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Exact solutions describing a fall of a particle to
the centre of a non-regularized singular potential
in classical and quantum cases are obtained and
compared. We inspect the quantum problem with the
help of conventional Schrödinger’s equation. During
the fall, the wave function spatial localization area
contracts into a single zero-dimensional point. For
the fall-admitting potentials, the Hamiltonian is non-
Hermitian. Because of that, the wave function norm
occurs time-depended. It demands an extension to
this case of the continuity equation and rules for
mean value calculations. Surprisingly, the quantum
and classical solutions exhibit striking similarities.
In particular, both are self-similar at the particle
energy equals zero. The characteristic spatial scales
of the quantum and classical self-similar solutions
obey the same temporal dependence. We present
arguments indicating that these self-similar solutions
are attractors to a broader class of solutions, describing
the fall at finite energy of the particle.

1. Introduction
Collapses, i.e. spatio-temporal evolutions of smooth
solutions resulting in the formation of singularities,
happen in various physical phenomena and play a
significant role there. Suffice to mention implosion of
spherical and cylindrical shock waves [1–3]; the collapse
of bubbles in a liquid [3–6]; the self-focusing in nonlinear
optics [7–9]; gradient catastrophe of acoustic waves [10];
Langmuir’s collapse in plasma physics [11]. For more
examples and their discussions, see, e.g. review [12] and
references therein.
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Among various collapses, a fall of a quantum particle to the centre of a singular spherically
symmetric potential, also known as quantum collapse, has a special significance: the potentials
admitting the quantum collapse make the Hamiltonian non-Hermitian; see below, §4. As a result,
Schrödinger’s equation with this potential fails to produce the ground state [13,14]. This gives rise
to very unusual properties of wave functions so that the conventional rules for the mean value
calculations and continuity equation cannot be used in this case and demand reconsideration;
see below.

In 2023, revising fundamental concepts of quantum mechanics might seem peculiar, to
say the least. Therefore, we want to clarify that the suggested changes have no bearing on
the common problems of non-relativistic quantum mechanics. They only affect the particular
solutions to Schrödinger’s equation with the non-Hermitian Hamiltonian to overcome the
intrinsic contradictions of the conventional rules arising in this case.

The quantum collapse is a rare but not the only case of non-Hermitian Hamiltonians in
quantum mechanics. They may also be introduced in other essentially time-depended problems,
e.g. in the α-decay, where a complex value of energy corresponds to the decaying in time
probability to find the particle in a quasi-discrete level [15] or, in more general terms, in various
manifestations of resonant scattering of particles by potentials with quasi-discrete levels, known
as Fano resonances [16] etc.

In contrast to conventional Hermitian Hamiltonians, each case of Schrödinger’s equation with
a non-Hermitian Hamiltonian requires an individual consideration valid, generally speaking,
only for a given problem. Accordingly, the approach of the present paper is explicitly developed
for the fall to the centre. However, the method employed here is much broader and may also be
applied to other problems, whose examples are mentioned above.

Study of Schrödinger’s equation with collapse-admitting potentials has a long-lasting history
[17–37]. Its results are discussed in reviews [12,38] and enter text-books [13,14]. Nonetheless,
most of them are based on various regularization procedures (cutoff of a singular potential
at the vicinity of the singularity, a shift of the boundary conditions from the singular point
to its proximity, incorporation of nonlinear terms etc.). On the other hand, any regularization
procedure implies (explicitly or implicitly) that, at vanishing regularization parameters, the
regularized solutions converge to non-regularized ones. This is not the case for the quantum
collapse: at the point of the potential singularity, the wave functions do not have any definite
limit [13,14]. Therefore, a continuous transition from a regularized problem to its original non-
regularized version becomes impossible. Thus, the fundamental question of whether a spatial
localization area for a wave function obeying Schrödinger’s equation indeed can collapse to a
zero-dimensional point remains open.

The argument that, close to the singularity, the collapse conditions usually are violated does
not compromise the problem. The issue is common to all collapses. Its resolution is well known:
the collapse-admitting problem describes the most physically-significant part of the dynamics,
lasting as long as the spatial scale of the solution remains larger than the one where the collapse-
breaking terms become essential. At the same time, the problem description in terms of the
collapse-admitting approach is more simple, informative, and convenient, that those based on
the incorporation of the collapse-breaking corrections [12].

Therefore, here we intentionally avoid any regularization. The questions we answer in this
study are whether there are any exact collapse-exhibiting solutions to Schrödinger’s equation valid
in all space and, if so, whether they agree with the fundamentals of quantum mechanics, despite
the non-Hermitian Hamiltonian.

We obtain a set of such solutions. However, they are too unusual to allow straightforward
interpretations. The main goal of the publication is to draw the community’s attention to the
interpretations of the solutions rather than the solutions themselves. We did our best to interpret
them, but we do not claim the given interpretation is ultimate· · ·

The paper has the following structure. In §2, we discuss the classical problem. In §3, we inspect
a specific example of this case: a fall of an electron to a heavy dipole and reveal the role of radiative
losses. In §4, we formulate the quantum problem. In §5, we derive the applicability condition for
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applying the quasi-classical approximation to the problem in question. In §6, we obtain a family
of, exhibiting collapse, exact solutions to Schrödinger’s equation. In §7, we inspect the associated
with these solutions peculiarities of time-depended norms. Section 8 is devoted to calculations
of mean values with the help of wave functions with time-dependent norms. In §9, we describe
and discuss the modification of the continuity equation required in this case. In §10, we preset
and inspect specific examples of the solutions to the quantum problem. Section 11 is devoted to
conclusions. Appendix contains some ancillary calculations.

2. Classical problem
To begin with, we consider classical collapse. Let us recall its main features [39]. The spherical
symmetry of the problem results in the conservation of the particle angular momentum
M = r × p. It means that r(t) is always perpendicular to the constant vector M, i.e. the particle
trajectory is a two-dimensional curve. Then, it is convenient to describe this motion in a polar
coordinate system with the origin at the centre of the potential U(r). Next, the angular momentum
conservation leads to the following relation:

ϕ̇ = M
mr2 , (2.1)

where dot stands for d/dt, and m is the particle mass.
The energy integral has the form

E = m
2

(ṙ2 + r2ϕ̇2) + U(r) ≡ mṙ2

2
+ Ueff(r). (2.2)

Here

Ueff(r) = U(r) + mr2ϕ̇2

2
≡ U(r) + M2

2mr2 , (2.3)

see equation (2.1).
The introduced Ueff(r) makes it possible to exclude ϕ from the energy integral. The obtained

equation is one-dimensional and readily integrated for any U(r). The result is as follows:

t − tini = ±
∫ r

rini

dr′√
(2/m)[E − Ueff(r′)]

≡ ±
∫ r

rini

dr′√
(2/m)[E − U(r′)] − (M2/m2r′2)

; (2.4)

where E stands for the particle energy, and rini ≡ r(tini) is the initial condition. Note that we keep
two signs of the square root in equation (2.4). It means that the solution equation (2.4) has two
branches, so that both t − tini and dr/dt may have any sign.

This fact is essential. To understand that, consider a finite motion of the particle corresponding
to nonlinear oscillations of r between rmin and rmax, where rmin, max are two sequential roots of the
equation E = Ueff(r), and rmin < rmax. The following expression gives the period of the oscillations:

T = 2
∫ rmax

rmin

dr√
(2/m)[E − Ueff(r)]

. (2.5)

When r(t) increases, dr/dt> 0. It corresponds to the sign plus in equation (2.4). By contrast, the
stage of the motion when r(t) decreases corresponds to the sign minus. The conclusion is that at
the return points, namely at r = rmin and r = rmax, a transition between the solution branches takes
place. Since for both branches dr/dt = 0 at r = rmin, max, see equation (2.4), the transition does not
violate smoothness of the dependence r(t). Thus, every time, when r reaches a given value with
the same sign of dr/dt, tini in equation (2.4) increases by the period of oscillations T. Bearing it in
mind, we proceed with the discussion of the collapse.
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The expression under the square root in equation (2.4) must be non-negative. Then, the point
r = 0 is accessible, i.e. collapse is possible, provided

[r2U(r)]r→0 ≤ − M2

(2m)
. (2.6)

For definiteness, in what follows, we consider the potential

U(r) = −β/r2; (β > 0), (2.7)

Notably, that potential equation (2.7) does exist in nature. For example, it describes the interaction
of a point electric charge with a particle possessing zero total electric charge but a finite dipole
moment [35]; see below, §3 (the issue is essential in understanding electron capture by a polar
molecule [20]). It also arises in many other physical problems [40], such as certain quantum
three-body problems [21,41], the physics of cold atoms [42,43], polymer physics [44], the near-
horizon problem for certain black holes [45] etc. Thus, the collapse in this potential has practical
importance in various branches of physics.

The application of condition equation (2.6) to potential equation (2.7) gives rise to the following
inequality: β ≥ M2/2m. Note that, at β <M2/2m, Ueff(r)> 0, i.e. the effective potential becomes
repulsive. Only a motion with E> 0 can occur in this case. In agreement with the mentioned
above, for this motion, r is bounded from below by r = rmin, satisfying the equality Ueff(rmin) = E.
It explains why the violation of equation (2.6) makes collapse impossible.

The case β = M2/2m is trivial since the dynamic equation, in this case, is the same as that for
a free motion of the particle, when mṙ2/2 = E. Therefore, in what follows, we suppose the strict
inequality

β >
M2

2m
. (2.8)

First, we consider equations (2.4), (2.7) with a finite negative E. Then, equation (2.4) yields

r =
√

−χ t
(

1 + t
T

)
, −T

2
≤ t ≤ 0 (2.9)

and

r =
√
χ t
(

1 − t
T

)
, 0 ≤ t ≤ T

2
. (2.10)

where

χ ≡ 2
√

2mβ − M2

m
, T = mχ

2|E| . (2.11)

(we set tini = 0 and employ the initial condition r(0) = 0). Note that the dimension of χ is
length2/time.

Branch equation (2.9) of the obtained solution describes a fall of the particle to the centre,
which begins with r = rmax ≡ √

χT/2, at t = −T/2, and ends at the origin of the coordinate system,
at t = 0. At t> 0, the collapse terns into escape, described by branch equation (2.10), so that r(t)
increases from 0, at t = 0, to rmax, at t = T/2.

Note also that T and rmax are the only problem constants with the dimensions of time and
length, respectively. When, during the collapse, r(t) becomes much smaller than rmax, the latter
ceases to play the role of the problem characteristic scale. Moreover, the condition r(t) � rmax

holds at |t| � T, see equations (2.9), (2.10). It means that, in this region, T does not determine the
characteristic temporal scale too. That is to say, close to the completion of the collapse (beginning
of the escape), the problem loses its characteristic scales both in time and space. Then, according
to the general principles of dimensional analysis [46,47] the problem must become self-similar,
when its dynamic is described by a dimensionless ratio of r to a certain power of t, instead of the
two independent variables r and t, in non-self-similar cases; see also below §4.
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For the problem in question, it is so indeed: in the specified region, the term t/T in
equations (2.9), (2.10) may be dropped. It transforms both branches into the self-similar
solution

r√
χ |t| = 1, (2.12)

where the dimensionless ξ = r/
√
χ |t| may be regarded as a new self-similar quantity.

What happens if E tends to zero from below? In this limit, both T and rmax tend to infinity,
and the periodic nonlinear oscillations of the particle become an aperiodic motion when, at t< 0,
the particle falls to the centre from infinity and then, at t> 0 escapes from the centre, returning to
infinity.

Remarkably, that in this case, the self-similar solution equation (2.12) becomes exact. At the
same time, any general-type solution with finite E< 0 is transformed into the self-similar one at
the late stage of the collapse (the initial stage of the escape); see equations (2.9), (2.10). In other
words, the exact self-similar solution equation (2.12), valid at E = 0, is an attractor for any other
solution with a finite E exhibiting the collapse (escape). For this reason, the case E = 0 will play a
special role in the proceeding discussion; see §§4–10.

It is important to stress that close to the moment of the collapse completion or escape
beginning, the transformation of a solution with any finite value of E into a self-similar form is not
a specific feature of the potential equation (2.7). It is a generic property of any collapse-admitting
potential with a power-type singularity. Indeed, consider a potential with the singularity ∼ 1/rs.
To satisfy the collapse condition equation (2.6) at M 
= 0, we must have s ≥ 2. However, if M = 0,
the only restriction is s> 0. In this case, even the Coulomb potential ∼ 1/r is collapse-admitting.
Either way, at r → 0 and any finite E, the term ∼ 1/rs makes the overwhelming contribution to
the square root in equation (2.4). Then, dropping other terms under the square root sign and
evaluating the integral, we obtain a universal self-similar solution in the form r/|t|2/(2+s) = const,
whose particular case at s = 2 is equation (2.12). In other words, at r → 0, the dependence
r = const|t|2/(2+s) is the only universal asymptotic to any collapse(escape)-exhibiting solution to
the problem in question.

Returning to the potential equation (2.7), it is relevant to calculate the radial component of the
particle momentum pr = m dr/dt. At E = 0, it reads:

pr = ± χm
2
√
χ |t| , (2.13)

where the signs minus and plus correspond to the collapse (t< 0) and escape (t> 0), respectively.
Note that pr diverges at t → 0.

Taking into account the periodicity of the partile motion, we can rewrite the solution equation
(2.9), (2.10) in an equivalent form, which sometimes is more convenient for analysis. To this end,
we employ instead of equation (2.9), the same branch shifted by period T along the t-axis. It can
be done with the help of the formal transformation t → t − T in equation (2.9). It is easy to see that
this procedure converts equation (2.9) into equation (2.10). At the same time, the validity domain
of the converted branch becomes T/2 ≤ t ≤ T. Merging it with the validity domain stipulated by
equation (2.10), we obtain an equivalent form of a single period of the solution described only by
equation (2.10), which, however, now is valid for 0 ≤ t ≤ T.

To complete the inspection of the classical problem, we present an explicit expression
for ϕ(t). We readily obtain it by integrating equation (2.1). Doing that, it is convenient
to use for r(t) the above equivalent form of the solution. It gives rise to the following
formula:

ϕ(t) = a ln
t

T − t
, 0 ≤ t ≤ T, (2.14)

where a ≡ M/mχ . We stress that, for the obtained solution, the domain of the non-trivial values of
ϕ extends from minus to plus infinity. As an example, figure 1 shows the trajectory of the particle
at a = 5.



266
267
268
269
270
271
272
273
274
275
276
277
278
279
280
281
282
283
284
285
286
287
288
289
290
291
292
293
294
295
296
297
298
299
300
301
302
303
304
305
306
307
308
309
310
311
312
313
314
315
316
317
318

ARTICLE IN PRESS

6

royalsocietypublishing.org/journal/rspa
Proc.R.Soc.A20230366

......................................................

0
x/rmax

y/
r m

ax

0.5–0.5–1.0

–1.0

–0.5

0

0.5

1.0

1.0

Figure 1. An example of a classical collapse-escape trajectory in a Cartesian coordinate system; a= 5. The dashed black and
solid blue lines designate the two parts of the trajectory described by equations (2.10), (2.14) with 0≤ t ≤ T . Here, 0≤ t ≤
T/2 and T/2≤ t ≤ T correspond to escape and collapse, respectively.

3. Fall of electron to heavy dipole: radiative losses
This section considers a specific example of the classical collapse: a fall of a (quasi)classical
electron to a heavy neutral atom (or molecule) with a fixed finite dipole moment d.1 We consider
the most straightforward problem formulation, corresponding to the zero angular momentum
of the electron. Then, d must be directed to the falling electron to minimize the electrostatic
interaction energy. Thus, the problem is a particular case of the one discussed above, where M = 0.
We can neglect the displacement of the atom’s centre of mass owing to the tremendous difference
in the masses of the electron and atom. However, the falling electron moves with increasing
acceleration and hence must emit electromagnetic waves. The emission decreases the electron
energy. It may affect the structure of the above solutions. To elucidate this effect, we calculate
the radiative losses. We do it based on the above solution (obtained without consideration of
the losses) regarding this solution as the zeroth approximation. Then, the power emitted by a
non-relativistic electron moving with the acceleration w is given by Larmor’s formula [48]

I = 2e2w2

3c3 , (3.1)

where e is the electron charge, and c stands for the speed of light in a vacuum.
For the problem in question, the closer collapse completion moment, the larger w. Therefore,

it is natural to suppose that the effect of the radiative losses increases, as the collapse completion
approaches. On the other hand, as shown above, close to the completion moment, the general
solution equations (2.9), (2.10) is transformed into the self-similar form equation (2.12). Therefore,
it is sufficient to study the radiative losses for r(t) = √−χ t at t ≤ 0. In this case, the total energy
Erad emitted prior to a given moment t is

Erad =
∫ t

I(t′) dt′ = 4e2β2

3c3m2χ (−χ t)2 ≡ 4e2β2

3c3m2χr4 . (3.2)

1The Hamiltonian of an atom is invariant against the inversion transformation, while the Hamiltonian of a molecule is not.
For this reason, a molecule may have a fixed dipole moment in a stationary state. By contrast, the dipole moment of an atom,
in a generic case, is zero. Nonetheless, if certain special conditions hold, an atom also may have a finite dipole moment [13].
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The upper limit of the integral in equation (3.2) makes the main contribution to its value. Then,
it is possible to extend the lower limit to minus infinity, despite the self-similar asymptotic
equation (2.12) of the general solution equation (2.9) is valid only in the vicinity of the collapse
moment.

To estimate how these losses affect the collapse dynamic, note that the latter is described
by equations (2.4) and that close to the collapse completion moment |U(r)| � |E|. It means that
we have to compare Erad not to E but to U(r). In other words, the radiative losses impact on
the collapse dynamic becomes substantial at the value of r ∼ rrad, where rrad is defined by the
condition |U(rrad)| = Erad(rrad). In contrast, the losses may be neglected at r � rrad. Simple algebra
results in the following expression for rrad:

rrad = 2|e|
mc3/2

√
β

3χ
. (3.3)

Let us estimate the order of magnitude of rrad. At M = 0, χ = 2
√

2β/m; see equation (2.11).
Next, for the dipole moment produced by a polarization of spatial distribution of the valence
electrons, β is estimated as e2rB, where rB = h̄2/me2 is Bohr’s radius. In this case the estimate of
the r.h.s. of equation (3.3) reads

rrad ∼ 1
(mrB)3/4

( |e|
c

)3/2
rB = α3/2rB, (3.4)

where α= e2/h̄c ≈ 1/137 is the fine-structure constant. The numerical value of α3/2 ≈ 6 × 10−4.
That is to say, rrad � rB.

Since Bohr’s radius is the characteristic quantum scale for atomic phenomena, the obtained
estimate of rrad means that long before the impact of the radiative losses on the collapse dynamics
becomes noticeable, the classical description must be replaced by the corresponding quantum
one. This essentially quantum description of the collapse is given below.

4. Quantum problem formulation
Conventionally, the Hamiltonian in Schrödinger’s equation is a Hermitian operator with a
complete set of orthogonal eigenfunctions. Accordingly, solutions to Schrödinger’s equation
can be built as eigenfunction expansions. However, in the case of potential equation (2.7), the
eigenfunctions corresponding to different E values are not necessarily orthogonal.2 It is related
to their behaviour at r → 0 [14]. Since the orthogonality of Hamiltonian eigenfunctions with
different values of E is a direct consequence of its self-adjointness (see, e.g. [13]), the non-
orthogonality, even for a single pair of them, means that the Hamiltonian with potential equation
(2.7) is not Hermitian. It makes the possibility of building general solutions to the corresponding
Schrödinger’s equation in the form of eigenfunction expansions questionable. At least, the author
is unaware of any success in this way.

Regarding particular solutions, which may be built from the set of the Hamiltonian
eigenfunctions discussed in the monograph by Morse & Feshbach [14], they do not help much
(if any) to understand the collapse dynamics. The point is that in Schrödinger’s equation,
Hamiltonian eigenfunctions are wave functions of stationary states. In the collapse case, building
a solution in the form of eigenfunction expansion is an attempt to describe an essentially time-
depended process with the help of stationary-state eigenfunctions. It looks like trying to force a

2The orthogonality may be imposed as an additional condition. It singles out a certain subset of eigenfunctions, while the
eigenfunctions that do not satisfy the imposed condition are not orthogonal to the ones belonging to the subset. For details,
see [14].
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square peg into a round hole. To overcome this difficulty, we consider a spatio-temporal evolution
of a wave packet,3 described by time-depended Schrödinger’s equation

ih̄
∂Ψ

∂t
= ĤΨ ; Ĥ ≡ − h̄2

2m
	+ U(r). (4.1)

Here, 	 stands for the Laplacian, and U(r) is given by equation (2.7). Equation (4.1) should be
supplemented by the initial condition Ψ =Ψ0(r) and the one stipulating finiteness of the wave
function norm, i.e, convergence of

∫ |Ψ |2d3r.
We employ the power of dimensional analysis to obtain collapsing solutions of equation

(4.1) The main concepts of this analysis are as follows [46,47]. Arguments of any mathematical
function must be dimensionless quantities. The wave function in equation (4.1) depends on the
dimensional r and t. To make them dimensionless, we have to normalize them on constants with
the proper dimensions. These constants should be built from the ones entering our problem.
There are only three dimensional constants entering equation (4.1), namely m, h̄, and β. Their
most general combination has the form: mζ1 h̄ζ2βζ3 , where ζ1,2,3 are real constants. It is easy to see
that for the β dimension corresponding to equation (2.7) and any values of ζ1,2,3 this product
cannot have the dimensions of r or t.

The only remaining way to obtain the required constants is to find them in the initial
condition. Indeed, the initial condition must have a characteristic spatial scale of the wave
function localization rini. Then, e.g. the combination mr2

ini/h̄ may be selected as the characteristic
temporal scale. Seemingly, it removes the normalization problem. It does not! The point is that if
the collapse indeed takes place, the region of the wave function spatial localization contracts. Its
size eventually turns to zero. Then, the finite scale associated with the initial conditions ceases to
play the role of a characteristic scale of the problem and becomes useless for our purposes.

The other striking conclusion following from the dimensional analysis is that Schrödinger’s
equation with potential in the form of equation (2.7) cannot have discrete levels but the one with
E = 0 [19]. To see that, once again we consider a more general form of the potential, namely

U(r) = − β

rs , (4.2)

where the sign of s may be any. At s< 0 to make expression (4.2) a potential well (not a barrier) β
also should be negative. In particular, at s = 1 equation (4.2) corresponds to the Coulomb field, and
for s = −2 it is a harmonic oscillator potential. In our case s = 2. According to precisely the same
arguments as those used above in the discussion of the characteristic spatio-temporal scales, we
conclude that if a discrete spectrum exists, its levels should be composed as products of powers
of h̄, m and β. There is the only possible product with the required dimension, which gives rise to
the following expression for the energy of the levels:

En = εnm

(
|β|ms−1

h̄s

)2/(2−s)

, (4.3)

where εn is a dimensionless quantity.
It is seen straightforwardly that equation (4.3) coincides with the well-known expressions for

the spectrum of a harmonic oscillator and the one in the Coulomb potential. However, at s = 2
it fails to produce a reasonable result. In this case, the only opportunity to return to physically
meaningful application of the obtained expression is to set there εn to zero.

The above simple arguments result in the conclusion that if the quantum collapse exists, a
solution describing its final stage must be self-similar. In this solution, r varies as a certain power

3The idea is not mine. When I was a junior scientist, my adviser Sergei I. Anisimov from Landau Institute told me about this
approach to the problem. Moreover, he said that together with Igor E. Dzyaloshinskii, they had found a solution describing
the collapse of a wave packet. Many years later, in connection with nanoparticle light scattering, I came across a problem
mathematically analogous to the quantum collapse. I recalled this conversation with Anisimov and asked him for details and
references. He replied that these results had never been published and details he did not remember. Now, Anisimov and
Dzyalashinskii have both passed away. I decided to apply their approach to the problem and make the results available to a
broad readership as a small token of my great respect for these distinguished scholars.
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of t, and the corresponding dimensionless variable is built as a ratio of r to this power of t, cf.
Equation (2.12) in the classical case. Moreover, the self-similar solution must be an attractor:
any solution exhibiting the collapse is transformed into the self-similar form at the final stage
of the phenomenon. We have proven that for the classical case; see the convergence of the
general solution equations (2.9), (2.10) to the self-similar equation (2.12) in the vicinity of the
point r = 0. We can transfer these classical results to the quantum problem, matching the classical
and quantum cases through the quasi-classical approximation, discussed below.

5. Quasi-classical condition
The applicability condition for the quasi-classical approximation implies that the characteristic
spatial scale of the wave function variations is much smaller than that for the potential and
hence, for the corresponding classical solution. The particle de Broglie wavelength, which is
inversely proportional to its momentum, determines the wave function spatial variations. At a
given potential, the larger the momentum, the smaller the de Broglie wavelength and, therefore,
the more accurate the quasi-classical approximation. For the classical problem formulation, the
particle momentum increases with the increase in the coupling constant β. On the other hand, the
shape of the potential equation (2.7) is determined by r2 in the denominator and does not depend
on β. Then, it may be expected that the entire dynamic of the quantum particle is quasi-classical,
at large enough β.

To check the guess, we must explicitly employ the applicability condition. Due to the
introduced Ueff the classical particle dynamic becomes one-dimensional, see equations (2.2)–(2.4),
and the radial component of the momentum pr = mṙ plays the role of the corresponding one-
dimensional momentum. In this case, the quasi-classical applicability condition reads as follows
[13]: ∣∣∣∣∂ –λ

∂r

∣∣∣∣� 1, (5.1)

where –λ= h̄/pr and pr = ±√2m(E − Ueff); see equation (2.2).
Simple calculations transform equation (5.1) into the following expression:

h̄(2mβ − M2)
|2mEr2 + 2mβ − M2|3/2 � 1. (5.2)

Thus, at any finite E and r → ∞, the particle motion is quasi-classical. However, we are interested
in the opposite limit, namely r → 0. Setting in equation (5.2) r to zero gives rise to the condition

h̄√
2mβ − M2

� 1. (5.3)

Equation (5.3) mathematically confirms the guess: at large enough β, the quantum dynamic is
always quasi-classical.

6. Exact solution to Schrödinger’s equation
Now, when we have unveiled the qualitative features of the quantum problem, we can find its
exact self-similar solution. We will look for it in the following form:

Ψ =
∑


∑
m=−

CmΦ(−χ t)Ym
 (θ ,ϕ)R(ξ ). (6.1)

Here, Cm are constants, Ym
 (θ ,ϕ) stand for the spherical harmonic functions (do not confuse index

m with the mass of the particle), ξ = r/(−χ t)ν ; Φ(−χ t), R(ξ ), χ , ν are yet unknown functions and
constants, respectively. Here, the moment t = 0 corresponds to the complete collapse. Then, the
collapse dynamic is described by t< 0.
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We have to stress that, in contrast to the conventional eigenfunction expansion, the ansatz
equation (6.1) is not a general solution to the problem. Moreover, for the time being, we even
cannot say that it is a solution. We guess that it is. To ensure that the solution in such a form does
exist, we have to find it explicitly. Let us proceed in this way.

It is possible to show (see appendix A) that equation (6.1) may be a self-similar solution to
equation (4.1), provided

Φ(−χ t) = const(−χ t)μ , (6.2)

where μ are dimensionless constants (generally speaking, complex). Regarding the dimensional
constant χ , it is convenient to suppose that χ = h̄/m. Note that, at this definition, the dimension
of χ is the same as that in the classical case, namely length2/time.

The necessary collapse condition (+ 1)< (2mβ/h̄2) − (1/4) [13,14], limits the value of  in the
sums in equation (6.1). Recalling that the eigenvalues of the square of the angular momentum l̂2

are h̄2(+ 1) and denoting them as M2, we may rewrite the above constraint as

β >
h̄2(+ 1)

2m
+ h̄2

8m
≡ M2

2m
+ h̄2

8m
. (6.3)

When h̄ → 0, equation (6.3) coincides with the classical collapse condition; see equation (2.8).
Substituting equations (6.1), (6.2) into equation (4.1) and employing the orthogonality of

Ym
 (θ ,ϕ) we obtain a detached equation for R. Then, without loss of generality, we consider

a single term on the r.h.s. of equation (6.1) as Ψ , dropping the signs of sums, while Cm may
be dropped owing to the linearity of the problem. Therefore, we can simplify the notations by
omitting the subscript . Eventually, at ν = 1/2, Schrödinger’s equation is reduced to the following
ordinary differential equation for R(ξ ); see appendix A:

R′′ +
(

2
ξ

+ iξ
)

R′ +
(
γ

ξ2 − 2iμ
)

R = 0, (6.4)

where

γ ≡ 2mβ

h̄2 − (+ 1), (6.5)

and prime denotes d/dξ .
The authors of [12,49] employed a particular type of solution equations (6.1), (6.2) with μ=

−(1/2 + iκ) to study the so-called weak collapse in nonlinear Schrödinger’s equation. However,
in [12,49], a physically meaningful solution exists only at a single value of κ . By contrast, in the
linear problem discussed here, the restrictions imposed on μ are much weaker, see below.

Equation (6.4) is exactly integrable. Its general solution is

R(ξ ) = 1√
ξ

[
C1ξ

−(iα/2)_1F1

(
−1 + iα

4
− μ; 1 − iα

2
; − iξ2

2

)

+ C2ξ
iα/2_1F1

(
−1 − iα

4
− μ; 1 + iα

2
; − iξ2

2

)]
. (6.6)

Here, C1,2 are constants, 1F1(a; b; z) designates the Kummer confluent hypergeometric function of
the first kind [50], and

α≡
√

4γ − 1> 0, (6.7)

(do not confuse it with the fine-structure constant!).
The positiveness of the expression under the square root in equation (6.7) follows from the

necessary collapse condition; see equations (6.3), (6.5). If the condition does not hold, i.e. γ < 1/4,
α is purely imaginary, and equation (6.4) with purely real α becomes invalid.



531
532
533
534
535
536
537
538
539
540
541
542
543
544
545
546
547
548
549
550
551
552
553
554
555
556
557
558
559
560
561
562
563
564
565
566
567
568
569
570
571
572
573
574
575
576
577
578
579
580
581
582
583

ARTICLE IN PRESS

11

royalsocietypublishing.org/journal/rspa
Proc.R.Soc.A20230366

......................................................

Now, when we have introduced the self-similar variable ξ , and obtained the quantum solution
equation (6.6), we can rewrite equation (5.3) in an equivalent form, namely

2χ |t|
rclas(t)2 � 1. (6.8)

Here, rclas(t) is the classical self-similar solution equation (2.12). The advantage of this
presentation is its physical clarity. Indeed,

√−χ t is the characteristic spatial scale of variations
of the obtained self-similar wave function. Then, the quantum particle motion is quasi-classical,
provided this scale is small relative to the one for the corresponding classical solution. Notably,
while the condition equation (6.8) is valid for any general (i.e. not necessarily self-similar) solution,
it is written in terms of the self-similar variables. The latter is an additional indication of the
importance of self-similar solutions for the problem in question.

Expression (6.6) includes the terms ξ±i(α/2), where ξ and α are positive quantities. Then,

ξ±i α2 = (ei2πn+ln ξ )±i(α/2) = e∓παn e±i(α/2) ln ξ

= e∓παn
[
cos

(α
2

ln ξ
)

± i sin
(α

2
ln ξ

)]
, (6.9)

where n is an arbitrary integer. Such a singularity is typical for the problem under consideration
[13,14].

Expression (6.9) has an infinite number of branches corresponding to different values of n.
Every branch’s real and imaginary parts have the number of zeros, demonstrating unlimited
growth at ξ → 0. For simplicity, in what follows, only the single branch with n = 0 is inspected.

According to the definition of ξ , we should emphasize that this quantity diverges at t = 0, i.e.
at the moment of the collapse completion. Then, while the behaviour of R(ξ ) at ξ → 0 is essential
from the viewpoint of the solution branching and its other analytical properties, the behaviour of
the wave function close to the moment of the collapse completion is practically overwhelmingly
determined by the R(ξ ) asymptotic at ξ → ∞. This asymptotic is discussed in appendix B.

What is about escape? Schrödinger’s equation is invariant against the time-reversal procedure
accompanied by the complex conjugation. Then, being applied to equations (6.1), (6.2), (6.6), these
transformations generate the wave function describing the particle escape from the centre at t> 0.
As well as in the classical case, at the moment t = 0, the collapse is transformed into escape by
transferring from one solution to the other.

7. Time-dependent Norm
We must normalize Ψ to calculate the probability density and the mean values of operators.
Conventionally, the norm of a wave function (||Ψ ||) is a constant. It follows from self-adjointness
of Ĥ [13]. Indeed,

d
dt

||Ψ ||2 ≡ d
dt

〈Ψ |Ψ 〉 ≡ d
dt

∫
Ψ ∗Ψ d3r

=
∫
Ψ
∂Ψ ∗

∂t
d3r +

∫
Ψ ∗ ∂Ψ

∂t
d3r, (7.1)

where the asterisk stands for the complex conjugation. Bearing in mind equation (4.1), it may be
rewritten as

i
h̄

(∫
Ψ Ĥ∗Ψ ∗d3r −

∫
Ψ ∗ĤΨ d3r

)
. (7.2)

If Ĥ is Hermitian, the above expression identically equals zero.4

4Actually, the case is more subtle. In equations (7.1), (7.2), we integrate over all space at once. A more accurate approach
implies that we take the integrals over some finite volume V, and then, consider the limit V → ∞, extending V to all space.
For the finite V, the integrals over V can be transformed by Gauss’s theorem into integrals over the bounding V surfaces. The
corresponding integrals are proportional to the probability density fluxes through these surfaces. The expression equation
(7.2) vanishes, provided these fluxes turn to zero at V → ∞ or, in a more general case, the flux from infinity is equal to the
one through the origin of the coordinate system. See the discussion of this issue in §9.
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In our case, Ĥ is not Hermitian. Then, the norm may be time-depended. Indeed, simple
calculations show that for equations (6.1), (6.2), (6.6) ||Ψ ||2 = C(−χ t)(3/2)+2μ′

, where μ′ = Reμ
and C is a constant proportional to

∫∞
0 |R(ξ )|2ξ2 dξ . The convergence of the latter determines the

finiteness of C.
Calculations show that a proper choice of the ratio C2/C1 in equation (6.6) provides the integral

convergence at any values of μ′ except μ′ = −3/4. At μ′ = −3/4 the integral diverges at any C1,2;
see appendix B. Since μ′ = −3/4 is the only value of μ′, when ||Ψ || would not depend on t (see
above), the requirement of the finiteness of ||Ψ || always makes it time-depended.

Note that the divergence of ||Ψ ||2 at μ′ = −3/4 is logarithmic, i.e. extremely weak. It can be
stabilized by any correction making the wave function decay faster than that for the obtained
exact solution. The role of this correction can play, e.g. relativistic effects, the radiative losses
discussed above, etc. Phenomenologically the stabilization may be introduced as a cutoff of the
norm integral at some ξ0 � 1. In this case, the norm is a constant, and all further consideration
is the same as that in conventional cases with a Hermitian Hamiltonian. Then, we could assume
that the case μ′ = −3/4 is the only physical one, while all other solutions with μ′ 
= −3/4 do not
have physical meaning.

However, the cutoff drives the problem beyond its initial, strict all-sufficient formulation
of Schrödinger’s equation with potential equation (2.7) defined in all unlimited space. It is
interesting to see if we can keep the problem formulation and the basic quantum mechanics
concepts unmodified for a wave function with a time-dependent norm. We discuss this issue
in the next section.

8. probability density and mean value calculations
To be able to employ a wave function with a non-conserved norm we must reexamine several
conventional quantum mechanics rules and modify them, if required. The first, arising in this
case question, is how to normalize Ψ to obtain the probability density? There are at least two
options:

(i) the conventional expression, namely |Ψ |2/const;
(ii) |Ψ |2/||Ψ ||2.

Both have pro and contra. Case (i) is conventional. However, in this case, the probability of finding
a particle in any point of all space is not equal to unity and varies in time as (−χ t)(3/2)+2μ′

for
collapse and as (χ t)(3/2)+2μ′

for escape, see the previous section. Then, values of μ′ smaller than
−3/4 are meaningless since they would correspond to the probability of finding the particle larger
than unity at |t| → 0. At μ′ >−3/4, (i) would mean that the singularity at r = 0 acts as a sink for
the collapse (t< 0) and a source for the escape (t> 0). In other words, during the collapse, the
particle gradually gets out of our world (where to?), completely disappears at t = 0, then, slowly
returns at t> 0. This scenario sounds rather unusual.

Though case (ii) is also unusual owing to the time-dependence of ||Ψ ||, in this case, the
probability of finding a particle in any point of all space identically equals unity, and the
problem of communication with the ‘other world’ does not arise. However, in this case, the
normalized wave function does not satisfy Schrödinger’s equation (the term ih̄Ψ∂(1/||Ψ ||)/∂t
remains uncompensated.) On the other hand, since Ψ does, this feature does not contradict to
the fundamentals of quantum mechanics. Thus, case (ii) looks more physical.

Nonetheless, the final judgement in favour of either of the two cases must be done with the
help of the uncertainty relations. The derivation of the latter does not employ the self-adjointness
of Hamiltonian and norm conservation (see [13] and appendix C). Therefore, the uncertainty
relations must be valid for the problem in question too. Calculating the mean value of r̂ and
p̂r ≡ −ih̄∂/∂r, and assuming, as usual, that 	r	pr ∼ 〈r̂〉〈p̂r〉, we readily obtain: in case (i) 	r	pr ∼
h̄(−χ t)3+4μ′

, which does not satisfy the uncertainty relations; in case (ii) 	r	pr ∼ h̄, which does.
Thus, choice (ii) is correct, while (i) is not.
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The angular momentum conservation gives an additional argument supporting the choice of
case (ii). Due to the problem symmetry, the mean angular momentum 〈l̂2〉 must be a conserved
quantity. For the given Ψ , we have 〈Ψ |l̂2|Ψ 〉 = h̄2(+ 1)||Ψ ||2. To avoid misunderstanding, we
stress that here and in what follows, for any operator Â, the expression 〈Â〉 designates the mean
value of Â, while 〈Ψ |Â|Ψ 〉 stands for the scalar product of 〈Ψ | and Â|Ψ 〉, where, generally
speaking, the wave functions are not normalized. Therefore, 〈Â〉 = 〈Ψ |Â|Ψ 〉/||Ψ ||2.

Bearing it in mind and taking into account that ||Ψ || is time-dependent, we conclude that to
make 〈l̂2〉 conserved, one must get rid of ||Ψ || in the expression for 〈l̂2〉, i.e. choose case (ii). Then,
〈l̂2〉 = h̄2(+ 1) = const, as it should be.

It is also relevant to mention that in case (ii)

〈r̂〉 = cr
√

−χ t; 〈p̂r〉 = cp
h̄√−χ t

, (8.1)

where cr,p are dimensionless constants of the order of unity. These expressions are remarkably
similar to their classical analogues; see equations (2.12), (2.13).

Regarding the particle energy, note that since the obtained Ψ is not an eigenfunction of Ĥ, only
the mean value: E = 〈Ĥ〉 makes sense. According to equation (4.1) and (ii),

E = 〈Ψ |Ĥ|Ψ 〉
||Ψ ||2 = ih̄〈Ψ |∂Ψ/∂t〉

||Ψ ||2 = CE

t
. (8.2)

Here, the constant CE is given by a certain integral. The integral converges at μ′ <−3/4 and μ′ >
−1/4; see appendix B. On the other hand, the energy conservation law requires that E = const. It
is compatible with equation (8.2) only if CE = 0, i.e. E = 0. Tedious evaluation of the integral in the
complex plane gives rise to the same result; see also the discussion at the end of §4 concerning
the non-existence of the discrete spectrum but the level with E = 0 for the potential equation (2.7),
which also can be applied to this case.

We stress that the condition E = 0 also follows from the self-similarity of the obtained solution.
This argument is valid both in classical and quantum cases. Indeed, at E 
= 0, the problem
possesses constants with the dimensions of time and length, which can be built with the help
of m, β and |E|; see equations (2.11), (2.12). In the quantum case, due to the additional constant h̄,
it can be done even in various ways. The existence of a characteristic spatio-temporal scale breaks
self-similarity, and expressions equations (2.12), (6.1) fail to be exact solutions to the corresponding
problems. It does not mean that, at E 
= 0, collapsing solutions do not exist at all. They may exist in
non-self-similar forms; see equations (2.9), (2.10). However, as we have several times emphasized
above, the self-similar solutions remain attractors to non-self-similar ones.

9. Generalized continuity equation
How do the peculiarities mentioned above affect the continuity equation? To answer the question,
we revise the corresponding conventional case [13]. According to it, the wave function satisfies
the continuity equation

∂|Ψ |2
∂t

+ div j = 0, (9.1)

where j ≡ (ih̄/2m)(Ψ∇Ψ ∗ − Ψ ∗∇Ψ ) is the probability current density.
Equation (9.1) is a direct consequence of Schrödinger’s equation and the identities

Ĥ ≡ Ĥ∗; Ψ	Ψ ∗ − Ψ ∗	Ψ ≡ div (Ψ∇Ψ ∗ − Ψ ∗∇Ψ ). (9.2)

Conditions equation (9.2) hold for the problem in question, and hence, equation (9.1) is valid
in this case too. However, now, due to the time dependence of the norm and (ii), neither |Ψ |2
is the probability density, nor (ih̄/2m)(Ψ∇Ψ ∗ − Ψ ∗∇Ψ ) is the probability density current. The
corresponding quantities are ρ = |Ψ |2/||Ψ ||2 and J = (ih̄/2m||Ψ ||2)(Ψ∇Ψ ∗ − Ψ ∗∇Ψ ), respectively.
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Then, instead of equation (9.1) the continuity equation reads

∂ρ

∂t
+ div J = − ρ

||Ψ ||2
d||Ψ ||2

dt
= −

(
3
2

+ 2μ′
)
ρ

t
. (9.3)

To write the last equality in equation (9.3) we have employed the expression ||Ψ ||2 =
C(−χ t)(3/2)+2μ′

.
If we integrate equation (9.3) over a certain closed volume V, the integral of ∂ρ/∂t gives the

rate of the probability variation of finding the particle in this volume. The integral of div J is
transformed into the integral over the bounding V surface(s): it is the flux of the probability
density current through this surface(s).

In the conventional case, the r.h.s. of the continuity equation is zero [13], and the flux is the
only cause of the probability variations. In contrast, since equation (9.3) has a non-zero r.h.s., the
latter also contributes to the probability variations. Notably, the meaning of this contribution is
the generation or leakage (depending on the sign of the r.h.s.) of the probability density inside V.

Seemingly, this feature corresponds to creating something from nothing (generation) or vice
versa (leakage). However, it does not! Such a behaviour directly follows from the variations of
the size of the wave function spatial localization region due to the collapse (escape). Indeed,
let us consider a particle in a square potential well with infinitely high walls, as an example.
Suppose, these walls “adiabatically” move either toward or opposite each other. Then, obviously,
the probability of finding the particle in a given part of the space inside the well changes in time,
while the probability flux through the walls is zero: the changes are caused solely by the variations
of the size of the wave function localization region. The same effect takes place during the collapse
(escape).

Now, we integrate equation (9.3) over all space. Since, by definition, in this case,
∫
ρd3r → 1,

equation (9.3) yields ∫
div Jd3r = −

(
3
2

+ 2μ′
)

1
t

. (9.4)

Regarding the integral on the l.h.s. of equation (9.4), placing two concentric spheres about the
point r = 0 and employing Gauss’s theorem, we reduce the integral over the volume to the ones
over the surfaces of the spheres. Then, we let the inner and outer spheres’ radii tend to zero
and infinity, respectively. Calculations based on the asymptotical expressions for R(ξ ) at ξ → 0
and ξ → ∞ presented in appendix B show that, in this case, the flux through the outer sphere
tends to zero, while for the inner sphere, this is not the case, namely the singularity at r = 0 acts
as a sink, at μ′ >−3/4, and as a source, at μ′ <−3/4, in entire agreement with the expression
||Ψ ||2 = C(−χ t)(3/2)+2μ′

.
It is important to stress that existence of the sink (source) at r = 0 does not mean the particle

gradually gets out (in) our world to (from) the singularity. Due to the selected normalization rule
(ii), the probability of finding the particle in all space remains fixed and always equals unity.

10. Specific examples
To illustrate the behaviour of the obtained solutions, we consider specific examples of equation
(6.6) at μ= 0,

C1 =
(

i
2

)−(iα/4)
Γ

(
1 + iα

2

)
Γ

(
5 − iα

4

)
(10.1)

and

C2 = −
(

i
2

)iα/4
Γ

(
1 − iα

2

)
Γ

(
5 + iα

4

)
, (10.2)

and several characteristic values of α. Here Γ (x) stands for the Euler gamma function. At μ= 0,
the choice of C1,2 in the form of equations (10.1), (10.2) ensures the convergence of the norm
integral; see appendix B, equation (B 11).



743
744
745
746
747
748
749
750
751
752
753
754
755
756
757
758
759
760
761
762
763
764
765
766
767
768
769
770
771
772
773
774
775
776
777
778
779
780
781
782
783
784
785
786
787
788
789
790
791
792
793
794
795

ARTICLE IN PRESS

15

royalsocietypublishing.org/journal/rspa
Proc.R.Soc.A20230366

......................................................

10–6 0.001 1.0 1000

10–24

10–14

10–4

106

2 4 6 8 10

–6 × 10–9

–4 × 10–9

–2 × 10–9

0

2 × 10–9

4 × 10–9

6 × 10–9

|R
|,

R
e[
R

],
Im

[R
]

(a)

2 4 6 8 10

–0.6

–0.4

–0.2

0

0.2

0.4

0.6

�

�����

������

������

|R
|,

R
e[
R

],
Im

[R
]

(b)

|R|

|R|

Re[R]

Im[R]

Im[R]
Re[R]

(c)

|R
|2

�

��	�1016

Figure 2. (a) and (b) Modulus, real and imaginary parts of R(ξ ) given by equations (6.6), in the specific case of equations (10.1),
(10.2),μ= 0, andα = 30; Note the 16 orders ofmagnitude difference in the characteristic scales of ξ in (a) and (b). (c) Log-log
plots of |R(ξ )|2 in the case of equations (10.1), (10.2), andμ= 0, atα = 1, 10, 30. Two power-law asymptotics: |R|2 ∼ 1/ξ ,
at ξ → 0; and |R|2 ∼ ξ−6, at ξ → ∞ (see appendix), are well-pronounced.

The corresponding plots are shown in figure 2. Though the ξ -scales in figures 2a,b differ in 16
orders of magnitude, Re R(ξ ) and Im R(ξ ) keep the same self-similar profiles, whose characteristic
scale monotonically tends to zero at ξ → 0. In particular, the phase shift in oscillations of Re R(ξ )
and Im R(ξ ) remains fixed at any ξ so that the zeros of one function correspond to the local extrema
of the other and vice versa. As a result, the oscillations of the real and imaginary parts of R(ξ ) do
not affect its modulus, which is a smooth monotonic function of ξ . This feature is generic and
does not depend on the value of α, at least if α is not too small, see figure 2c. Notably, such a
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peculiarity has nothing to do with the self-similarity of equations (6.1), (6.4). The latter affects
only the specific choice of ξ , not the behaviour of R(ξ ) at ξ → 0.

11. Conclusion
Thus, we have studied and compared non-regularized classical and quantum collapses (escapes).
We constructively have proven that close to the completion of the collapse (the beginning of the
escape), the general solution to the classical problem is transformed into the self-similar one, i.e.
the latter is an attractor for any other solutions. We also have shown that the classical collapse is
continuously transformed into the escape and vice versa, i.e. the end of either marks the beginning
of the other. Calculating the radiative losses for a specific example of the collapse corresponding
to the fall of an electron with zero angular momentum to a neutral atom (molecule) with a finite
dipole moment, we have shown that long before the impact of the radiative losses on the collapse
dynamics becomes noticeable, the classical description must be replaced by the quantum one.

Then, we have proven the existence of quantum collapse and escape by obtaining the family
of exact solutions to Schrödinger’s equation, describing the phenomena. By simple arguments of
dimensional analysis supplemented by the matching of the general quantum and classical cases
through the quasi-classical approximation, we have shown that the obtained self-similar solutions
to the quantum problem also are attractors for a much broader class of non-self-similar ones.

Since, for the obtained exact solutions to Schrödinger’s equation, the norm of the wave
function is time-depended, we have generalized to this case the conventional rule to calculate
the mean values of operators, derived the corresponding continuity equation, and discussed
its properties. We also have revealed a striking similarity between the classical and quantum
collapses. Presumably, this fact should be related to certain hidden symmetry of the problem,
insensitive to its classical or quantum nature.

Note that two- and one-dimensional versions of quantum collapse are also meaningful
[23,25,30,33,40,44]. Since the spatial dimension does not affect the scaling properties of
Schrödinger’s equation required for self-similarity, the approach developed in the present paper
may be straightforwardly applied to these problems too. In these cases, the self-similar variable ξ
remains the same, while the governing equation (6.4) becomes different. Detailed discussions of
these issues lie beyond the scope of our analysis.

Thus, the self-similar solutions introduced here are a convenient and powerful tool to
investigate various dynamical effects in classical and quantum mechanics. Hopefully, the
presented study sheds new light on the fundamentals of quantum mechanics and provides a
better understanding of its basic principles.
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Appendix A. Self-Similar version of Schrödinger’s equation
Here, we find the conditions for the reduction of Schrödinger’s equation to a self-similar form.
One of the most general ansatzes for the wave function with a given  is as follows:

Ψ =Φ(−χ t)R(ξ )Ym
 (θ ,ϕ), (A 1)
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where ξ = r/(−χ t)ν , while Φ and R are yet unknown functions. For this type of Ψ (r, t), we have
∂nΨ/∂rn = (−χ t)−nν∂nΨ/∂ξn. Regarding ∂Ψ /∂t, it is given by the following expression:

∂Ψ

∂t
= νξχΦ(z)R′(ξ )

z
− χR(ξ )Φ ′(z). (A 2)

Here z ≡ −χ t. Our goal is to reduce Schrödinger’s equation to an equation depending solely on
ξ and independent of t explicitly. The necessary condition for that is that Φ(z)/z and Φ ′(z) on the
l.h.s of Schrödinger’s equation have the same dependence on t so that it makes a common for
them factor, which may be cancelled with the same factor on the r.h.s. It means that

dΦ
dz

=μ
Φ

z
, (A 3)

where μ is an arbitrary constant. Integrating this equation, we readily obtain

Φ = const · zμ. (A 4)

Substituting equation (A 1) with this form of Φ(z) into equation (4.1) with U(r) given by equation
(4.2) we arrive at the following equation:

z1−2νR′′(ξ ) + 2

[
imνξχ

h̄
+ z1−2ν

ξ

]
R′(ξ ) +

[
2βmz1−νs

h̄2ξ s
− 2iμmχ

h̄
− (+ 1)z1−2ν

ξ2

]
R(ξ ) = 0. (A 5)

It is seen straightforwardly that equation (A 5) does not depend on z if and only if ν = 1/2 and s =
1/ν=2. Regarding χ , the choice χ = h̄/m is just a matter of convenience to turn the corresponding
coefficient to unity. Then, equation (A 5) is transformed into equation (6.4).

Appendix B. Norm convergence
Here, we discuss the convergence of

∫∞
0 |R(ξ )|2ξ2 dξ , where R(ξ ) is given by equation (6.6). Since

1F1(a; b; z) is an analytic function of z on the whole complex plane [50] only the convergence at the
lower and upper limits should be examined.

The lower limit case is simple. Taking into account that 1F1(a; b; z) = 1 + O(z) at z → 0 [50], we
readily obtain that in proximity of ξ = 0 the most singular terms in the solution give rise to the
expression

|R(ξ )| ≈ 1√
ξ

|C1ξ
−(iα/2) + C2ξ

iα/2| ≤ |C1| + |C2|√
ξ

. (B 1)

This means, the singularity of |R(ξ )|2ξ2 at ξ = 0 is integrable. Remarkably, estimate (B 1) does
not depend on μ. Thus, the integral

∫∞
0 |R(ξ )|2ξ2 dξ converges at the lower limit at any μ.

The case ξ → ∞ is more tricky. The asymptotic expansion of 1F1(a; b; z) at |z| → ∞ reads [50]

1F1(a; b; z) = Γ (b)
Γ (b − a)

(−z)−aG(a, a − b + 1, −z)

+ Γ (b)
Γ (a)

ezza−bG(b − a, 1 − a, z), (B 2)

where

G(a, b, z) = 1 + ab
1!z

+ a(a + 1)b(b + 1)
2!z2 + · · · =

∞∑
n=0

(a)n(b)n

n!zn . (B 3)

In equation (B 3) (x)n designates the rising factorial (the Pochhammer function) defined as follows:

(x)0 = 1,

(x)n = x(x + 1)(x + 2) · · · (x + n − 1)

=
n−1∏
k=0

(x + k) = Γ (x + n)
Γ (x)

. (B 4)
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Then, according to equations (B 2), (B 3), the asymptotic expansion for 1F1(a; b; z) has two
groups of terms originated in the expressions proportional to (−z)−aG and ez za−bG, respectively.
According to equation (B 3), to select the most singular terms in every group at z → ∞, we
have to replace G by 1. Then, equation (6.6) results in the following asymptotic expression for
R(ξ ) ≈ 1R(0)(ξ ) + 2R(0)(ξ ), where

1R(0)(ξ ) = 1C(0)ξ2μ ×
[

(i/2)iα/4Γ (1 − (iα/2))
Γ (((5 − iα)/4) + μ)

C1 + (i/2)−(iα/4)Γ (1 + (iα/2))
Γ (((5 + iα)/4) + μ)

C2

]
(B 5)

and

2R(0)(ξ ) = 2C(0) e−(iξ 2/2)ξ−3−2μ

×
[

(−(i/2))iα/4Γ (1 − (iα/2))
Γ (−((1 + iα)/4) − μ)

C1 + (−(i/2))−(iα/4)Γ (1 + (iα/2))
Γ (−((1 − iα)/4) − μ)

C2

]
, (B 6)

Here 1,2C(0) are constants. The cumbersome explicit expressions for them are obtained upon the
step-by-step implementation of the above procedure. We do not need these expressions for further
analysis.

With the proper choice of the ratio C1/C2 we turn to zero either 1R(0)(ξ ) or 2R(0)(ξ ). If instead
of the leading terms solely, we employ the entire infinite series equation (B 3), the expression for
R(ξ ) becomes the following:

R(ξ ) =
∞∑

n=0

[1R(n)(ξ ) + 2R(n)(ξ )]. (B 7)

A remarkable thing, however, is that the expressions for 1,2R(n)(ξ ) preserve the same structure as
that in equations (B 5), (B 6). The only difference is in the change of the prefactor: 1C(0)ξ2μ →1
C(n)ξ2(μ−n) for 1R(n)(ξ ) and 2C(0) e−(iξ 2/2)ξ−3−2μ → 2C(n) e−(iξ 2/2)ξ−3−2(μ+n) for 2R(n)(ξ ); the
expressions in the square delimiters in equations (B 5), (B 6) do not depend on n and hence remain
the same at any n. It means, that the value of the ratio C2/C1 which turns jR(0) to zero (here j = 1, 2)
simultaneously turns to zero all jR(n) with the same value of j and any value of n, i.e. the entire
infinite series

∑∞
n=0 jR(n)(ξ ) vanishes.

Thus, at

C2

C1
= − (−(i/2))iα/2Γ (1 − (iα/2))Γ (−((1 − iα)/4) − μ)

Γ (1 + (iα/2))Γ (−((1 + iα)/4) − μ)
, (B 8)

2R(n) = 0 at any n, and R(ξ ) =∑∞
n=0 1R(n)(ξ ).

At

C2

C1
= − (i/2)iα/2Γ (1 − (iα/2))Γ (((5 + iα)/4) + μ)

Γ (1 + (iα/2))Γ (((5 − iα)/4) + μ)
, (B 9)

all 1R(n) vanish, and R(ξ ) =∑∞
n=0 2R(n)(ξ ).

In both cases, the most singular term is the one with n = 0. Let us inspect these terms’
contribution to the norm’s integral for the obtained wave function. In case equation (B 8), |R(ξ )|2 ∼
ξ4μ′

. Then, at ξ → ∞, the integral
∫ |R(ξ )|2ξ2 dξ ∼ ξ4μ′+3. Its convergence requires μ′ <−3/4.

Similarly, in case equation (B 9), |R(ξ )|2 ∼ ξ−6−4μ′
. Then, the norm integral converges at the

upper limit, provided μ′ >−3/4.
At μ′ = −3/4, the integral

∫∞
0 |R(ξ )|2ξ2 dξ diverges at the upper limit as ln ξ owing to the

contribution of |1,2R(0)(ξ )|2. Since the sole value of μ′ when the norm of the obtained wave
function does not depend on time is μ′ = −3/4, only time-depended norms are physically
meaningful for the given wave function.
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It is convenient to present the explicit form of the obtained solutions admitting the
normalization. It is as follows:

At μ′ <−3/4

R(ξ ) = C√
ξ

⎡⎣(− iξ2

2

)−(iα/4)

Γ

(
1 + iα

2

)
Γ

(
−1 + iα

4
− μ

)

× 1F1

(
−1 + iα

4
− μ; 1 − iα

2
; − iξ2

2

)

−
(

− iξ2

2

)iα/4

Γ

(
1 − iα

2

)
Γ

(
−1 − iα

4
− μ

)

× 1F1

(
−1 − iα

4
− μ; 1 + iα

2
; − iξ2

2

)]
. (B 10)

At μ′ >−3/4

R(ξ ) = C√
ξ

⎡⎣( iξ2

2

)−(iα/4)

Γ

(
1 + iα

2

)
Γ

(
5 − iα

4
+ μ

)

× 1F1

(
−1 + iα

4
− μ; 1 − iα

2
; − iξ2

2

)

−
(

iξ2

2

)iα/4

Γ

(
1 − iα

2

)
Γ

(
5 + iα

4
+ μ

)

× 1F1

(
−1 − iα

4
− μ; 1 + iα

2
; − iξ2

2

)]
. (B 11)

For the sake of symmetry, we have rescaled the constant of integration in equations (B 5), (B 6) so
that for equation (B 10)

C1 =
(

− i
2

)−(iα/4)
Γ

(
1 + iα

2

)
Γ

(
−1 + iα

4
− μ

)
C, (B 12)

while for equation (B 11)

C1 =
(

i
2

)−(iα/4)
Γ

(
1 + iα

2

)
Γ

(
5 − iα

4
+ μ

)
C. (B 13)

Note that the expressions in square delimiters on the r.h.s.’ of both equations (B 10) and (B 11)
are the differences of the two terms, where the second term is obtained from the first by the
formal transformation α→ −α. At α= 0 they are identical, and the r.h.s.’ of equations (B 10), (B 11)
vanish. Since the necessary collapse condition reads α≡√

4γ − 1> 0, see equation (6.7), it means
that the obtained solutions smoothly vanish at the continuous transformation of the potential
from the collapsing to the non-collapsing type at α→ 0.

Appendix C. Uncertainty relations
For the reader’s convenience, we reproduce here the main points of the derivation of the
uncertainty relations presented in [13], to show that it indeed does not require the Hamiltonian
self-adjointness. First of all, we recall that in the coordinate representation, the momentum
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operator reads

p̂ = −ih̄
∂

∂r
, (C 1)

Then, we suppose that a particle with the mean value of the momentum p0 is localized in a
finite region of space with the sizes 	x, 	y and 	z. In this case, its wave function has the form
ψ = u(r) exp[(irp0/h̄)], where u(r) sharply decays beyond the localization region.

Next, the eigenfunctions of the operator p̂ are plane waves so that the corresponding
eigenfunction expansion of a wave function ψ is just a Fourier integral. The coefficients in this
integral ψp are the Fourier transforms of ψ

ψp =
∫

u(r) exp[ir(p0 − p)/h̄] d3r. (C 2)

Since the mentioned sharp decay of u(r) beyond the localization region, this region makes an
overwhelming contribution to the integral on the r.h.s. of equation (C 2). On the other hand, if we
consider ψp as a function of	px,y,z = |p0x,y,z − px,y,z|, we will see its rapid decay as soon as	px,y,z

exceed the values
	px	x ∼ h̄,	py	y ∼ h̄,	pz	z ∼ h̄. (C 3)

The decay is related to the rapid oscillations of exp[ir(p0 − p)/h̄] in the area of the main
contribution to the integral, if 	px,y,z occurs beyond the specified bounds.

To complete the derivation, we have to recall that the probability density to find a given value
of p is proportional to |ψp|2. Thus, the probability for 	px,y,z to have a value beyond the bounds
equation (C 3) is negligibly small.
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