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✃!"#$ %"&"✱ ()*+,#- .)!)/%$!-0%-/)#- 1(213%01 4!-%"/ - !)0."5 ("5, ("5".!)+-✲

2-7)✳

9!"&+": 4!-%"/) ("5, -: !$/ :) 4$!-"5 Q(t) =
∫ t
0 q(τ) dτ ∈ (Qmin(t), Qmax(t)) -#$$%

+$/"%"!"$ ($!"1%+"0%+"$ !)04!$5$2$+-$ ( 5"($!-%$2;+"# 5-)4):"+$✳ ➬5$0; q(t) ✲ 0/"!"0%;
4!-%"/) ("5,✱ ) Qmin(t), Qmax(t) ✲ #-+-#)2;+,= - #)/0-#)2;+,= 4!"&+":-!>$#,= 4!-✲
%"/ ("5, :) 4$!-"5✳ ➬)#$%-#✱ ?%" ( "%2-?-- "% !)@"% ❬✷❪ :5$0; -04"2;:>$%01 ($!"1%+"0%;

0>##)!+"&" 4!-."5) :) 4$!-"5✱ -✱ 4"0/"2;/> ∀f(x, y) (,4"2+1$%01 +$!)($+0%("✿

∑

i
minjf(xi, yj) ≤ minj

∑

i

f(xi, yj) ≤ maxj

∑

i

f(xi, yj) ≤
∑

i

maxjf(xi, yj),

5)++,= 4"5."5 4":("21$% :+)?-%$2;+" >2>?E-%; %"?+"0%; 4!"&+":)✳ ❰0"@$++" G%" )/%>✲

)2;+" (" (!$#1 ($0$++$&" 4)("5/)✱ 4"0/"2;/> :) 0?$% (":#"*+,. 05(-&"( 4)("5/) 4" (!$✲

#$+- !):@!"0 4!-."5) ("5, :) "%5$2;+,$ #$01H, "/):,()$%01 :+)?-%$2;+" (,E$ !):@!"0)

0>##)!+"&" 4!-."5) ("5, :) ($0$++-= 4$!-"5✳

❰@7-= !)0."5 ("5, 0>##-!>$%01 -: !)0."5) +) %$.+-?$0/-$ +>*5, - $0%$0%($++,.

4"%$!;✳ I)0."5 +) %$.+-?$0/-$ +>*5, ✲ G%" !)0."5 +) "@("5+$+-$ 0>5"."5+,. /)+)2"(✱

:)@"! ("5, 521 +)0$2$++,. 4>+/%"( - 4!$54!-1%-=✱ ) %)/*$ 5!>&-$ 4"5"@+,$ !)0."5,

✭@$: !)0."5) ?$!$: ➹LM✮✳ ➴0%$0%($++,$ 4"%$!- "4!$5$213%01 (4-%,()+-$#✱ P-2;%!)H-$=

- -04)!$+-$#✳ ✃)/ 4!)(-2"✱ G%- .)!)/%$!-0%-/- -#$3% +$ "?$+; :+)?-%$2;+"$ 02>?)=+"$

/"2$@)+-$ 4" &"5)#✳ I)0."5 ("5, +) %$.+-?$0/-$ +>*5, - $0%$0%($++,$ 4"%$!- ("5, :)

4$!-"5 R(t) =
∫ t
0 r(τ) dτ ∈ (Rmin(t), Rmax(t)) :)5)3%01✱ /)/ 4!)(-2"✱ ( +$@"2;E"# 5-)4)✲

:"+$ ✭4" 0!)(+$+-3 0 5-)4):"+"# 4!-."5)✮✳ ➬5$0; r(t) ✲ 0/"!"0%; !)0."5)✱ Rmin(t), Rmax(t)
✲ #-+-#)2;+,= - #)/0-#)2;+,= 4!"&+":-!>$#,$ !)0."5, 0""%($%0%($++"✳

Q4!)(2$+-$ 4!"-0."5-% :)5)+-$# ($2-?-+, 0@!"0) ("5, ?$!$: ➹LM u(t)✱ :)5)()$#"=
( -+%$!()2$ [umin, umax] ✭#-+-#)2;+)1 - #)/0-#)2;+)1 5"4>0%-#)1 ($2-?-+) 0@!"0) 0""%✲
($%0%($++"✮✳ 9!-?$#✱ 4!- 4!$(,E$+-- +$/"%"!"= ($2-?-+, utex < umax

+)?-+)$%01 ."2"✲

0%"= 0@!"0 ("5, #-#" %>!@-+✳

➪)2)+0 ("5".!)+-2-7) ( G%"# 02>?)$ #"*+" 0P"!#>2-!"()%; 02$5>37-# "@!):"#✿

V(t) = V(0) +
∫ t

0
q(τ) dτ −

∫ t

0
r(τ) dτ −

∫ t

0
u(τ) dτ = V(0) + Q(t)− R(t)− U(t),

&5$ U(t) =
∫ t
0 u(τ) dτ ✲ 0>##)!+,= !)0."5 !)0."5 ("5, ?$!$: ➹LM :) 4$!-"5✳

✃"2-?$0%(" (,!)@)%,()$#"= G+$!&-- ( $5-+-H> (!$#$+- :)(-0-% "% 0@!"0) ("5, -

%$/>7$&" +)4"2+$+-1 ("5".!)+-2-7)

F(t) = F(u(t), V(t)).

➘)++)1 P>+/H-1 #"+"%"++" +$>@,()37)1 4" "@"-# 4)!)#$%!)#✳

T)/-# "@!):"#✱ :)5)?) "4%-#-:)H-- 0("5-%01 / :)5)?$ +)."*5$+-1 >4!)(2$+-1 u(t)
4":("2137$&" #)/0-#-:-!"()%;

∫ T

0
F(t) dt

4!- "&!)+-?$+-- >4!)(2$+-1

0 < umin < u(t) < umax.

M"0%"1+-$ 0-0%$#, ( %$/>7-= #"#$+% (!$#$+- t = 0 4"2+"0%;3 "4-0,()$%01 P>+/H-$=
V(0)✳ ❰5+)/"✱ ( 0-2> ($!"1%+"0%+"&" :)5)+-1 ($2-?-+, Q(t) 0"0%"1+-$ 0-0%$#, 521

✶✻✽



 !"#$"%& " '()*&+,(- *+!"-,$"(,./ $&0'1'- "23+4& V * 4"4+$, *!+4+$' t✳

✷✳ ❒#$%& '#(#)*+

➘0-  "7"2$"#" 80&((& %&7&1 4"9+, :;;+8,'*$"  !'4+$-,.(- 4+,"7 7'$&4'1+(8"#"

 !"#!&44'!"*&$'- ❬✸❪ '0' 4+,"7) 7';;+!+$?'&0.$)@ '#! ❬✹❪✳ ❰7$&8" * *'7C 2"0.D"#"

"23+4& %&7&1'  !' !+D+$'' $& E➶❒ "2)1$" 7+0&/, "7$" '%  +!+1'(0+$$)@ $'9+ C !"✲

I+$'J✳
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K4+$.D+$'+ #0C2'$)  !"#$"%& T 8*&7!&,'1$" ($'9&+, (0"9$"(,. %&7&1'✱ "7$&8"✱  !'

:,"4 (CI+(,*C+, *"%4"9$"(,.  "(,!"+$'- C !&*0+$'-✱ C7"*0+,*"!',+0.$"#" $&  !"#$"%'✲

!C+4"+ *!+4-✱ $"  !'*"7-I+#" 8 8!','1+(8"J (',C&?'' * 8"$?+  !"#$"%'!C+4"#"  +!'"7&✳

❮& !'4+!✱ +(0' '( "0.%"*&,. #0C2'$C  !"#$"%& ✶ 4+(-?✱ ," !+8"4+$7C+4"J (,!&,+#'+J *
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*$+D,&,$)4 (',C&?'-4 *" *!+4- $&1&0&  &*"78&✳

K*+0'1+$'+ 7'(8!+,$"(,'  " *!+4+$'  !' ("(,&*0+$''  !"#$"%& δt 8*&7!&,'1$" ($'✲

9&+, (0"9$"(,. %&7&1'✱ ($'9&- #'28"(,. C !&*0+$'-✳

❮&'2"0++ !&( !"(,!&$+$$)J ( "("2 C4+$.D+$'- (0"9$"(,' 7&$$"J %&7&1' ✲  +!+@"7 ",

*+!"-,$"(,$"#"  !"#$"%& 8 7'(8!+,$"4C ❬✺❪✳ ➶ :,"4 (0C1&+ *4+(," *+!"-,$"(,$"J @&!&8,+✲

!'(,'8' Q '( "0.%C+,(- ++ 4&,"9'7&$'+ '0' &$&0"#'1$)+ 7'(8!+,$)+ @&!&8,+!'(,'8'✳

E,"  "%*"0-+, %$&1',+0.$" C !"(,',. *)1'(0+$'-✱ "7$&8"  !'*"7',✱ *"✲ +!*)@✱ 8 $+*+!✲

$)4 !+%C0.,&,&4 * ('0C %$&1',+0.$"J $+0'$+J$"(,' ;C$8?'' F (u(t), V (t)) "8"0" ,!&+8✲

,"!'' " ,'4&0.$"#" C !&*0+$'-✱ *"✲*,"!)@✱ 8 C*+0'1+$'/ !'(8& *$+D,&,$)@ (',C&?'J✱

 "(8"0.8C $+ C1',)*&+,(- *+!"-,$"(,. ' ?+$& ",80"$+$'J ", "9'7&+4"#" "23+4&  !',"8&

*"7)✳

➮✱ $&8"$+?✱ $&'2"0++ :;;+8,'*$)J ( "("2✱ !&((4&,!'*&+4)J * :,"J (,&,.+  "(,!"+$'+

&$&0','1+(8"#" !+D+$'- 20'%8"#" 8 " ,'4&0.$"4C✱  "%*"0-/I+#"  "77+!9'*&,. $&'2"0.✲

D'J C!"*+$. *"7) * *"7"@!&$'0'I+  !' 8","!"4 C7&+,(- '%2+9&,.  ",+!. $& @"0"(,)+

(2!"()✳

➘0- $&@"97+$'- 4&8('4&0.$"#" ' 4'$'4&0.$"#" 7" C(,'4"#" C !&*0+$'- **+7+4 (0+✲

7C/I'+ ;C$8?''✿

Umax(t) = min
τ∈(0 T )

(

{

V0 − V min + Qmin(τ)−Rmax(τ) +
∫ t
τ umax(x) dx t ≥ τ

V 0 − V min + Qmin(τ)−Rmax(τ)−
∫ τ
t umin(x) dx t < τ

)

Umin(t) = max
τ∈(0 T )

(

{

V0 − V max + Qmax(τ)−Rmin(τ) +
∫ t
τ umin(x) dx t ≥ τ

V 0 − V max + Qmax(τ)−Rmin(τ)−
∫ τ
t umax(x) dx t < τ

)

U tex(t) = max
τ∈(0 T )

(

{

V 0 − V max + Qmax(τ)−Rmin(τ) +
∫ t
τ umin(x) dx t ≥ τ

V 0 − V max + Qmax(τ)−Rmin(τ)−
∫ τ
t utex(x) dx t < τ

)

U sr(t) = max
τ∈(0 T )

(

{

V 0 − V max + Qmax(τ)−Rmin(τ) +
∫ t
τ umin(x) dx t ≥ τ

V 0 − V max + Q(τ)− overlineR(τ)−
∫ τ
t utex(x) dx t < τ,

)

#7+ Q,R ✲ 4&,+4&,'1+(8"+ "9'7&$'- ("",*+,(,*C/I'@ *+0'1'$✳

R C1+,"4 **+7+$$)@ "2"%$&1+$'J "#!&$'1+$'+ $& C !&*0+$'+ %& 'D+,(- * (0+7C/I+4

*'7+✿
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Umin(t) ≤ U(t) ≤ Umax(t). (1)

✃!"#$ %"&"✱ ( )*+, "&!-.*/$.*0 .- ,1!-(+$.*$✿

∫ t

0
umin(x) dx ≤ U(t) ≤

∫ t

0
umax(x) dx. (2)

➘+4 #-5)*#*6-7** (8!-9"%5* :+$5%!":.$!&** )+$;,$% *69$&-%< ="+")%8= )9!")"( ("✲

;8✳ ❰&!-.*/$.*4 .- ,1!-(+$.*$✱ .$ 1!*(";4A$$ ) ;"($!*%$+<."0 ($!"4%.")%<B 5 ="+")%8#

)9!")-# (";8 -.-+"&*/.8 ✭✶✮ * ✭✷✮ * *#$B% (*;✿

U tex(t) ≤ U(t) ≤ Umax(t)

∫ t
0 umin(x) dx ≤ U(t) ≤

∫ t
0 utex(x) dx.

(3)

❰&!-.*/$.*4 .- ,1!-(+$.*$✱ .$ 1!*(";4A$$ 5 ="+")%8# )9!")-# (";8 1!* Q − R =
Q−R *#$B% (*;✿

U sr(t) ≤ U(t) ≤ Umax(t)

∫ t
0 umin(x) dx ≤ U(t) ≤

∫ t
0 utex(x) dx.

(4)

➶ )*+, 1!*($;$..8= (8H$ "&!-.*/$.*0 ✭✸✮✱ ✭✹✮ -.-+*%*/$)5"$ (8!-K$.*$ ;+4 %!-$5%"✲

!**✱ 1"6("+4BA$0 *69$K-%< ="+")%8= )9!")"( ;+4 .-*9"+$$ ($!"4%."&" 1!*=";- * !-)=";-

(";8 .- %$=.*/$)5*$ .,K;8 1!* ,)+"(** "%),%)%(*4 5!*%*/$)5*= )*%,-7*0 *#$$% (*;✿

U∗∗(t) = min(U sr(t), Umax(t),
∫ t

0
utex(x) dx), (5)

- -.-+*%*/$)5"$ (8!-K$.*$ ;+4 %!-$5%"!**✱ 1"6("+4BA$0 ) ;")%"($!."0 ($!"4%.")%<B

*69$K-%< ="+")%8= )9!")"( 1!* ,)+"(** "%),%)%(*4 5!*%*/$)5*= )*%,-7*0 *#$$% (*;✿

U∗(t) = min(U tex(t), Umax(t),
∫ t

0
utex(x) dx). (6)

❰1%*#-+<.-4 %!-$5%"!*4 9,;$% !-)1"+-&-%<)4 #$K;, %!-$5%"!*4#* U∗
* U∗∗

✱ 1!*/$#

9+*K$ 5 %!-$5%"!** U∗
( )*+, 9"+<H*= 1"%$!< "% .-+*/*4 ="+")%8= )9!")"(✳ L-5*# "9!-✲

6"#✱ 1"*)5 "1%*#-+<."0 %!-$5%"!** #"K$% 98%< 1!";"+K$. #$%";-#* ;*.-#*/$)5"&" 1!"✲

&!-##*!"(-.*4 *+* (-!*-7*"..8# #$%";"# ( ),A$)%($.." 9"+$$ ,65*# 5+-))$ !$H$.*0

1")+$ ,%"/.$.*4 (*;- M,.57** F ✱ 6-(*)4A$0 "% 5".5!$%."&" &*;!",6+-✱ * (8;(*K$.*4

&*1"%$68 " ($!"4%.")%."# !-)1!$;$+$.** M,.57*0 P * Q✳

➬-#$%*#✱ /%" 1!* "%),%)%(** ;"1"+.*%$+<."0 *.M"!#-7** ( 5-/$)%($ !$H$.*4 ) ;"✲

)%-%"/."0 )%$1$.<B %"/.")%* #"K." (64%< %!-$5%"!*B U∗
✳

O""%($%)%(,BA$$ ,1!-(+$.*$✱ 1"6("+4BA$0 ) ;")%"($!."0 ($!"4%.")%<B *69$K-%< ="✲

+")%8= )9!")"( 1!* ,)+"(** "%),%)%(*4 5!*%*/$)5*= )*%,-7*0 *#$$% (*;✿

u∗(t) =











umin U(t) > U∗(t)
∂U∗(t)

∂t
U(t) = U∗(t)

umax U(t) < U∗(t)

. (7)

&;$ U(t) ✲ %$5,A*0 )9!") (";8✳
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➬!"#$%"✱ '$( )*+ $(',% t = 0 -(."/*! ✭✼✮ %"##$ 3%)✿

u∗(t) =
∂U∗(t)

∂t
.

5!,%" (6.!7("✱ 3 )!88(9 .!6($# :(*/'#8; $.!#,$(.%+ ✭✻✮ % /:.!3*#8%# ✭✼✮✱ :(73(*+=✲

?%# @ )(@$(3#.8(9 3#.(+$8(@$A= %76#B!$A C(*(@$;C @6.(@(3 3(); :.% ($@/$@$3%% ,.%$%✲

'#@,%C @%$/!D%9✳ F.% G$(" /'%$;3!#$@+ 3#.(+$8(@$8;9 C!.!,$#. :.%$(,! % .!@C()! 3();

3()(C.!8%*%?!✳

 !"#$% &"'()*'+),

❬✶❪ K✳❮✳ ✃.%D,%9 ➶!"!#!$%&'()*++,* -.'/*(,✳ ❐#8%8O.!)✿ ➹%).("#$#(%7)!$✱ ✶✾✺✷
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