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Axiomatic Method for Constructing )
a Generalized Solution of a Mixed oo
Problem for a Telegraph Equation

Igor S. Lomov

Abstract The paper presents an algorithm for constructing a rapidly converging
series representing a generalized solution of a mixed problem for a telegraphic equa-
tion considered in a half-band. Reviewed the case of an essentially non-self-adjoint
operator in a spatial variable. The system of root functions of a differential operator,
in addition to its eigenfunctions, contains an infinite number of associated functions.
The constructed series can be considered as a generalized d’ Alembert formula. A new
axiomatic A.P. Khromov’s method is applied to construct the solution. The proposed
approach superseds the traditional method of separating variables for solving mixed
problems, which usually results in to slowly converging series. For the problem under
consideration, in general, the method of separating variables is not applicable, since
the coefficient of the equation depends both on the spatial variable and on time.

Keywords Telegraph equation - Mixed problem - Generalized d’ Alembert
formula - Fourier method - Non-self-adjoint operator - Divergent series

1 Introduction

A number of mathematical models used in problems of sound theory (elasticity),
light, electricity and magnetism, contain the so-called telegraph equation u,, (x, t) =
Uy (x, 1) — qu(x, t). Amixed problem is posed. Consider the case when the potential
q can also depend on time, ¢ = ¢g(x, t). To construct a solution to a generalized
mixed problem, we use the recently developed axiomatic method of A.P. Khromov
[1]. Previously, he developed a sequential method for constructing a generalized
solution to the problem under consideration [2, 3]. The advantage of these methods
over the methods used earlier consist in the fact that minimum requirements are
imposed on the initial data of the problem, the justification of the result attracts a
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2 I. S. Lomov

minimum number of additional statements, and the solution is given in the form of
a rapidly converging functional series.

Let’s consider four problems sequentially, for which we will find generalized
solutions.

2 A Mixed Problem for a Homogeneous Wave Equation
with a Nonzero Initial Deviation

Consider the following problem

U (x,1) =ty (x, 1), (x,1) € (0,1) x (0, +-00), (1)
u,t) =0, (0,t)=u,(l,1), t=>0, 2)
u(x,0) =ex), u;(x,00=0, xel0,1], 3)

p(x)—complex-valued, integrable on (0, 1) functions, ¢(x) € £(0, 1). We use the
notation derivatives u, = %, etc.

The peculiarity of the problem (1)—(3) is due to the fact that the corresponding
Sturm-Liouville operator Ly : Iy = —y”(x), x € (0, 1), y(0) =0, y'(0) = y'(1),
is essentially non-self-adjoint (according to Ilyin)—the system of root functions
of this operator, in addition to its eigenfunctions, contains an infinite number of
associated functions (the Samarsky-Ionkin problem). Let’s write out this system.

Denote by g, the square roots of the eigenvalues operator, {u(x)}—system
of eigen and associated operator functions, moreover, uy;_(x)—eigenfunctions,
uy (x)—associated functions, k > 1, {v;(x)}—biorthogonally conjugate system of

. 1,k =n, 1
functions, (uy, v,) = 6, = {07 ktn where (uy, v,) = fo up(x)v, (x)dx.
Then 09 =0, o—1 = o =27k, k > 1, up(x) = x, vo(x) =2, un_1(x) =
sin 2mkx, vyr_1(x) = 4(1 — x) sin 27kx, Uz (x) = — g7 cos 2mkx, vy (x) =

—167k cos 2mkx. So the chosen system {uy(x)} of root functions of the operator
forms unconditional basis in the space £2(0, 1). System {v, (x)} also forms an uncon-
ditional basis in this space.
The formal solution of the problem (1)—(3) by the Fourier method is
u(x, 1) =32 + 0N, @)+
oo
+4> [(30(7'), (1 = 7)sin2nn7)sin27wn(x + 1)+
n=1
+(@(7), cos 2mnT) (x + 1) cos 2mn(x + 1) |+ 4)
o0
F2x -1, p)+4 > [((p(T), (1 — 7)sin27nT) sin2wn(x — t)+
n=1
+(o(7), cos2mnT)(x —t)cos2mn(x — t)]}.
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Axiomatic Method for Constructing a Generalized Solution ... 3

Definition 1 By the classical solution (almost everywhere solution) of the problem
(1)—(3) we mean the function u(x, ¢) continuous and continuously differentiable with
respect to x and ¢ in half-strip [0, 1] x [0, 00), and the functions u, (x, 1), u;(x, t)
are absolutely continuous in x € [0, 1] and ¢ € [0, 00), respectively, satisfying the
conditions (2), (3) and almost everywhere in x and ¢ the Eq. (1).

Let us present a uniqueness theorem for the classical solution of the problem
(1)-(3). Fix an arbitrary number T > 0, let Qy—rectangle, Q7 = [0, 1] x [0, T,
denoted by Q is the class of functions integrableon Q7, f € QO < f(x,t) € L(Q7).

Theorem 1 If u(x, t) is a classical solution to the problem (1)—(3) with condition
up(x,t) € Q YT > 0), then it is unique and can be found by the formula (4), in
which the series on the right for any fixed t > 0 converge absolutely and uniformly
inx € [0, 1].

The proof of the theorem follows the scheme described in [4] and does not depends
on specific boundary conditions.

Note that the series (4) makes sense for any function ¢(x) € £(0, 1), although
now it can also be divergent. Nevertheless, we will assume that it is a formal solution
of the problem (1)—(3), but now understood purely formally. This problem (1)—(3)
will be called the generalized mixed problem. Finding a solution to a generalized
mixed problem means finding the “sum” of, generally speaking, a divergent series.
“Sum” in quotes means that this is the sum of a divergent (generally) series (see [5,
p. 101], [6, p. 6, 19]).

Finding a solution to the generalized mixed problem (1)—(3) means finding the
“sum” of the divergent series (4).

In addition to the three axioms about divergent series [6, p. 19], following
A.P. Khromov, we will also use the following integration rule for a divergent series:

|-/ ®

where [ is a definite integral.

Let’s go back to the row (4). Before transforming it, let us write the formal
expansion of the function ¢ (x) into a series in terms of the root system functions of
the operator L:

px) ~2x(1, ) +4 io: [(p(T), (1 —T)sin27wnT) sin 2Tnx+ ©)
n=1

+(p(7), cos 2nT)x cos 2mwnx].

The series (4) can be represented as

ulx,t) = Z++Z_, (7N
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4 1. S. Lomov

]

where ) | = ) ...(x = 1). Comparing (6), (7), we conclude that to find the “sum”
n=1
of the series (4), we need to find the “sum” of the series (6) .

Let the “sum” of the series (6) for x € [0, 1] be some function g(x) € £(0, 1).
Then, in accordance with rule (5), we have

S gmdn =2(1,¢) [ ndn+
0 0

+4 i [(o(T), (1 = 7) sin27nT) f sin 2mnndn+ ®)
n=l1 0

+(p(1), cos 2mnT) [ ncos2mnndn], x € [0, 1].
0

The following generalization to the considered system {u;(x)} of Lebesgue’s
theorem on term-by-term integration of the trigonometric Fourier series takes place.

Theorem 2 Let a function o(x) € L(0, 1) be given that has the series (6) as its
biorthogonal expansion in the system {u;(x)}. If the segment is [A, B] C [0, 1], then

f o(x)dx = f 2x(1, p)dx + Z f[4(<p(7') (1 — 7) sin 27nT) sin 2mrnx+
n=1
+4(<p(7') cos 27rn7')x cos 27rnx]df;c

Those, the biorthogonal series (6) can be integrated term-by-term, the resulting
B

series converges and its sum is equal to f (p(x)dx. In this case, the series (6) itself
A

may not converge.
The proof of Theorem 2 is carried out in Sect. 5.
According to Theorem 2, the sum of the series (8), the usual sum, is the function

fcp(n)dn But then, fg(n)dn = fgp(n)dn, i.e. g(x) = p(x) is true almost every-

Where on the 1nterval [0, 1], we have found the “sum” of the series (6), which can
also be divergent.

The formal series (6) is defined for all values of x € R. Denote by @(x) the “sum”
of the series (6) for all values of x € R. By virtue of (6) and (7) we conclude that the
“sum” u(x, t) of the series (4) is a function

1 . ~
u(x, 1) = Slplx +1) + plx — 0. €))

Proven

Theorem 3 The solution of the generalized mixed problem (1)—(3) is the function
u(x, t) from the class Q defined by the formula (9).
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Axiomatic Method for Constructing a Generalized Solution ... 5

Let us find an algorithm for extending the function ¢ (x) from the segment [0, 1],
where $(x) = ¢(x), to the whole number line. Assuming that @(x) is a smooth
function, we substitute the relation (9) into the boundary conditions (2). We obtain
two equalities: §(x) = —&(—x), x € R, i.e., the function $(x)—odd, and

F+x)=2¢(x) -1 —x), xeR, (10)

where it is taken into account that @' (x)—is an even function. We integrate the
equality (10) over the interval [0, x], and we get

B(1 4 x) =23(x) + 3(1 —x), x > 0, (1)
The relation (11) allows us to extend the function $(x) = p(x), x € [0, 1], from the

segment [0, 1] to the semiaxis x > 0, then we continue the function to the semiaxis
x < 0 as an odd function.

3 Mixed Problem for an Inhomogeneous Wave Equation
with Zero Initial Deviation

Consider the following generalized mixed problem

Lt,,(x,t)=thx(x,t)+f(x,t), (xat)e(()s 1) X (07 +OO), (12)
u0,1) =0, uy(0,1) =u,(1,t), t>0, (13)
u(x,0) =u,(x,0) =0, xel0,]1], (14)

where f(x, t) is a function of class Q.
The formal solution of the problem (12)—(14) by the Fourier method is

t—T7

u(x,t) =1 fdr [ {26+, fE N+

o0
+43 [(FE 7). (1 — ) sin 2mng) sin 2mn(x + 1)+

+(;?§1, 7), €08 27n&) (x + n) cos 2mn(x + n) |+

+2(x —m(, f(§, 1) +4 io: [(f(& 7). (1 = &) sin27né) sin 27n(x — 1)+
+(f (€, ), cos2mné)(x — ;):éos 2mn(x —n)]}dn,

we used the rule (5) and took the integrals out of the signs of the sums. Let’s combine
terms with arguments (x + 1) and (x — ), we get
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6 I. S. Lomov

X+t—T

u(x,t) =1 fdr [ {2n(1, f& )+

0 xX—t+T1

+4 io: [(f(f, 7), (1 — &) sin 2wnf) sin 2wnn+ (15)

n=1
x+t—17

+(f (& 1), cos2mn&)ncos2mnn|ydn =5 [dr [ f(n,7)dn,
0

x—t+1

the last equality is explained by the fact that the bracketed expression {-} in (15), as it
follows from the formula (6), has the “sum” f (n, ), where f (n, T) is the extension
of the function f(n, 7) along 7 to the entire real axis using the same formulas, which
is for the function ((x).

Thus, fair

Theorem 4 The solution u(x,t) of the generalized mixed problem (12)—(14) is a
function of class Q defined by the formula

1 x+i—T1

1 =~
u(x,t) = E/dT / f(n, ndn. (16)

0 x—t+T

From the formula (16), using the continuation formulas, we obtain the estimate
lu(x, Dllcor < erllf(x, Dz, YT >0, cr = const > 0,

this confirms that u(x, t) is a function of class Q.

4 A Mixed Problem for an Inhomogeneous Wave Equation
with a Nonzero Initial Deviation

Consider a generalized mixed problem

utt(xvt)Zuxx(xﬂt)+f('xat)7 (xat)e(oa 1) X (07 +OO)7 (17)
u0,1) =0, uy(0,1) =u,(1,t), t>0, (18)
u(x,0) = o), u;(x,0)=0, xel0,]1], 19)

where f(x, t) is a function of class Q, p(x) € L(0, 1).

The formal solution of the problem (17)—(19) by the Fourier method is u(x, t) =
uo(x,t) + uy(x,t), where ug(x, t) is the series (4) and u;(x, t) is the series (15).
Therefore, based on Sects. 2 and 3, we get
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Axiomatic Method for Constructing a Generalized Solution ... 7

Theorem 5 Generalized mixed problem (17)—(19) has a solution u(x, t) of class Q
defined by the formula

t X+t—T
- . i 5
(e 1) = (B0 D+ Bx— D+ / dr / Fanndn. Q)
0 X—t+T1

5 Mixed Problem for the Telegraph Equation

We use the results of Sects. 2, 3 and 4 to solve the following problem:

U (X, 1) = Uyy(x, 1) —q(x, Hu(x,t), (x,t) € (0,1) x (0, 400), 21
u(0,t) =0, wu,0,1) =u,(1,1), t=>0, (22)
u(x,0) =), u;(x,0) =0, xel0,1], 23)

where p(x) € £(0, 1), the function ¢g(x, t) is such that there is a function go(x) €
L(0, 1), such that |g(x, )| < go(x), the function g(x, t)u(x,t) is a function of
class Q.

From Theorem 5 we obtain that finding a solution to the problem (21)—(23) in the
class Q reduces to finding in this class the solution of the integral equation

t xX+t—T
—

| ~ 1
ux, 1) = Zlex + 0+ plx =01 = E/dT / g, Tu(n, T)dn,  (24)

0 x—t+T1

where g (1, T)u(n, 7) is the extension along 7 to the entire real axis from the interval
[0, 1] for each 7 of the function ¢ (7, T)u(n, T) by the same formulas as the function
w(x).

The integral equation has a unique solution in the class Q obtained by the method
of successive substitutions. This solution is given by the formula

[e.¢]
u(x, ) = A(x,1) = Y a(x,1), (25)
n=0
where L _
ao(x, 1) = 5[p(x +1) + px — 1],
t X+t—T7 ~
an(x, )y =3 [dr [ foa(p,mdy, n=12,...,
0 x—t+1
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8 I. S. Lomov

where  f,(.7) = (), 7) = =g (1, Ta,(n,7) for nef0, 1, n=0,1,...,
fa(n, T) extends over the variable 1 from [0, 1] to the whole line in the same way as

—_~

the function ¢ (x), ﬁ,(n, T) =—qm, T)a,(n, 7).
The formula (25) can be called the generalized d’ Alembert formula.

Theorem 6 If o(x) € L(0, 1) then the A(x,t) (25) converges absolutely and uni-
formly (with exponential speed) in the rectangle Q1 for any T > 0.

The proof of the theorem follows directly from the following estimate for the
common term of the series (25).

Lemma 1 Ler o(x) € L(0, 1), T—arbitrary positive number. Then the estimates
hold

n—1

(n—1)!

n+1

lla.(x, Hllcon < 5 lgolli el , n €N, ¢r =const > 0.

The proof of the lemma is carried out using the method of mathematical induction.

6 The Term-by-Term Integration Theorem

Here we justify Theorem 2 on the term-by-term integration of the biorthogonal expan-
sion with respect to the system {u (x)} integrable on the interval [0, 1] functions. We
adhere to the well-known scheme of proving the Lebesgue theorem, with the correc-
tion that now the expansion in a series is not carried out according to orthonormal
system, but biorthogonal system. Let us rename ((x) in Theorem 2 by f(x).

So,letafunction f(x) € £(0, 1) be given, which has as its biorthogonal expansion
in the {ug (x), vg(x)} system

2x(1, f) +4 io:[(f(T), (1 — 1) sin27nT) sin 2mnx+ 06)
n=1
+(f (1), cos 2nT)x cos 2mnx].

Let [A, B] C [0, 1], then it is required to prove that

n=1

B B ~ B
[f@dx =2 [x, fdx+4Y [[(f(), (1 —7)sin27nT) sin 27nx+
A A A

+(f (1), cos 2mnT)x cos 2mnx|dx,

those, the series (26) can be integrated term by term, the resulting series converges
and its sum is equal to | f f(x)dx. In this case, the series itself (26) may diverge.
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Consider the function

_[1, x€l[A, Bl
px) = {0, x €[0,1]\ [A, B].

190 Each of the systems {uj(x)}, {vi(x)}, forms an unconditional basis in the space
20 L2(0,1). Letus expand the function ¢(x) into a series in the system {vg (x), u(x)},
201 and call it the conjugate series:

oo
p(x) ~2ap + 4> [ax (1 — x) sin 27kx + S cos 2mkx] =
k=1

202 =2(p(1), 7) +4 ioj [(p(T), sin2mkT)(1 — x) sin2mkx+ @7
k=1

+(p(7), T cos 2wkT) cos 2mkx].

Let us calculate the coefficients «yg, ax, Bx, k > 1, of the series (27). We have
B
ap = (p(1), 7) = [7dT = 1(B? — A?),
A

B
oy = (@(7), sin2mkt) = [ sin2mkTdT = 5 (cos 2wk A — cos 2k B),
A

B
Br = (o(7), Tcos2mkT) = /{Tcos 2rkTdT = ﬁlk[B sin2wkB — A sin 2wk A+
—i—ﬁ(cos 2wk A — cos 2wk B)].

Let us substitute the obtained relations for the coefficients into the partial sum S,, (x)
of the series (27):

S,(x) =B — A2+ 4 Ve [ﬁ(cos 2nkA — cos 2wk B)(1 — x) sin 2wkx—+
k=1

+352- (B'sin 2k B — A sin 2k A) cos 2mkx + 5z (cos 2mk A—
—cos 2wk B) cos 27rkx].

203 Let us prove that (1) the sequence {S, (x)} converges Vx € [0, 1], (2) the sequence
204 {S,(x)} is uniformly bounded in » and x to [0, 1].

205 (1). To prove the convergence of the series (27), we apply the Dirichlet-Abel
206 test and the comparison test for numerical series. We transform the products of
207 trigonometric functions into sums and group terms. We will receive
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10 I. S. Lomov

n n
2 2, l-x—A \~ sin2mk(A+ l—x+A N~ sin2mk(A—
Sn(x) =B? - A+ ):T Z sin 7Tk( X) ):r Z sin 7rk( x)+
k=1 k=1
n . no
+X77IT+B Z 51"27(12(3"'/“) 4 I*J:TJrB Z s1n27r/;((B—X)+ (28)
k=1 k=1

+4 > L(cos2mk B — cos 2mk A) cos 2mkx.
k=1

According to the usual scheme, we obtain the estimates

! 1
| > sin2mk(A £ x)| £ —————, Va, Vx €0, 1],
pa | sinT(A £ x)|

Axtx#0,A+x#1.If A£x =0o0r A+ x =1, then the corresponding sums
are equal to zero;

- 1
|Zsin27rk(B tx)|<—"——, Vn, Vxel0,1],
o | sin7(B % x)|

B—x#0,Btx#1,2.If B£x=1,2 or B—x =0, then the corresponding
sums are equal to zero.

Thus, the sums of sines in the first four partial sums in (28) are bounded in absolute
value for all values of n and x € [0, 1]. Consequently, the series corresponding to
these sums converge in every point x € [0, 1]. The series corresponding to the last
sum in (28) converges absolutely and uniformly on the set [0, 1].

Thus, the sequence {S,, (x)} converges at every point x € [0, 1], i.e. the series (27)
converges on [0, 1].

(2). Let us prove that there is a constant ¢ > 0 such that [S,(x)]| < ¢, Vn, Vx €
[0, 1]. To do this, we prove that each of the sums on the right-hand side (28) is
uniformly bounded.

Let us use the well-known estimate ([7, p. 318])

> Si‘;{’“| <2J7. Vn VieR.
k=1

Putting in the first sum in (28) r = 27 (A + x), we obtain

3D S Y B <2 e e oo
k=1 k=1

Similarly, we evaluate the next three sums in (28). For the last sum in (28),
we obtain an upper bound in terms of the constant ¢ = 4, Vn, Vx € [0, 1], since
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Axiomatic Method for Constructing a Generalized Solution ... 11

n
> k% < 2, Vn. For the sum S, (x), we obtain an estimate uniformin» and x € [0, 1]
k=1

in terms of the constant ¢; = 1 + % + %:
[Sn(x)| <c1, VYn=1, Vx €0, 1]. (29

The results obtained in (1), (2) make it possible to apply the Lebesgue theorem
on passing to the limit ([7, p. 139]):

1 1
/ F@pE)dx = lim / FSu(dx,
0 0

or, use the relation (27),

B 1 00 1
[ f@)dx =200 [ f)dx +4 Y [ou [ f(x)(A = x) sin2mkxdx+
A 0 k=1 0

1 B
+08¢ [ f(x)cos2mkxdx] = 2(1, f) [xdx+
0 A

00 B
+4 3 [(f (), (1 = 7) sin2mk7) [ sin 2mkxdx+
k=1 A

B
+(f (1), cos 2mkT) [ x cos 2mkxdx],
A

those, we get the required formula. Theorem 2 is proved.
The author is grateful to A.P. Khromov for helpful discussions of the results of
this work.
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