑘𝑙𝑚𝑛 = 𝐴

(13)
𝑖𝑗𝑙𝑘𝑚𝑛 = 𝐴

(13)
𝑖𝑗𝑘𝑙𝑛𝑚,

𝐴
(23)
𝑖𝑗𝑘𝑙𝑚𝑛𝑝=𝐴

(23)
𝑖𝑘𝑗𝑙𝑚𝑛𝑝=𝐴

(23)
𝑖𝑗𝑘𝑚𝑙𝑛𝑝=𝐴

(23)
𝑖𝑗𝑘𝑙𝑚𝑝𝑛, 𝐴

(11)
𝑖𝑗𝑘𝑙 = 𝐴

(11)
𝑗𝑖𝑘𝑙 = 𝐴

(11)
𝑖𝑗𝑙𝑘 = 𝐴

(11)
𝑘𝑙𝑖𝑗 ,

𝐴
(22)
𝑖𝑗𝑘𝑙𝑚𝑛 = 𝐴

(22)
𝑖𝑘𝑗𝑙𝑚𝑛 = 𝐴

(22)
𝑖𝑗𝑘𝑙𝑛𝑚 = 𝐴

(22)
𝑙𝑚𝑛𝑖𝑗𝑘; 𝐵

(13)
𝑖𝑗𝑘𝑙 = 𝐵

(13)
𝑖𝑘𝑗𝑙 , 𝐵

(23)
𝑖𝑗𝑘𝑙𝑚 = 𝐵

(23)
𝑖𝑗𝑙𝑘𝑚,

𝐵
(11)
𝑖𝑗 = 𝐵

(11)
𝑗𝑖 , 𝐵

(22)
𝑖𝑗𝑘𝑙 = 𝐵

(22)
𝑘𝑙𝑖𝑗 , 𝐵

(33)
𝑖𝑗𝑘𝑙𝑚𝑛 = 𝐵

(33)
𝑖𝑘𝑗𝑙𝑚𝑛 = 𝐵

(33)
𝑖𝑗𝑘𝑙𝑛𝑚 = 𝐵

(33)
𝑙𝑚𝑛𝑖𝑗𝑘.
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Constitutive relations

P̃︀ =
𝜕Φ

𝜕𝜀𝜀𝜀̃︀ = 4Ã︀ (11)
2
⊗ 𝜀𝜀𝜀̃︀+ 5Ã︀ (12)

3
⊗ 𝛾𝛾𝛾

≃
+ 6Ã︀ (13)

4
⊗κκκ̃︀̃︀,

P
≃

(1) =
𝜕Φ

𝜕∇𝜀𝜀𝜀̃︀ = (5Ã︀ (12))𝑇
2
⊗ 𝜀𝜀𝜀̃︀+ 6Ã︀ (22)

3
⊗ 𝛾𝛾𝛾

≃
+ 7Ã︀ (23)

4
⊗κκκ̃︀̃︀,

P̃︀̃︀ (2) =
𝜕Φ

𝜕∇∇𝜀𝜀𝜀̃︀ = (6Ã︀ (13))𝑇
2
⊗ 𝜀𝜀𝜀̃︀+ (7Ã︀ (23))𝑇

3
⊗ 𝛾𝛾𝛾

≃
+ 8Ã︀ (33)

4
⊗κκκ̃︀̃︀;

𝜋𝜋𝜋 =
𝜕𝐾

𝜕v
= 2B̃︀ (11)

1
⊗ v + 3B̃︀ (12)

2
⊗ ṽ︀ + 4B̃︀ (13)

3
⊗ v

≃
,

𝜋𝜋𝜋̃︀(1) = 𝜕𝐾

𝜕∇v
= (3B̃︀ (12))𝑇

1
⊗ v + 4B̃︀ (22)

2
⊗ ṽ︀ + 5B̃︀ (23)

3
⊗ v

≃
,

𝜋𝜋𝜋
≃
(2) =

𝜕𝐾

𝜕∇∇v
= (4B̃︀ (13))𝑇

1
⊗ v + (5B̃︀ (23))𝑇

2
⊗ ṽ︀ + 6B̃︀ (33)

3
⊗ v

≃
.

Introducing tensor columns and tensor-block matrices the constitutive relations
can be written in short form Ỹ︀ = M⊙ X , Ṽ︀ = N ⊚ U
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M=

⎛⎜⎜⎝
4Ã︀ (11) 5Ã︀ (12) 6Ã︀ (13)

(5Ã︀ (12))𝑇 6Ã︀ (22) 7Ã︀ (23)

(6Ã︀ (13))𝑇 (7Ã︀ (23))𝑇 8Ã︀ (33)

⎞⎟⎟⎠ , X=

⎛⎜⎝ 𝜀𝜀𝜀̃︀𝛾𝛾𝛾
≃

κκκ̃︀̃︀

⎞⎟⎠ , Y=

⎛⎜⎝ P̃︀P
≃

(1)

P̃︀̃︀ (2)

⎞⎟⎠ ,

N=

⎛⎜⎜⎝
2B̃︀ (11) 3B̃︀ (12) 4B̃︀ (13)

(3B̃︀ (12))𝑇 4B̃︀ (22) 5B̃︀ (23)

(4B̃︀ (13))𝑇 (5B̃︀ (23))𝑇 6B̃︀ (33)

⎞⎟⎟⎠ , U=

⎛⎜⎝ v
ṽ︀v
≃

⎞⎟⎠ , V=

⎛⎜⎝ 𝜋𝜋𝜋

𝜋𝜋𝜋̃︀(1)𝜋𝜋𝜋
≃
(2)

⎞⎟⎠
Here the following product-operators are introduced

⊙=

⎛⎜⎜⎜⎝
2
⊗ 0 0

0
3
⊗ 0

0 0
4
⊗

⎞⎟⎟⎟⎠ , ⊚=

⎛⎜⎜⎜⎝
1
⊗ 0 0

0
2
⊗ 0

0 0
3
⊗

⎞⎟⎟⎟⎠
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Let us present the elements of matrices as

4Ã︀ (11)
4
⊗ 𝜀𝜀𝜀̃︀𝜀𝜀𝜀̃︀= Ã︀̃︀

4
⊗ 𝜀𝜀𝜀̃︀𝜀𝜀𝜀̃︀, 6Ã︀ (22)

6
⊗ 𝛾𝛾𝛾

≃
𝛾𝛾𝛾
≃

= Ã︀̃︀
4
⊗ (𝛾𝛾𝛾

≃

1
𝑇 · ã︀(1) · 𝛾𝛾𝛾≃),

8Ã︀ (33)
8
⊗κκκ̃︀̃︀κκκ̃︀̃︀ = Ã︀̃︀

4
⊗ (κκκ̃︀̃︀𝑇

2
⊗ ã︀̃︀(2)

2
⊗κκκ̃︀̃︀), 5Ã︀ (12)

5
⊗ 𝜀𝜀𝜀̃︀𝛾𝛾𝛾≃ = Ā̃︀̃︀

4
⊗ (𝜀𝜀𝜀̃︀a · 𝛾𝛾𝛾

≃
),

6Ã︀ (13)
6
⊗ 𝜀𝜀𝜀̃︀κκκ̃︀̃︀ = Ā̃︀̃︀

4
⊗ (𝜀𝜀𝜀̃︀ã︀(3) 2

⊗κκκ̃︀̃︀), 7Ã︀ (23)
7
⊗ 𝛾𝛾𝛾

≃
κκκ̃︀̃︀ = Ā̃︀̃︀

4
⊗ (𝛾𝛾𝛾

≃

1
𝑇 · a

≃
(4)

2
⊗κκκ̃︀̃︀);

2B̃︀ (11)
2
⊗ vv = B̃︀ 2

⊗ vv, 4B̃︀ (22)
3
⊗ ṽ︀ṽ︀ = B̃︀ 2

⊗ (ṽ︀𝑇 · b̃︀(1) · ṽ︀),
6B̃︀ (33)

6
⊗ v

≃
v
≃

= B̃︀ 2
⊗ (v

≃

2
𝑇

2
⊗ b̃︀̃︀(2)

2
⊗ v

≃
), 3B̃︀ (12)

3
⊗ vṽ︀ = B̄̃︀ 2

⊗ (vb · ṽ︀),
4B̃︀ (13)

4
⊗ vv

≃
= B̄̃︀ 2

⊗ (vb̃︀(3) 2
⊗ v

≃
), 5B̃︀ (23)

5
⊗ ṽ︀v≃ = B̄̃︀ 2

⊗ (ṽ︀𝑇 · b
≃
(4)

2
⊗ v

≃
),
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Here Ã︀̃︀ = 𝐴𝑖𝑗𝑘𝑙e𝑖e𝑗e𝑘e𝑙 is the elasticity modulus tensor, 𝐴𝑖𝑗𝑘𝑙 = 𝐴𝑘𝑙𝑖𝑗 = 𝐴𝑗𝑖𝑘𝑙

Ā̃︀̃︀ = 𝐴𝑖𝑗𝑘𝑙e𝑖e𝑗e𝑘e𝑙, 𝐴𝑖𝑗𝑘𝑙 = 𝐴𝑗𝑖𝑘𝑙 = 𝐴𝑖𝑗𝑙𝑘, 𝐴𝑖𝑗𝑘𝑙 ̸= 𝐴𝑘𝑙𝑖𝑗

a = 𝑎𝑖e𝑖, ã︀(1) = 𝑎
(1)
𝑖𝑗 e𝑖e𝑗 , ã︀̃︀(2) = 𝑎

(2)
𝑖𝑗𝑘𝑙e𝑖e𝑗e𝑘e𝑙, ã︀(3) = 𝑎

(3)
𝑖𝑗 e𝑖e𝑗 and

a
≃
(4) = 𝑎

(4)
𝑖𝑗𝑘e𝑖e𝑗e𝑘 are the length scale tensors

𝑎
(1)
𝑖𝑗 = 𝑎

(1)
𝑗𝑖 , 𝑎(2)𝑖𝑗𝑘𝑙 = 𝑎

(2)
𝑘𝑙𝑖𝑗 , 𝑎

(3)
𝑖𝑗 =, 𝑎(4)𝑖𝑗𝑘 = 𝑎

(4)
𝑖𝑘𝑗

B̃︀ = 𝐵𝑖𝑗e𝑖e𝑗 , B̄̃︀ = �̄�𝑖𝑗e𝑖e𝑗

b = 𝑏𝑖e𝑖, b̃︀(1) = 𝑏
(1)
𝑖𝑗 e𝑖e𝑗 , b̃︀̃︀(2) = 𝑏

(2)
𝑖𝑗𝑘𝑙e𝑖e𝑗e𝑘e𝑙, b̃︀(3) = 𝑏

(3)
𝑖𝑗 e𝑖e𝑗 and

b
≃
(4) = 𝑏

(4)
𝑖𝑗𝑘e𝑖e𝑗e𝑘 are the tensors for inertia effects

𝑏
(1)
𝑖𝑗 ̸= 𝑏

(1)
𝑗𝑖 , 𝑏(2)𝑖𝑗𝑘𝑙 = 𝑏

(2)
𝑘𝑙𝑖𝑗 = 𝑏

(2)
𝑗𝑖𝑘𝑙, 𝐵𝑖𝑗 = 𝐵𝑗𝑖, �̄�𝑖𝑗 ̸= �̄�𝑗𝑖, 𝑏

(3)
𝑖𝑗 = 𝑏

(3)
𝑗𝑖 , 𝑏(4)𝑖𝑗𝑘 = 𝑏

(4)
𝑖𝑘𝑗

𝛾𝛾𝛾
≃

1
𝑇 = (𝛾𝑖𝑗𝑘e𝑖e𝑗e𝑘)

1
𝑇 = 𝛾𝑖𝑗𝑘e𝑗e𝑘e𝑖

v
≃

2
𝑇 = (𝑣𝑖𝑗𝑘e𝑖e𝑗e𝑘)

2
𝑇 = 𝑣𝑖𝑗𝑘e𝑘e𝑖e𝑗

κκκ̃︀̃︀𝑇 = (κ𝑖𝑗𝑘𝑙e𝑖e𝑗e𝑘e𝑙)
𝑇 = κ𝑖𝑗𝑘𝑙e𝑘e𝑙e𝑖e𝑗 , e𝑖 · e𝑗 = 𝛿𝑖𝑗

𝛿𝑖𝑗 is the Kronecker delta, 𝑖,𝑗,𝑘,𝑙 = 1,2,3
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Φ(𝜀𝜀𝜀̃︀,𝛾𝛾𝛾≃,κκκ̃︀̃︀) = 1

2

[︁
Ã︀̃︀

4
⊗
(︁
𝜀𝜀𝜀̃︀𝜀𝜀𝜀̃︀+ 𝛾𝛾𝛾

≃

1
𝑇 · ã︀(1) · 𝛾𝛾𝛾≃ +κκκ̃︀̃︀𝑇

2
⊗ ã︀̃︀(2)

2
⊗κκκ̃︀̃︀

)︁
+

+2Ā̃︀̃︀
4
⊗
(︁
𝜀𝜀𝜀̃︀a·𝛾𝛾𝛾≃ + 𝜀𝜀𝜀̃︀ã︀(3) 2

⊗κκκ̃︀̃︀ + 𝛾𝛾𝛾
≃

1
𝑇 · a

≃
(4)

2
⊗κκκ̃︀̃︀

)︁]︁
=

=
1

2

[︁
𝐴𝑖𝑗𝑘𝑙

(︁
𝜀𝑖𝑗𝜀𝑘𝑙 + 𝛾𝑚𝑖𝑗𝑎

(1)𝑚𝑛𝛾𝑛𝑘𝑙 + κ𝑚𝑛𝑖𝑗𝑎
(2)𝑚𝑛𝑝𝑞κ𝑝𝑞𝑘𝑙

)︁
+

+2𝐴𝑖𝑗𝑘𝑙
(︁
𝜀𝑖𝑗𝑎

𝑚𝛾𝑚𝑘𝑙 + 𝜀𝑖𝑗𝑎
(3)𝑚𝑛κ𝑚𝑛𝑘𝑙 + 𝛾𝑚𝑖𝑗𝑎

(4)𝑚𝑛𝑝κ𝑛𝑝𝑘𝑙

)︁]︁
;

𝐾(v,ṽ︀,v≃) =
1

2

[︁
B̃︀ 2

⊗
(︁
vv + ṽ︀𝑇 · b̃︀(1) · ṽ︀ + v

≃

2
𝑇

2
⊗ b̃︀̃︀(2)

2
⊗ v

≃

)︁
+

+2B̄̃︀ 2
⊗
(︁
vb · ṽ︀ + vb̃︀(3) 2

⊗ v
≃
+ ṽ︀𝑇 · b

≃
(4)

2
⊗ v

≃

)︁]︁
=

=
1

2

[︁
𝐵𝑖𝑗
(︁
𝑣𝑖𝑣𝑗 + 𝑣𝑘𝑖𝑏

(1)𝑘𝑙𝑣𝑙𝑗 + 𝑣𝑘𝑙𝑖𝑏
(2)𝑘𝑙𝑚𝑛𝑣𝑚𝑛𝑗

)︁
+

+2�̄�𝑖𝑗
(︁
𝑣𝑖𝑏

𝑘𝑣𝑘𝑗 + 𝑣𝑖𝑏
(3)𝑘𝑙𝑣𝑘𝑙𝑗 + 𝑣𝑘𝑖𝑏

(4)𝑘𝑙𝑚𝑣𝑙𝑚𝑗

)︁]︁
;
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P̃︀ =
𝜕Φ

𝜕𝜀𝜀𝜀̃︀ = Ã︀̃︀
2
⊗ 𝜀𝜀𝜀̃︀+ Ā̃︀̃︀

2
⊗ (a · 𝛾𝛾𝛾

≃
+ ã︀(3) 2

⊗κκκ̃︀̃︀),
P
≃

(1) =
𝜕Φ

𝜕∇𝜀𝜀𝜀̃︀ = aĀ̃︀̃︀ 𝑇 2
⊗ 𝜀𝜀𝜀̃︀+ ã︀(1) · 𝛾𝛾𝛾≃ 2

⊗Ã︀̃︀ + (a
≃
(4)

2
⊗κκκ̃︀̃︀)

2
⊗ Ā̃︀̃︀ 𝑇

,

P̃︀̃︀ (2) =
𝜕Φ

𝜕∇∇𝜀𝜀𝜀̃︀ = ã︀(3)Ā̃︀̃︀ 𝑇 2
⊗ 𝜀𝜀𝜀̃︀+ (a

≃
(4))

1
𝑇 · 𝛾𝛾𝛾

≃

2
⊗ Ā̃︀̃︀ + (ã︀̃︀(2)

2
⊗κκκ̃︀̃︀)

2
⊗Ã︀̃︀ ;

𝜋𝜋𝜋 =
𝜕𝐾

𝜕v
= B̃︀ · v + B̄̃︀ ·

(︀
b · ṽ︀ + b̃︀(3) 2

⊗ v
≃

)︀
𝜋𝜋𝜋̃︀(1) =

𝜕𝐾

𝜕∇v
= bB̄̃︀𝑇 · v +

1

2

(︀
b̃︀(1) + (b̃︀(1))𝑇 )︀ · ṽ︀ ·B̃︀ + (b

≃
(4)

2
⊗ v

≃
) · B̄̃︀𝑇

,

𝜋𝜋𝜋
≃
(2) =

𝜕𝐾

𝜕∇∇v
= b̃︀(3)v · B̄̃︀ + B̄̃︀𝑇 · (ṽ︀𝑇 · b

≃
(4)) + (b̃︀̃︀(2)

2
⊗ v

≃
) ·B̃︀ .
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If the material has a center of symmetry, then the odd-rank material tensors are
equal to zero

Φ(𝜀𝜀𝜀̃︀,𝛾𝛾𝛾≃,κκκ̃︀̃︀) = 1

2
Ã︀̃︀

4
⊗
(︀
𝜀𝜀𝜀̃︀𝜀𝜀𝜀̃︀+ 𝛾𝛾𝛾

≃

1
𝑇 · ã︀(1) · 𝛾𝛾𝛾≃ +κκκ̃︀̃︀𝑇

2
⊗ ã︀̃︀(2)

2
⊗κκκ̃︀̃︀

)︀
+ Ā̃︀̃︀

4
⊗
(︀
𝜀𝜀𝜀̃︀ã︀(3) 2

⊗κκκ̃︀̃︀
)︀
=

=
1

2
𝐴𝑖𝑗𝑘𝑙

(︀
𝜀𝑖𝑗𝜀𝑘𝑙 + 𝛾𝑚𝑖𝑗𝑎

(1)𝑚𝑛𝛾𝑛𝑘𝑙 + κ𝑚𝑛𝑖𝑗𝑎
(2)𝑚𝑛𝑝𝑞κ𝑝𝑞𝑘𝑙

)︀
+𝐴𝑖𝑗𝑘𝑙𝜀𝑖𝑗𝑎

(3)𝑚𝑛κ𝑚𝑛𝑘𝑙;

𝐾(v,ṽ︀,v≃) =
1

2
B̃︀ 2

⊗
(︀
vv + ṽ︀𝑇 · b̃︀(1) · ṽ︀ + v

≃

2
𝑇

2
⊗ b̃︀̃︀(2)

2
⊗ v

≃

)︀
+ B̄̃︀ 2

⊗ vb̃︀(3) 2
⊗ v

≃
=

=
1

2
𝐵𝑖𝑗
(︀
𝑣𝑖𝑣𝑗 + 𝑣𝑘𝑖𝑏

(1)𝑘𝑙𝑣𝑙𝑗 + 𝑣𝑘𝑙𝑖𝑏
(2)𝑘𝑙𝑚𝑛𝑣𝑚𝑛𝑗

)︀
+ �̄�𝑖𝑗𝑣𝑖𝑏

(3)𝑘𝑙𝑣𝑘𝑙𝑗 ;

P̃︀ =
𝜕Φ

𝜕𝜀𝜀𝜀̃︀ = Ã︀̃︀
2
⊗ 𝜀𝜀𝜀̃︀+ Ā̃︀̃︀

2
⊗ (ã︀(3) 2

⊗κκκ̃︀̃︀), P
≃

(1) =
𝜕Φ

𝜕∇𝜀𝜀𝜀̃︀ = ã︀(1) · 𝛾𝛾𝛾≃ 2
⊗Ã︀̃︀ ,

P̃︀̃︀ (2) =
𝜕Φ

𝜕∇∇𝜀𝜀𝜀̃︀ = ã︀(3)Ā̃︀̃︀ 𝑇 2
⊗ 𝜀𝜀𝜀̃︀+ (ã︀̃︀(2)

2
⊗κκκ̃︀̃︀)

2
⊗Ã︀̃︀ , (ã︀̃︀(𝑘))𝑇 = ã︀̃︀(𝑘);

𝜋𝜋𝜋 =
𝜕𝐾

𝜕v
= B̃︀ · v + B̄̃︀ ·

(︀
b̃︀(3) 2

⊗ v
≃

)︀
, 𝜋𝜋𝜋̃︀(1) =

𝜕𝐾

𝜕∇v
=

1

2

(︀
b̃︀(1) + (b̃︀(1))𝑇 )︀ · ṽ︀ ·B̃︀ ,

𝜋𝜋𝜋
≃
(2) =

𝜕𝐾

𝜕∇∇v
= b̃︀(3)v · B̄̃︀ + (b̃︀̃︀(2)

2
⊗ v

≃
) ·B̃︀ , (b̃︀̃︀(𝑘))𝑇 = b̃︀̃︀(𝑘)
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If Ā̃︀̃︀ = 0 and B̄̃︀ = 0, then we get

P̃︀ = Ã︀̃︀
2
⊗ 𝜀𝜀𝜀̃︀, P

≃
(1) = ã︀(1) · ∇P̃︀ , P̃︀̃︀ (2) = ã︀̃︀(2)

2
⊗∇∇P̃︀ ;

𝜋𝜋𝜋 = B̃︀ · v, 𝜋𝜋𝜋̃︀(1) = b̃︀(1) · ∇𝜋𝜋𝜋, 𝜋𝜋𝜋
≃
(2) = b̃︀̃︀(2)

2
⊗∇∇𝜋𝜋𝜋.
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Following Polizzotto (C.Polizzotto "A second strain gradient elasticity theory
with second velocity gradient inertia"– Part I and II), we introduce the symmetric
stress tensor P̃︀ and the (basic) momentum vector (body momentum) p as a
function of the velocity and velocity gradients, which in this case can be present as

T̃︀ = P̃︀ −∇ ·P
≃

(1) +∇∇
2
⊗P̃︀̃︀ (2) = (1− ã︀(1) 2

⊗∇∇+ ã︀̃︀(2)
4
⊗∇∇∇∇)P̃︀ ,

p = 𝜋𝜋𝜋 −∇ · 𝜋𝜋𝜋̃︀(1) +∇∇
2
⊗ 𝜋𝜋𝜋

≃
(2) = (1− b̃︀(1) 2

⊗∇∇+ b̃︀̃︀(2)
4
⊗∇∇∇∇)𝜋𝜋𝜋

Here P̃︀ is the Cauchy stress tensor,
p is the momentum vector,
𝜋𝜋𝜋 = 𝜌v, B̃︀ = 𝜌Ẽ︀ , 𝜌 is a density,
ã︀(1) and ã︀̃︀(2) are length scale tensors for statics,
b̃︀(1) and b̃︀̃︀(2) are length scale tensors for inertia effects (dynamics)
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The case of an isotropic material
The case of a transversally-isotropic material

The case of an isotropic material
Ã︀̃︀ = 𝑎1C̃︀̃︀ (1) +𝑎2(C̃︀̃︀ (2) +C̃︀̃︀ (3)), Ā̃︀̃︀ = 0, ã︀(1) = 𝑙1Ẽ︀ , ã︀̃︀(2) = 𝑙′2C̃︀̃︀ (1) + 𝑙′3(C̃︀̃︀ (2) +C̃︀̃︀ (3)),

B̃︀ = 𝜌Ẽ︀ , B̄̃︀ = 0, b̃︀(1) = 𝑑1Ẽ︀ and b̃︀̃︀(2) = 𝑑′2C̃︀̃︀ (1) + 𝑑′3(C̃︀̃︀ (2) +C̃︀̃︀ (3))

Taking into account these relations we can represent the constitutive relations, the
stress tensor T̃︀ and the momentum vector p in the form

P̃︀ = Ã︀̃︀
2
⊗ 𝜀𝜀𝜀̃︀, P

≃
(1) = 𝑙1∇P̃︀ , P̃︀̃︀ (2) = (𝑙′2Ẽ︀∆+ 2𝑙′3∇∇)P̃︀ ,

𝜋𝜋𝜋 = B̃︀ · v, 𝜋𝜋𝜋̃︀(1) = 𝑑1∇𝜋𝜋𝜋, 𝜋𝜋𝜋
≃
(2) = (𝑑′2Ẽ︀∆+ 2𝑑′3∇∇)𝜋𝜋𝜋,

T̃︀ = (1− 𝑙1∆+ 𝑙2∆2)P̃︀ , 𝑙2 = 𝑙′2 + 2𝑙′3,

p = (1− 𝑑1∆+ 𝑑2∆2)𝜋𝜋𝜋, 𝑑2 = 𝑑′2 + 𝑑′3,

where 𝑙1 and 𝑙2 are length scale parameters for statics, 𝑑1 and 𝑑2 length scale
parameters for inertia effects.
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The case of a transversally-isotropic material
The linearly independent transversally-isotropic tensors of the second rank are the
tensors

Ĩ︀= e
𝐼
e
𝐼
, 𝜖𝜖𝜖̃︀= 𝜖

𝐼𝐽
e
𝐼
e
𝐽
, 𝛾𝛾𝛾̃︀(3) = e

3
e
3
, < 𝐼,𝐽 = 1,2 > .

Therefore, the general form of a transversal-isotropic tensor of the second rank ã︀,when components do not have any symmetry, is a linear combination of these
tensors

ã︀ = 𝑙1 Ĩ︀+ 𝑙 𝜖𝜖𝜖̃︀+ 𝑙2 e3e3.

If ã︀ is a symmetric tensor (ã︀ = ã︀𝑇 ), then 𝑙 = 0 and from we get the following
representation

ã︀ = 𝑙1 Ĩ︀+ 𝑙2 e3e3,
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The case of an isotropic material
The case of a transversally-isotropic material

Any transversally-isotropic tensor of fourth rank Ã︀̃︀ which components have the
next symmetries 𝐴

𝑖𝑗𝑘𝑙
= 𝐴

𝑘𝑙𝑖𝑗
= 𝐴

𝑖𝑗𝑙𝑘
, has five independent components and can

be represented as

Ã︀̃︀ = 𝐴1C̃︀̃︀ (1) + 2(𝐴1 −𝐴2)(C̃︀̃︀ (2) +C̃︀̃︀ (3)) +𝐴3(Ĩ︀e3e3 + e
3
e
3
Ĩ︀)+

+𝐴4e3e3e3e3 +𝐴5(e𝐼e3e𝐼e3 + e𝐼e3e3e𝐼 + e
3
e𝐽e𝐽e3 + e

3
e𝐽e3e𝐽 ).

Therefore, in this case, the stress tensor and the momentum vector will take the
form

T̃︀ = [1 + (𝑙3∆− 𝑙1)∆ + (𝑙4∆− 𝑙2)𝜕23 + 𝑙5𝜕43 ]P̃︀ = 𝑎P̃︀ ,
𝑎 = 1 + (𝑙3∆− 𝑙1)∆ + (𝑙4∆− 𝑙2)𝜕23 + 𝑙5𝜕43

p = 𝜌[1 + (𝑑3∆− 𝑑1)∆ + (𝑑4∆− 𝑑2)𝜕23 + 𝑑5𝜕43 ]v = 𝜌′v,

𝜌′ = 𝜌[1 + (𝑑3∆− 𝑑1)∆ + (𝑑4∆− 𝑑2)𝜕23 + 𝑑5𝜕43 ]

𝑙3 = 𝑙
(2)
1 + 2𝑙

(2)
2 , 𝑙4 = 2(𝑙

(2)
3 + 2𝑙

(2)
4 ), 𝑙5 = 𝑙

(2)
5 ,

𝑑3 = 𝑑
(2)
1 + 2𝑑

(2)
2 , 𝑑4 = 2(𝑑

(2)
3 + 2𝑑

(2)
4 ), 𝑑5 = 𝑑

(2)
5 , ∆ = 𝜕𝐼𝜕𝐼 .
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Equations of motion of isotropic bodies with respect to displacement vector
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Equations of motion of second strain gradient elasticity theory with
respect to displacement vector for the considered body can be written as(︁

∇ ·T̃︀ + 𝜌F = 𝜌
𝑑p

𝑑𝑡

)︁
⇒(︁

(1− ã︀(1) 2
⊗∇∇+ ã︀̃︀(2)

4
⊗∇∇∇∇)∇ ·P̃︀ + 𝜌F = (1− b̃︀(1) 2

⊗∇∇+ b̃︀̃︀(2)
4
⊗∇∇∇∇)

𝑑𝜋𝜋𝜋

𝑑𝑡

)︁
.

This equations can be written in short form

M̃︁′ · u+ 𝜌F = 0,

where we introduced

Ã︀̃︀
3
⊗∇∇u = L̃︀ · u, L̃︀ = e𝑖e𝑙𝐴𝑖𝑗𝑘𝑙𝜕𝑗𝜕𝑘,

M̃︁′ = L̃︀′ − 𝜌′Ẽ︀𝜕2𝑡 , L̃︀′ = 𝑎L̃︀,
𝑎 = (1− ã︀(1) 2

⊗∇∇+ ã︀̃︀(2)
4
⊗∇∇∇∇),

𝜌′ = 𝜌(1− b̃︀(1) 2
⊗∇∇+ b̃︀̃︀(2)

4
⊗∇∇∇∇).

Note that the last equation is the equation of motion with respect to the
displacement vector of the second-gradient linear theory with respect to the strain
tensor and the velocity vector for arbitrarily anisotropic homogeneous medium.
M̃︁′ is a second rank differential tensor operator.
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Equations of motion of isotropic bodies with respect to displacement vector
Equations of the quasi-static isotropic bodies with respect to displacement vector
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M̃︁′ = Ẽ︀𝑄′
2 + (𝜆′ + 𝜇′)∇∇, 𝑀 ′

* = (Ẽ︀𝑄′
1 − (𝜆′ + 𝜇′)∇∇)𝑄′

2 = Ñ︀ ′𝑄′
2, 𝜇

′ = 𝜇𝑎,

Ñ︀ ′ = Ẽ︀𝑄′
1 − (𝜆′ + 𝜇′)∇∇, 𝑄′

1 = 𝑄′
2 + (𝜆′ + 𝜇′)∆ = (𝜆′ + 2𝜇′)∆− 𝜌′𝜕2𝑡 , 𝜆

′ = 𝜆𝑎,

𝑄′
2 = 𝜇′∆− 𝜌′𝜕2𝑡 , 𝑎 = 1− 𝑙1∆+ 𝑙2∆2, 𝜌′ = 𝜌(1− 𝑑1∆+ 𝑑2∆2), Ñ︀ ′ ·M̃︁′ = Ẽ︀𝑄′

1𝑄
′
2,

We obtain the following splitted equations

𝑄′
1𝑄

′
2u+Ñ︀ ′ · (𝜌F) = 0.
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Equations of motion of isotropic bodies with respect to displacement vector
Equations of the quasi-static isotropic bodies with respect to displacement vector
Equations of the quasi-static prismatic bodies of constant thickness

Equations of the quasi-static isotropic bodies with respect to
displacement vector
𝑎∆2u+G = 0, 𝑎 = 1− 𝑙1∆+ 𝑙2∆2,

G =
1

(𝜆+ 𝜇)𝜇
Ñ︀ · (𝜌F), Ñ︀ = (𝜆+ 2𝜇)∆− (𝜆+ 𝜇)∇∇

which is reduced to the form

(𝑙2∆4 − 𝑙1∆3 +∆2)u+G = 0.
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Equations of motion of isotropic bodies with respect to displacement vector
Equations of the quasi-static isotropic bodies with respect to displacement vector
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Equations of the quasi-static second strain gradient theory of isotropic
prismatic bodies of constant thickness with respect to displacement
vector and with respect to moments of the displacement vector
We consider a prismatic body of constant thickness 2ℎ and take the middle plane
as the base plane. Then the nabla-operator and the Laplacian we represent in the
form

∇̂F = (r𝑃 𝜕𝑃 + r3𝜕3)F = (r𝑃 𝜕𝑃 + ℎ−1n𝜕3)F, − 1 ≤ 𝑥3 ≤ 1,

∆F = (𝑔𝑃𝑄𝜕𝑃 𝜕𝑄 + 𝑔33𝜕23)F = (∆̄ + ℎ−2𝜕23)F, ∆̄ = 𝑔𝑃𝑄𝜕𝑃 𝜕𝑄.

Thus, the equation for the prismatic bodies can be represented as

[(𝑙2∆̄2 − 𝑙1∆̄ + 1)∆̄2 + ℎ−2(4𝑙2∆̄2 − 3𝑙1∆̄ + 2)∆̄𝜕23+

+ℎ−4(6𝑙2∆̄2 − 3𝑙1∆̄− 1)𝜕43 + ℎ−6(4𝑙2∆̄− 𝑙1)𝜕63 + 2ℎ−8𝑙2𝜕83 ]u+G = 0.

Applying the 𝑘th moment operator of any system of orthogonal polynomials
(Legendre, Chebyshev) to the equation, we obtain the following equations in
moments of displacement vector

(𝑙2∆̄2 − 𝑙1∆̄ + 1)∆̄2
(𝑘)
u + ℎ−2(4𝑙2∆̄2 − 3𝑙1∆̄ + 2)∆̄

(𝑘)
u ′′ + ℎ−4(6𝑙2∆̄2 − 3𝑙1∆̄− 1)

(𝑘)
u

𝐼𝑉
+

+ℎ−6(4𝑙2∆̄− 𝑙1)
(𝑘)
u

𝑉 𝐼
+ 2ℎ−8𝑙2𝜕83

(𝑘)
u

𝑉 𝐼𝐼𝐼
+G = 0, 𝑘∈N0 (N0={0,1,2, . . .}).
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Equations of motion of isotropic bodies with respect to displacement vector
Equations of the quasi-static isotropic bodies with respect to displacement vector
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Equations of the quasi-static second strain gradient theory of isotropic
prismatic bodies of constant thickness in moments of displacement
vector with respect to the system of Legendre polynomials

To obtain the desired systems of equations we need to find expression for
(𝑘)
u ′′,

(𝑘)
u

𝐼𝑉 ,
(𝑘)
u 𝑉 𝐼 and

(𝑘)
u 𝑉 𝐼𝐼𝐼 when −1 ≤ 𝑥3 ≤ 1.

In this case they are defined using the following relationship
(𝑛)
u

(2𝑚)
(𝑥′)=(2𝑛+1)

∞∑︀
𝑘=1

𝐶2𝑚−1
𝑘+2𝑚−2

2𝑚−1∏︀
𝑠=1

(2𝑛+2𝑘+2𝑠−1)
(𝑛+2𝑘+2𝑚−2)

u

=
2𝑛+1

2

2𝑚∑︀
𝑘=1

(−1)𝑘+1[(𝜕2𝑚−𝑘
3 u)++(−1)𝑛+𝑘(𝜕2𝑚−𝑘

3 u)−]𝑃𝑘−1
𝑛 (1)+

(𝑘)
u (2𝑚),

(𝑘)
u (2𝑚) = (2𝑛+ 1)

[𝑛/2−𝑚+1]∑︀
𝑘=1

𝐶2𝑚−1
𝑘+2𝑚−2

2𝑚−1∏︀
𝑠=1

(2𝑛−2𝑘−2𝑠+3)
(𝑛−2𝑘−2𝑚+2)

u .

Here N0 = N ∪ {0}, N is the set of natural numbers, 𝐶2𝑚−1
𝑘+2𝑚−2 are binomial

coefficients, (𝜕𝑠3u)
± = (𝜕𝑠3u)

⃒⃒
𝑥3=±1

, 𝑠∈N, 𝑛∈N0, 𝑚∈N.

We see that
(𝑘)
u ′′,

(𝑘)
u

𝐼𝑉 , . . ., are represented as an infinite sum of moments of
displacement vector. So, we get different representations of the systems of
equations of the quasi-static second strain gradient theory of isotropic prismatic
thin bodies of constant thickness in moments.
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Equations of motion of isotropic bodies with respect to displacement vector
Equations of the quasi-static isotropic bodies with respect to displacement vector
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Equations of the quasi-static second strain gradient elasticity theory of
transversal-isotropic bodies with respect to displacement vector
In case of transversal-isotropic medium the tensor-operator L̃︀, tensor-operator o
algebraic cofactors L̃︀* for L̃︀ and the determinant |L̃︀| have the form

2L̃︀ =
[︀
(𝐴1 −𝐴2)Ĩ︀+ 2𝐴5e3e3

]︀
∆̄ + (𝐴1 +𝐴2)∇0∇0+

+2(𝐴3 +𝐴5)[e3∇0 + (e3∇0)𝑇 ]𝜕3 + 2(𝐴5Ĩ︀+𝐴4e3e3)𝜕23 ;

2L̃︀* = 2Ĩ︀{𝐴1𝐴5∆̄2 + [𝐴1𝐴4 −𝐴3(𝐴3 + 2𝐴5)]∆̄𝜕23 +𝐴4𝐴5𝜕43}−
−{(𝐴1 +𝐴2)𝐴5∆̄ + [(𝐴1 +𝐴2)𝐴4 − 2(𝐴3 +𝐴5)2]𝜕23}∇0∇0−
−[(𝐴1 −𝐴2)(𝐴3 +𝐴5)∆̄ + 2(𝐴3 +𝐴5)𝐴5𝜕23 ][e3∇0 + (e3∇0)𝑇 ]𝜕3+

+ẽ︀3[𝐴1(𝐴1 −𝐴2)∆̄2 + (3𝐴1 −𝐴2)𝐴5∆̄𝜕23 + 2𝐴2
5𝜕

4
3 ];

L̃︀ · L̃︀* = L̃︀* · L̃︀ = Ẽ︀ |L̃︀|, |L̃︀| = detL̃︀, ∇0 = e𝐼𝜕𝐼 , Ĩ︀= e𝐼e𝐼 , ∆̄ = 𝜕𝐼𝜕𝐼 ;

|L̃︀| = 𝐴∆̄3 +𝐵∆̄2𝜕23 + 𝐶∆̄𝜕43 +𝐷𝜕63 = 𝑘(∆̄ + 𝑘1𝜕23)(∆̄ + 𝑘2𝜕23)(∆̄ + 𝑘3𝜕23);

𝑘 = 𝐴, 𝑘1 + 𝑘2 + 𝑘3 = 𝐵/𝐴, 𝑘1𝑘2 + 𝑘1𝑘3 + 𝑘2𝑘3 = 𝐶/𝐴, 𝑘1𝑘2𝑘3 = 𝐷/𝐴,

𝐴=(1/2)(𝐴1−𝐴2)𝐴1𝐴5, 𝐵 = (1/2){(𝐴1−𝐴2)[𝐴1𝐴4−𝐴3(𝐴3+2𝐴5)] + 2𝐴1𝐴2
5},

𝐶=(1/2)[(3𝐴1−𝐴2)𝐴4𝐴5−2𝐴3𝐴5(𝐴3+2𝐴5)], 𝐷=𝐴4𝐴2
5.
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Neglecting inertial terms we will have

L̃︀′ · u+ 𝜌F = 0, L̃︀′ = 𝑎L̃︀.
The splitted equations of the classic theory of elasticity are

|L̃︀|u+L̃︀* ·(𝜌F) = 0

or if we will look for a solution as u = L̃︀* ·v where v is an arbitrary vector, then
we get

|L̃︀|v + 𝜌F = 0.

Multiplying the equation by L̃︀* on the left, we get

|L̃︀|′u+ L̃︀* ·(𝜌F) = 0, |L̃︀|′ = 𝑎|L̃︀|, 𝑎 = 1 + (𝑙3∆̄− 𝑙1)∆̄ + (𝑙4∆̄− 𝑙2)𝜕
2
3 + 𝑙5𝜕

4
3 .
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Equations of the quasi-static second strain gradient elasticity theory of
transversal-isotropic bodies with respect to the displacement vector
Taking into account the relation for |L̃︀| we obtain the following vector equation
splitted over the components of the displacement vector{︀

𝐴(𝑙3∆̄2 − 𝑙1∆̄ + 1)∆̄3 + [(𝐵𝑙3 +𝐴𝑙4)∆̄2 − (𝐵𝑙1 +𝐴𝑙2)∆̄ +𝐵]∆̄2𝜕23+

+[(𝐴𝑙5 +𝐵𝑙4 + 𝐶𝑙3)∆̄2 − (𝐵𝑙2 + 𝐶𝑙1)∆̄ + 𝐶]∆̄𝜕43 + [(𝐵𝑙5 + 𝐶𝑙4 +𝐷𝑙3)∆̄2−
−
(︀
𝐶𝑙2 +𝐷(𝑙1 − 𝑙4)

)︀
∆̄ +𝐷(1− 𝑙2)]𝜕63 + 𝐶𝑙5∆̄𝜕83 +𝐷𝑙5𝜕103

}︀
u+ L̃︀* ·(𝜌F) = 0,
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Equations of the quasi-static second strain gradient theory of
transversal-isotropic prismatic bodies of constant thickness with
respect to displacement vector and with respect to moments of the
displacement vector
Here we have the next equation for prismatic bodies{︀
𝐴(𝑙3∆̄2 − 𝑙1∆̄ + 1)∆̄3 + ℎ−2[(𝐵𝑙3 +𝐴𝑙4)∆̄2 − (𝐵𝑙1 +𝐴𝑙2)∆̄ +𝐵]∆̄2𝜕23+

+ℎ−4[(𝐴𝑙5 +𝐵𝑙4 + 𝐶𝑙3)∆̄2 − (𝐵𝑙2 + 𝐶𝑙1)∆̄ + 𝐶]∆̄𝜕43 + ℎ−6[(𝐵𝑙5 + 𝐶𝑙4 +𝐷𝑙3)∆̄2−
−
(︀
𝐶𝑙2 +𝐷(𝑙1 − 𝑙4)

)︀
∆̄ +𝐷(1− 𝑙2)]𝜕63 + ℎ−8𝐶𝑙5∆̄𝜕83 + ℎ−10𝐷𝑙5𝜕103

}︀
u+ L̃︀* ·(𝜌F) = 0.

Applying the 𝑘th moment operator of any system of orthogonal polynomials
(Legendre, Chebyshev) to the equation, we obtain the following equations in
moments of displacement vector

𝐴(𝑙3∆̄2 − 𝑙1∆̄ + 1)∆̄3
(𝑘)
u + ℎ−2[(𝐵𝑙3 +𝐴𝑙4)∆̄2 − (𝐵𝑙1 +𝐴𝑙2)∆̄ +𝐵]∆̄2

(𝑘)
u ′′+

+ℎ−4[(𝐴𝑙5 +𝐵𝑙4 + 𝐶𝑙3)∆̄2 − (𝐵𝑙2 + 𝐶𝑙1)∆̄ + 𝐶]∆̄
(𝑘)
u

𝐼𝑉
+ ℎ−6[(𝐵𝑙5 + 𝐶𝑙4 +𝐷𝑙3)∆̄2−

−
(︀
𝐶𝑙2 +𝐷(𝑙1 − 𝑙4)

)︀
∆̄ +𝐷(1− 𝑙2)]

(𝑘)
u

𝑉 𝐼
+ ℎ−8𝐶𝑙5∆̄

(𝑘)
u

𝑉 𝐼𝐼𝐼
+ ℎ−10𝐷𝑙5

(𝑘)
u

𝑋
+

+L̃︀* ·(𝜌F) = 0, 𝑘∈N0 (N0={0,1,2, . . .}).
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Equations of the quasi-static second strain gradient theory of
transversal-isotropic prismatic bodies of constant thickness in moments
of displacement vector relative to the system of Legendre polynomials

To obtain the desired systems of equations we need to find expression for
(𝑘)
u ′′,

(𝑘)
u

𝐼𝑉 ,
(𝑘)
u 𝑉 𝐼 ,

(𝑘)
u 𝑉 𝐼𝐼𝐼 and

(𝑘)
u 𝑋 when −1 ≤ 𝑥3 ≤ 1. Here they are defined using the

following relationship
(𝑛)
u

(2𝑚)
(𝑥′)=(2𝑛+1)

∞∑︀
𝑘=1

𝐶2𝑚−1
𝑘+2𝑚−2

2𝑚−1∏︀
𝑠=1

(2𝑛+2𝑘+2𝑠−1)
(𝑛+2𝑘+2𝑚−2)

u

=
2𝑛+1

2

2𝑚∑︀
𝑘=1

(−1)𝑘+1[(𝜕2𝑚−𝑘
3 u)++(−1)𝑛+𝑘(𝜕2𝑚−𝑘

3 u)−]𝑃𝑘−1
𝑛 (1)+

(𝑘)
u (2𝑚),

(𝑘)
u (2𝑚) = (2𝑛+ 1)

[𝑛/2−𝑚+1]∑︀
𝑘=1

𝐶2𝑚−1
𝑘+2𝑚−2

2𝑚−1∏︀
𝑠=1

(2𝑛−2𝑘−2𝑠+3)
(𝑛−2𝑘−2𝑚+2)

u , 𝑛∈N0, 𝑚∈N.

Here N0 = N ∪ {0}, N is the set of natural numbers, 𝐶2𝑚−1
𝑘+2𝑚−2 are binomial

coefficients, (𝜕𝑠3u)
− = (𝜕𝑠3u)

⃒⃒
𝑥3=−1

and (𝜕𝑠3u)
+ = (𝜕𝑠3u)

⃒⃒
𝑥3=1

, 𝑠∈N.
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Eigenvalue Problem and Construction of a Complete System of
Eigentensor Columns of Symmetric Tensor-Block Matrix
Above, we have written the relations using tensor-block matrices (TBM). Let me
introduce a definition of the TBM.
Block matrix, whose blocks are composed of the various rank tensors, is called the
TBM.
TBM of sizes 𝑞 ×𝑚 can be written as

M =

⎛⎝ A11 A12 · · · A1𝑚

· · · · · · · · · · · ·
A𝑞1 A𝑞2 · · · A𝑞𝑚

⎞⎠ , (8.1)

where 𝑚 and 𝑞 are some natural numbers; A𝑘𝑙, 𝑘 = 1,𝑞, 𝑙 = 1,𝑚 are the arbitrary
tensors, also called the subtensors of TBM (8.1)
The matrix

M𝑇 =

⎛⎜⎝ A𝑇
11 A𝑇

21 · · · A𝑇
𝑞1

· · · · · · · · · · · ·
A𝑇

1𝑚 A2𝑚 · · · A𝑇
𝑞𝑚

⎞⎟⎠ ,

is called transposed matrix with the TBM.
TBM, which coincides with its transpose matrix is called symmetric.
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TBM is said to be quadratic if the number of rows and columns are the same
(𝑞 = 𝑚).
Such matrices are often used in the application.
Column matrix (row matrix) whose elements are the tensors of various rank, is
called the tensor column (tensor row). The tensor column Ũ︀ whose elements are
the 𝑝-rank tensors, is represented in the form

U = (U1, . . . ,U𝑚)𝑇 =
(︀
U1, 𝑖1𝑖2···𝑖𝑝 , . . . ,U𝑚, 𝑖1𝑖2···𝑖𝑝

)︀𝑇
R𝑖1𝑖2···𝑖𝑝 .

Now we can formulate the eigenvalue problem of the TBM

Eigenvalue problem. It is required to find all tensor columns

U = (U1, . . . ,U𝑚)𝑇
(︀
U𝑇 = (U1, . . . ,U𝑚)

)︀
,

satisfying the equation

M
𝑝
⊗U = 𝜆U,

where 𝜆 is a scalar.
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1. The authors propose constitutive relations and derive the equations of motion
and equilibrium of the second-gradient linear theory of anisotropic inhomogeneous
elastic bodies with respect to the strain tensor and the three-dimensional velocity
vector. These relations generalize the corresponding relations obtained by
C.Polizzotto.
2. Authors derived the equations of motion and equilibrium of the second-gradient
linear theory of anisotropic homogeneous elastic bodies with respect to the
displacement vector. At the same time, the authors presented these equations
using the introduced differential tensor-operators of the second rank. As a special
case, equations are obtained for the cases of isotropic and transversely-isotropic
bodies.
3. For the differential tensor-operators indicated above, we have found expressions
for the differential tensor-operators of the cofactors. Based on them, the
corresponding equations splitted over the components of the displacement vector
are obtained. 4. In the case of isotropic and transversely-isotropic homogeneous
elastic bodies with respect to the displacement vector, three-dimensional splitted
equations for prismatic thin bodies with respect to the displacement vector are
obtained. To do this, the authors used the classical parametrization of the domain
of a prismatic thin body.
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5. Applying the method of orthogonal polynomials from the splitted quasi-static
equations indicated above, the quasi-static equations of the second-gradient theory
of isotropic and transversely isotropic homogeneous elastic prismatic thin bodies
in moments of displacement vector with respect to an arbitrary orthogonal system
of polynomials are obtained. As a special case, we obtain equations in moments
with respect to the system of Legendre polynomials.
It should be noted that the resulting systems of equations of various
approximations in moments of the displacement vector are splitted for each
moment of the displacement vector. As a result, we come to the high-order
elliptic-type equations. The Vekua method can be used to solve these equations.
Thus, one can obtain analytical solutions in the class of analytic functions of a
complex variable. A special case of the general solution of the 6-th order elliptic
equation can be found in the work
A.Ulukhanyan, Representation of Solutions to Equations of Hyperbolic Type.
Moscow University Mechanics Bulletin, 2010
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